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PREFACE, 

rr^HE  Occafion  of  my  being  engaged  in  a 
X     Work  of  this  Kind  was  as  follows. 

Upon  the  Death  of  Mr.  Maguirc,  I  was  ap- 
pointed» being  then  a  Junior  Fellow,  to  fuccced 
mm  as  Teacher  of  the  Mathcmaticks  to  the  Under- 
graduates of  the  Univcrfity.  And  the  many  and 
obvious, Advantages  attending  an  early  Initiation 
into  this  Study,  having  fomc  Time  fince  deter- 
mined the  Right  Honourable  the  Provoft,  and 
the  Senior  Fellows,  to  order  Euclid's  Elements  to 
be  taught  by  the  Tutors  in  their  private  Leftures, 
and  to  oe  made  a  Part  of  the  quarterly  Examina- 
tions J  the  Munificence  alfo  of  the  dovernors  of 
the  Schoois  founded  by  Erafmus  Smith,  Efq; 
having  added  to  the  Salary  of  the  Donegal  Ledlurcr 
of  the  Graduates,  and  made  a  Profeflbr  of  Mathe- 
roaticks  ^  I  confented  to  the  putting  down  my 
Office,  and  to  the  converting  its  Emoluments  to 
dieeftablifhing  of  proper  Affiftants  to  the  Profeflbr, 
for  the  Inftruftion  of  the  Under-graduates. 

In  the  Courfe  of  my  Attendance  upon  the  Duty 
of  that  Employment  I  experienced  the  Neceflity 
wluch  there  was  of  illuftrating  this  Work  of  the 
Author;  and  drew  up  molt  of  the  following  Notes. 

In  doin^  this  I  confulted  the  mo0:  celebrated 
Writers,  and  transferred  from  them  what  feemed 
moft  to  conduce  to  this  Deiign.  I  found  many 
who  liad  illuftrated  fome  particular  Parts  of  this 
Work,  as  'sGravefende,  Reyneau,  Bernoulli,  Mac- 
laurin,  Colfon,  Campbell,  &c.  &c.  but  none 
whoni  I  know  of,  except  Caftilioneus,  who  had 
written  a  regular  and  continued  Conunent  upon  it. 
3  I  had 


^i  PREFACE. 

I  had  alfo  the  Ufc  of  three  Manufcripts  of  the 
late  Mr,  Maguirc. 

1  he  firft  is  an  unfinilhed  Treatife  upon  Arith» 
metick  •,  containing  Remarks  and  Criticifms,  co|- 
kfted  from  diflfcrent  Authors,  particularly  from 
Wells  (whom  he  fometimes  juftly  cenfures)  trom 
Jones's  Synopfis  Palmariorum  Mathefeos,  from 
Kerfey,  Wallis,  Dodfon  upon  Wingatc,  &c.  &c. 
Many  Things  alfo  arc  his  own,  particularly  the 
Proof  of  the  Rules  of  finding  compound  Diviibrs 
(Art.  L.  of  this  Work)  from  the  Nature  of  the 
algebraical  Operations.  And  I  prefer  this  Method 
of  Proof  in  that  Place  to,  thofe  of  Bernoulli  and 
Maclaurin,  becaijfe  it  does  not  confidcr  the  Di- 
vidend as  an  Equation  :  Yet  that  of  Maclajurin 
(Art.  CXL,  a.)  has  a  peculiar  Elegance  and  Pro- 
priety, when  the  Dividend  is  an  Equation. 

The  fecond  is  an  unfinilhed  Treatife  of  Equa- 
tions, drawn  up,  fo  far  as  it  goes,  in  a  moft  ele- 
gant and  cle^r,  though  concile  Method.     Ircon- 
taias  among  other  Things,  fome  Siriftures  upon 
our  Author  (Art.  CXXXVJ./.);  fome  Objeftions 
alfo  which  other  Writers  had  made  (Art.  CLIII 
CLIV  ) ;  and  the  Woofs  of  Art.  CXXXIII.  IV.  V.' 
and  of  Numb.  257,  258.     It  appear^  phat  he  kept 
his  Eye  conftantly  upon  our  Author,  and  perhaps  de- 
figned  thcfe  two  Treatifes  as  a  Comment  upqfi  him. 
The  third  is   a  complete  Treatife  upqii  the 
Meafures  of  Ratios  ;  in  whiph  the  Reader  y(U\ 
find  the  whole  Doftrine  of  Logarithms  moft  ac- 
curately  laid  open,  together  with  fome  very  cu- 
rious Striftures  upon  Wallis,  Briggs,  and  Halley. 
This  may  very  properly  be  added  ;o  a  Treatifij 
of  LJniverfal  Arithmetick,    and  was  probably  fo 
defigned  to  be,  if  Mr.  Maguirc  had  lived  \o  have 
finimcd  the  two  former  Parts. 

1  hcfe  Treatifes  are  in  Latin :  They  arc  now 
in  the  Prels,  under  the  Care  of  the  Profeflbr  of 

Mathe; 
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Matbematicks.  The  Ufe  of  them  was  given  to 
me  by  John  and  Bridget,  the  Brother  and  Sifter 
of  the  Author  James  Maguire  :  And  to  the  Ufe 
<tf  his  Reprefentatives,  thp  Profits  (if  any)  of  this 
Work  arc  by  Deed  conveyed ;  the  Lofles,  if  any, 
ire  to  be  fuftained  folely  by  me. 

As  to  Caftilioneus,  I  diQike  chiefly  three  Things 
in  his  Book 

Firft,  belide  the  great  Errors  of  the  Prefs,  and 
which  (Tome  I.  Page  54.  Tome  II.  Page  18, 
29,  32,  33,  349  106«  180,  2049  &<^*  &<^*)  are  in- 
foperable  to  young  Students,  he  is  unneceflarily 
prolix. 

Secondly,  he  does  not  pay  a  proper  Regard  to' 
the  Method  of   Notation  ufed  by  his  Author : 
For  aldio*  a  Perfon  may  put  what  Symbols  he 

Slofes^  provided  he  is  conftant  in  their  Ufe,  to 
enote  particular  Coefficients,  Quantities,  Ope- 
radons,  &c.  &c.  yet  it  will  occafion  much  un« 
oeceflary  Trouble  to  the  Student,  if  the  Com-^ 
mentator  ufes  a  Method  of  Notation  different 
from  that  of  his  Author. 

Laftly,  the  Price  and  Bulk  of  his  Book  is  too 
great  in  Refpeft  of  its  Utility.    This  is  occafioned, 
not  only  by  the  Additions  from  other  Authors, 
although  the  Subftancc  of  them  is  moftly  thrown 
mto    his  foregoing  Notes,   but  alfo  by  his  in* 
ciodioe  the  Number  of  Schemes  to  two  Thirds 
more  mah  it  originally  was.    Our  Author  gave 
geometrical  Queftions  as  Exercifes  for  the  Stu- 
dent, fuppoGng  him  already  well  verfed  in  Geo- 
metry, aqd  in  thofe  other  Sciences  upon  which 
their  Solutions  depend:    It  feems,   tnerefore,  a 
fuperfluous  Undertaking  in  the  Commentator,  to 
draif  Solutions  and  Conftrudions  from  Principles  ' 
difierent  fit>m  thofe  which  the  Author  ufed ;  and 
to  explain  not  fo  much  what  the  Author  has  done, 
as  what  he  might  have  done. 

Ihavt 


vtil  t^    R    E    F    A    C    £• 

I  have  endeavoured  to  avoid  thcfe  Inconve^ 
nicncics :  and  whenever  I  have  been  obliged,  by 
adhering  to  the  Order  of  the  Author,  to  cite  any 
Thing  in  Proof  of  another,  although  the  Thing 
cited  is  itfelf  afterwards  to  be  proved ;  Care  is 
taken,  that  it  ihall  not  dejpend  upon  that,  in  whofe 
Support  it  had  been  citecfi  v 

I  have  every  where  fuppofed  the  Student  to 
be  well  verfed  in  £uclid's  Elements,  and  to  be 
Mailer  of  common  Arithmetick,  (b  far  at  leaft  as 
it  is  generally  taught  in  Schools :  If  he  is  not, 
I  would  recommend  to  his  Study,  antecedent  to 
this,  Wingatc's  Arithmetick,  as  it  has  been 
altered  and  improved  by  Kcrfey,  Shelly,  and 
Dodfon* 

Having  determined  to  publi(h  thefe  Notes  in 
Fnglifli,  that  they  might  be  of  more  univerfal 
Ufe  to  fuch  as  want  AilGfiances  of  this  Kind,  I 
conncfted  them  with  «he  Tranflation  whkh  goes 
under  the  Name  of  Mr.  Ralphfon :  And  finding 
that  there  has  been  generally  annexed  to  this 
Tranflation,  the  Method  of  rcfolving  Equations 
by  Dr.  H alley,  I  fubftituted  in  its  (Place  the 
Methods  of  Approximation  by  Mn  Maclaurin; 
becaufe  thefe  contain  the  Method  .of  deducing 
Halley's,  and  all  other  Theorems  for  that  Pur- 
pofe.  To  this  there  is  added  a  Tranflation  of 
the  beforcnientioncd  Treatifc  of  the  Meafures  of 
Ratios,  lb  that  the  whole  ColleAion  feems  to  ap- 
proach to  the  Idea  of  an  univerfal  Arit?hmetiek. 

Si  quid  tiGVifii  reSiins  idis^ 
Candidus  imperii ;  ft  non,  bis  uUre  mectm. 


Trinity-College,  Dublin, 
September  i,  ijtii. 
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0/  Notation- 

C>MPUTJTION  is  eithir  performed  by  Numbers* 
as  in  Vulgar  Arithmetic^  or  by  Species,  as  ufual 
among  Algebraijis.  '  They  are  both  built  on  the 
fame  Foundations^  and  aim  at  the  fame  End^  viz« 
Arithmetic  Definitely  and  Particularly ^  Algebra  Indefinitely 
and  Univerfally  \  {a)  fo  that  almoft  all  Expreffions  that  arc 
found  out  by  this  Computation,  and  particularly  Conclu^ 
&ms^  may  be  called  Theorems*  But  Algebra  is  particularly 
excellent  in  this,  that  whereas  in  Arithmetic  Qucfiions  are 
only  relblved  by  proceeding  from  given  Quanticies  to  th« 
Quantities  (ought.  Algebra  proceeds  in  a  retrograde  Order^ 
from  the  Quantities  fought,  as  if  they  were  given,  to  the 
Quantities  given,  as  if  they  were  fought,  to  the  End  that 

we 


J  a)  In  numeral  Operations,  the  Figures  are  changed 
difplaced  for  others,  leaving  no  Veftige  of  the  Opera* 
tioDs ;  but  in  Algebra,  the  Symbols  or  Species  remain 
tinchanged,  and  exhibit.all  Operations  to  the  Eye. 
•  B 


2  NO  T  A  r  IQM. 

we  iiNiy  fome  Way  or  oth^  come  to  a  C^ncliiAon  «r 
Equation,  from  which  one  may  bring  out  die  Qvanlkf 
fought.  And  after  this  Way  the  molt  diflkult  Problems 
are  refolved,  the  Refolutions  whereof  would  be  fought  in 
vain  from  only  common  Arithmetic.  Yet  Arithmetic  in 
all  its  Operations  is  fo  fubfervient  to  Algebra^  as  tbat^i^^ 
feem  h^th  but  to  make  one  p€rfe&  Science  of  Confuting  %  and 
therefore  I  will  explain  them  both  together. 

Whoever  goes  upon  this  Science,  muft  firft  underftand 
the  Signification  of  the  Terms  and  Notes,  and  learn  the  . 
fundamental  Operations,  viz.  Addition,  Subtra^on, 
Multiplication,  and  Divifion }  Exlra&ion  of  Roots, 
Reduction  of  Fra£lions,  and  of  Radical  Quantities, 
and  the  Methods  of  Ordeixig  ifco  Terms  of  Equ^tioqs, 
and  exterminating  the  unknown  Suantities^  where  fliere  arc 
more  than  one.  Then  lee  the  Learner  proceed  to  exercife 
himfelf •  in  thefe  Operations,  by  bringing  Problems  to 
Equations ;  and,  laftly,  let  him  confidcr  the  NaUirt  and 
Reiblution  of  Equations. 

Of  the  Signification  of  fome  IVwrit  and  Notet. 

Article  I.  By  Number  we  underftand^  not  (o  much  a 
Multitude  of  Unities,  as  the  abftroQei  Ratio  of  at^  ^uau- 
tity^  to  another  ^uantitj  of  the  fame  Kind^  which  we  taJte 
for  Unity.  And  this  is  threefold^^  integer^  fraSedf  zxtAfurd: 
An  Integer,  is  what  is  meafured  hy  Unity ;  a  FraiSion,  that 
which  a  fubmubifie  Part  of  Umty  meyieres  ;  and  a  Surd^ 
to  which  unity  is  ineommenjurahle.  {h) 

II.  Every 

I.  (b)  See  EucL V.  Def.  i .  2.  VII.  Dcf.  2. 4. 5.  X.  Def.  2. 
Quantities  having  a  common  Meafi^re  are  caued  commenfurahle^ 
or  as  Number  to  Number ;  l^antities  which  have  not  a 
common  Meafure  are  incomtnenlurahle^  and  are  not  as.Nura<* 
ber  to  Number;  that  is,  ttieir  Magnitude  is  not  to  be 
exprefled  in  common  numeral  Notation.  For,  if  any  one 
Quantity  be  called  rational,  all  tbofe  cenHnenAirate  «rith 
it  are  rational ;  and  all  thofe  which  are  incommenfurable 
with  it  muft  be  irrational.  Now  Unity  being  either  a  Mul^ 
tiple  or  Suhmuliiple  of  all  Numbers^  every  ^antity^  which  is 
neither  aJIduJtiple  or  Submultiple  of  Unity ^  fuch  as  the  Roots 
of  Integers^  which  art  not  Integers^  (N*  l6i#)  »«5^  hi  income* 
menfurate  to  Unity^  and  irrational. 
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,  II;  ttV&cyoucundeTtbindsthcVottsodvhdiNumberSf 
Po^  I,  2,  3,  4,  5,  6,  7,  8,  9)  and  the  Values  of  rbofe 
Notes  when  more  than  one  are  fet  together.  But  as 
Nombers  placed  on  the  left  Hand,  next  before  Unity, 
denote  Tens  o^  Units,  m  the  fecond  Place  Hurrdrcite,  in 
the  third  Place  ThoufandsjisTc.  fo  Numbers  fetinthefirft 
Place  after  Uaity,  denote  tenth  Parts  of  an  Unit,  in  the 
fecood  Placehundredth  Parts,  in  the  third  Place  thoufandth 
Parts,  ^c»  and  thefc  are  called  Decimal ErailionSy  becaufe 
they  always  decreafe  ina  Decimal  Ratio ;  and  to  dt/iinguijb 
ihe  InUgen  from  the  Decimals,,  we  place  a  Comma,  or  a 
point,  or  ajeparating  Line,  Thus  the  Number  7  32  Z.  569 
denotes  ftven  hundred  thirty-two  Units,  together  with  five 
tenth  Parts,  fix  centefimal,  or  hundredth  Parts,  and  nine 
millefimal,  or  thoufandth  Parts  of  Unity;  which  arealfd 
written  thus,  732,569 ;  or  thus,  732.569 ;  and  fo  the 
Number  57104)2083  fifty  feven  thoufand  one  hundred 
and  four  Units,  together  with  two  tenth  Parts,,  eight 
thoufandth  Parts,  and  three  ten  thoufandth  Parts  of  Unity; 
and  the  Number  0,064  denotes  fix  centefimal  and  four 
inillefimal  Parts.  The  Notes  of  Surds  and  fraded  Num- 
bers are  fet  down  in  the  following  Pages,  [c) 

III.  men 

II.  (r)  Notation  teaches  how  to  exprefs  in  Chara£ler^ 
ilny  Number  pfopofed  in  Words ;  and,  converfely,  how 
to  enunciate  any  Number  propofed  in  Charafiers. 

1.  Every  Number  conjtfts  of  a  Numerator  and  a  Denomi^' 
^ator ;  and  the  Value  of  any  Number  is  the  Product  of  its 
Numerator  multiplied  by  its  Denominator.  The  Numeratot* 
denotes  the  Multitude  or  Quantity,  and  the  Denominator  the 
idifiinguijbing  Name,  of  what  is  numbered» 

2.  The  Numerators  are  dt^inguijhedby  their  Shape  in  In- 
tegers,  and  are  called  Figures.    The  Denominators  are  known 

frdm  the  Clafs  or  Place  of  the  Numerator  or  Figure.    For, 

3.  In  Integers,  the  Denominator  of  each  Figure  encreafes 
in  a  decuple  Katiofrcm  the  right  Hand  to  the  left  \  the  greatcft 
Denominator  being  always  fixft  enunciated  \n  reading  from 
the  left  Hand  to  the  right.  Thefirfi  Clafs  or  Place  is  that 
vf  Units  ;  the  fecond y  that  of  Tens-,  and  the  thirds  that  of 
ilundredt. 

B  a  4-  T« 
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IIL  fflfin  the  ^antity  of  any  Thing  is  unhrnvn^  '§r 
looked  upon  as  inJeterminaie^  Jo  that  we  cannot  exprefs  it  in 
Numbers^  we  denote  it  by  fome  Speciea,  or  by  fome  Letter. 

^ And 

4.  To  avoid  the  Trouble  of  inventing  new  Names  for 
every  Clafs  or  Place,  the  Clajfes  were  dtftrihuted  into  Ter- 
naries^ and  a  proper  Name  given  to  the  two  firft  Ternaties  ;  > 
and  in  enunciating  a  Number,  the  three  firft  Names  of 
the  ClafTes  are  jointly  repeated  with  that  of  the  Ternary. 
The  firji  Ternary  is  that  of  Units'^  the  fecondy  that  of 
Thoufands* 

This  Diftribution,  and  thefe  Names,  were  fufncient  for 
civil  Ufe ;  as  moft  Numbers  which  are  of  Ufe  in  com- 
mon Bufinefs  are  generally  confined  within  fix  Places. 
But,  when  the  Sciences  began  to  extend  themfelves,  and 
Mathematical  Calculations  were  applied  in  every  Inquiry 
in  which  they  could  have  Place,  the  Confufion  which 
sieceflarily  muft  arife,  in  Numbers  containing  a  long  Se- 
ries of  Places,  from  the  frequent  Repetition.of  the  Names 
of  the  two  firft  Ternaries,  became  evident. 

5.  Then  a  new  Diflributionofthe  Places  was  introduced 
into  Senariesy  called  Periods ;  containing  fix  Places  each,  or 
two  Ternaries,  which  were  thence  called  Semiperiods. 
TheName.of  the  firjl  Period  is  that  of  Units  \  of  the  fecond^ 
that  ofMitlions  j  of  the  thirdj  that  of  Billions  ;  and  fo  on-, 
each  Period  being  denominated  from  the  Number  of  preceding 
Periods ;  fo  the  fixth  Period  is  that  of  Quintillions.  In 
enunciating  any  Number,  the  three  Names  of  the  Clailes, 
and  the  two  Names  of  the  Semiperiods,  are  jointly  re- 
peatcd  before  that  of  the  Period. 

6.  In  Integers^  becaufe  the  Denominators  increafe  in  a 
conftant  decuple  Ratio  from  right  to  left ;  therefore  the 
Denominator  of  any  Figure  muft  be  Ten,  fo  often  multiplied 
into  itfclf,  as  the  Figure  is  exclufively  diftant  from  the 
Place  of  Units  ;  that  is,  that  Power  of  Ten^  whoje  Index  is ' 
the  Number  of  Places  to  the  left  Hand  rf  the  Place  of  Units  ex* 
cluftve  :  It  can  therefore  be  always  known  from  the  Place 
of  the  Figure,  and  there  is  no  need  of  writing  it  down* 
Hence  the  Value  of  any  Figure  is  its  Produd  intofuch  a 
Power  of  Ten  as  its  Diftance  from  the  Place  of  Units 
indicates  (N*.  i.)  7.  A 
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And  if  we  confider  known  Quantities  as  indeterminate 
we  denote  them,  for  DiftincSion  fake,  with  the  initial 

Letters 


7.  K  Submultiple  of  Unity  being  the  Meafure  of  a 
FraifHon,  (Art.  I.)  the  Fra^on  muft  be  denominated 
from  that  Submultiple  ;  therefore  the  Denominator  9f  a 
Fra&ion  muft  he  Umty  divided  into  a  certam  Number  tfetiual 
Parts,  When  there  is  a  conftant  Ratio  of  this  Drvifim^  the 
Denominators  of  the  Pra£2ions  will  be  tn  a  conftant  Ratio\ 
and  thus  Dedmals  are  Fr^iStions  whofe  Numerators  increafe 
in  a  decuple  Ratio :  Sexagejimals  are  Fradions  whofe  De* 
nominators  increafe  in  a  fixty-fold  Ratio:  Bui  when  there 
is  no  eonftant  Ratio  of  the  Divifiony  the  FrU^ions  are  called 
vukar,  their  Denominators  having  no  cosiftant  Ratio, 

8.  Hencey  there  being  no  conftant  Ratio  of  the  Denomi^ 
nators  in  vtdgar  Fra^onfy  the  Denominators  muft  bo  con- 
ftantfy  fvrote  down  along  with  the  Numerators,  Alfo  in 
Sexageftmalsy  the  Ratio  of  the  Denominators,  'tho'  con* 
ftant,  being  not  difcoverable.  from  the  Diflance  of  the 
Numerator  from  the  Place  of  Units,  the  Denonunatoriy  if 
not  wrote  down»  muft  yet  be  denoted  by  ibme  Symbols  of  a 
Jexagefimal  DmSon  annexed  to  each  Numerator,  But  in 
Decimals^  the  Katio  of  the  Denominators  being  difcoverable 
from  their  Diftance  from  the  Place  ofUnitSy  the  Denominators 
need  not  be  wrote.     For, 

9.  In  Decimals^  the  Denondnators  encreafe  in  a  decuple 
Ratio  from  kft  to  right  i  and  the  Denominator  of  any 
Decimal  is  Unity  divided  by  a  Power  of  Ten,  whd^ 
Index  is  the  Number  of  Places  from  that  of  Units.  The 
Value  alfo  of  a  Decimal  is  the  Figure  divided  by  that 
Power  of  Ten ;  (N°  1.  7.)  and  confequcntly  the  Values  of 
Doamals  are  in  afubdecuple  Ratio  from  left  to  right.    For, 

10.  To  multiply  any  Figure  into  Unity  divided  by  any 
Number»  being  the  fame  Thing  as  to  oivide  the  Figure 
by  that  Number,  (N^  I45.>  and  the  Value  of  a  Fraaion 
being  the  Proda^  of  its  Numerator  into  its  Denominator» 
(N^  J.)  that  is,  into  Unity  divided  by  fome  Number» 
(N""  7.  j  It  follows  univerfiilly,  that  the  Value  ofanyFraMion. 
u  the  ^uate  oftti  Numiriatar  divided  by  the  Denominator. 

B  3  II.  The 


6  NOTATIOW, 

litttin  of  ih6  Alphabet,  as  a^  iy  c^  df  and  the  unkrioWtt 
^nes  by  the  iin4  ooes,  ^,  ^,  %j  kc^     Some  fubftiiut» 

Conibnanli 


I  !•  Tie  Value  ^De^mb^  <fi  wiUas  ^Jntegfrsy  hcrtafn 
ffotiformfy  in  a  decHpk  Rath  from  right  to  lefi^  For  this 
Vaiue  of  each  beii^  the  Quote  of  the  Numerator  divided 
by  the  Power  of  Ten,  whofe  Indea:  is  the  Number  of 
l^laces  from  that  of  Units  towards  the  right,  (N^  9  J  this 
Value  moft  decreafe  (EiicL  VII..  19.  c.  i.)  as  the  Deno- 
itiinators  increafe  $  diat  is,  towards  the  right ;  (N^  9.) 
ihetefore  it  increafes  towards  the  left ;  that  is,  in  the  feme 
Mtnncr  and  Ratio  as  the  Value  of  Integers.  (N**  3.) 

lit.  Dedmaby  and  Numbers  mixed  of  Ifdegers  and  Ded-' 
ptalsj  may  be  enunciated  after  the  Mamur  of  InUgersy  bf 
giving  ihem  'all  one  common  Denomination^  viz*  that  of  the 
UA  Figure  on  the  right.  For  thus  every  Numerator  and 
denominator  is  multiplied  into  Hie  £ime  Power  of  Ten, 
«fz.  that  whofe  Index  is  the  N-umber  of  Places  on  tfat 
fight  of  the  place  of  Units  :  Tbere^re  the  Value  of  eadi 
figoi^  continues  unchanged.  (£ucL  Vil.  17.) 

13.  The  Difionee  of  any  Figure  from  the  Pkct  of  Unite 
fuci^ve  is  adkd  its  Index ^  e^  Exponent.  It  determines  the 
i^Jumfoer  of  Cyphers  in  its  Denominator;  that  is,  die 
^mibf r  of  continued  Multiplications  of  Unity  into  Ten, 
or  the  Number  of  continued  Divifions  of  Unity  by  Tcn^ 
jii  order  to  prodace  its  Dehomihitor,  Now  as  the  Place 
ipf  Unks  muft  bdong  to  Integers,  ibe  Index  in  Integers  will 
jfe  the  whofe  Number  tf  IHaees  ^  Integere  lefi  one-,  that  is, 
^Number  ^Plaees  to  the  left  ^  the  ^e  if  Units ;  that  is, 
l^Number  of  Pbaees  to  the  right  of  the  Figure  kfe^.  But 
^  DedmaJs  the  Index  vnll  ohoajs  he  equal  to  the  whole  Nmn-' 
^r  ^Plates  ofDedmak. 

94.  Becawfb  the  Denominators  of  httqgm  are  produced 
^  Mukipiication,  (6.)  bat  tfabfe  of  Decimals  by  Divifioni 
i^)  and  tkat  Mult^lkration  is  cohcriry  10  Divifioo  \  h 
Apttawa,  thiA  if  an  Iiite||;er  and  pecimal,  having  the  faint 
^hitnertftoc,  and  Uinff  a|uidiftinrt  from  the  Place  of  Units^ 
^  tttdtipHed  tott)  eadi  othes,  Uie  Piaoe  and  Denominator ' 
qfth^Prpd^  wiflbRp&at^UMBj  «nd  ^pfe^uently  cbe 

Ind« 


NOTATION.  7 

OmfbnZBts  or  ffCH  Letters  for  known  Qjiaiuities,  and 

Vowels 


Index  or  Diilance  of  the  ProduS  ftom  the  Place  of  Uniu 
can  be  nothing.  Whence  tutting  o  (Cypher)  the  Expofunt 
9f  the  Placg  rf  Uniti^  as  ihi  InMas  of  Integei^s  an  ufuallf 
jyppofei  tff  be  affinhative,  tie  Indices  ef  Dedmals  mujl  he 
negative.    Thus 

4     3      a      I      0  ~  1—2— -3  — 4 
1234SZ.6789 
(SecalfoN^76.) 

15.  The  Value  of  every  Figure  in  any  Rank  of  Num- 
t>crs,  bow  larve  foever,  is  r^ily  found  by  the  following 
Kufe,  Set  a  Feint  tender  the  Figure  in  the  Place  of  UnitSj 
and  under  every  ftxth  Figure  on  each  Hand  of  the  Place  of 
Units  exclyftve  \Je  fialt  the  ifiy  24/,  3«/,  &c.  Point  ftund 
tmder  Units^  A^ilions^  Billions^  Trillions^  &c.  refpeSfively ; 
that  is,  dijlinguijb  the  Periods ;  (5.  9.)  then  a  Commas 
placed  afier  every  third  Figure  from  a  Point  inclujive^  will 
£ftingmjb  the  Semiperiods:  (4.  9.}  As  is  evident  from  the 
fallowing  Example. 

Suppafe  the  Number  given  is 
1234567891 2345^6789012345678; 
vAen  djftributed  according  to  the  above  Rule^  it  wiu  be 
'a  3451678  9ia>  344^67,890  123,456  781 

•  t  •  f  • 

and  is  to  be  enunciated,  12  Billions,  345,678  Millions» 
912,345  Units  i  67,890  hundred  thoufandth  Parts,  123, 
456  millionetb  Parts,  and  78  billioneth  Parts. 

16.  Im  Integers  and  Detimab  there  can  be  but  nine  difiin^ 
Numereiiorsj  or  f^ficant  Figures.  For  each  Figure  of  a 
Number  being  multiplied  or  divided  by  ibme  rower  of 
Ten,  Ae  greateft  Figure  mufl  be  left  than  Ten,  left  th« 
Nimiber  ol  Places  in  the  Produd  or  Quote  fliould  exceed 
tbofe  in  the  Power  of  Ten,  by  which  it  is  multiplied  or 
divided  |  which  if  it  came  to  pais,  the  decuple  Ratio  could 
not  be  prelerved  in  the  Places,  nor  any  Denominator  dif- 

«vered  from  the  Difiance  of  the  Figure  from  the  Place  of 

7nits. 

B  4  17.  Iq 
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Vowels  or  little  Letters   for  the  unknown  ones,  (d) 

IV.  ^antities  are  either  Affirmative,-^  greater  than 
than  nothings  «r  Negative,  ^  lefs  than  nothing»  Thus  la 
human  Affairs,  PoiTeiSons  or  Stock  may  be  called  affirm* 
ative  Goods,  and  Debts  negative  ones.  Ancl  fo  in  local 
Motion,  Progreffion  may  be  called  affirmative  Motion, 
and  Regrcffion  negative  Motion ;  becaufc  the  firft  aug-r 
rnents,  and  the  other  diminifhes  the  Length  of  the  Way 
made.  And  after  the  fame  Manner  in  Geometry,  if  a 
Line  drawn  any  certain  Way  be  reckoned  for  Affirmative, 

then 


17.  In  vulgar  Fraiiions  the  Number  of  different  tfumera-' 
tors  will  he  unlimited^  becaufe  Unity  can  be  divided  by  an 
infinite  Variety  of  Numbers :  The  nine  fignificant  Figures 
however,  with  the  Cypher,  by  being  efiimated  in  «  decuple 
Ratio,  are  capable  of  expreffing  every  one  of  that  unli- 
mited Number. 

18.  Becaufe  a  Number  may  confift  of  Figures,  whofis 
Denominators  are  Terms  of  the  decuple  Ratio  taken  at 
different  Intervals,  and  not  in  Succeffion,  therefore  that 
the  Denominators  may  always  be  expounded  by  the  Dijlances  of 
the  Figures  from  the  Place  of  Units y  there  will  be  Occajionfor 
an  injlgnifuant  Symbol  or  Cypher^  that  the  Places  void  of 
Numerators  hieing  filled  up  by  it,  the  Progreffion  of  the 
Denominators  may  be  indicated  by  the  Diftances  from  the 
Place  of  Units.  Hence  Cyphers  to  the  left  of  Integers^  and 
to  the  right  of  Decimalsj  cannot  alter  their  Value,  and  are 
ufelefs  :  But^  being  placed  to  the  right  of  Integers^  increafi 
their  Value ^  and  to  the  left  ofDedmalsy  i&minifi  their  Value^ 
each  in  a,  decuple  Ratio, 

III.  [i)  The  Method  of  ftating  Law  Queftions  under 
^neral  Nfames,  was  bv  Civilians  ftiled  Species  ;  Vieta 
transferred  this  Title  to  nis  Invention  of  denoting  known 
Quantities  by  Confonants,  and  unknown  Quantities  by 
Vowels.  Tne  hiown  ^antities  are  now  ufiially  reprefented 
by  the  former^  and  the  unknown  by  the  latter  Letters  of  the 
Alphabet :  jflfo  like  Quantities  are  reprefented  by  the*  fame 
Letters^  and  under  the  fame  Power ;  and  tirJike  ^antities 
by  different  Letters  i  or,  if  by  the  fame  Letters^  they  mufl  b^ 
UTidcr  different  Powers* 

IV.  (t)  In 
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then  a  Line  drawn  the  contrary  Way  may  be  taken  for 
Negative.  As  if  A  B  [See  Fig.  i.]  be  drawn  to  the  right, 
and  B  C  to  the  left ;  and  A  B  be  reckoned  Affirmative, 
then  B  C  will  be  Negative ;  becaufe  in  the  drawing  it. 
diminiflies  A  B,  and  reduces  it  either  to  a  flioiter,  as  A  C, 
or  to  none,  if  C  chances  to  fall  upon  the  Point  A,  or  to 
Icis  than  none,  if  B  C  be  longer  than  A  B  from  which  it 
is  taken.  J  mgative  ^antiiy  is  denoted  by  the  Sign  —  ; 
the  Sign  -f-  is  prefixed  to  an  affirmative  one ;  and  +  demtiS 
an  uncertain  Sign,  and  +  a  contrary  uncertain  one,  (*) 

V.  In  an  Aggregate  of  ^antities,  the  Note  +  Jigni&s^ 
that  tie  .Quantity  it  is  prefixed  tOy  is  to  be  added  ;  ana  tbi 
'Note  ^,  that  it  is  to  be  fubtrafled.  And  we  ufually  ex- 
prefs  thefe  Notes  by  the  Words  Plus  (on  more)  and  Minus 
(or  lefs,)  Thus  2  +  3,  or  2  more  3,  denotes  the  Sum  of 
the  Nuinbers  2  and  3,  that  is,  5.  And  5—3,  or  5  lefs  3, 
denotes  the  DifTerence  which  aiifes  by  fubdu£ting  3  from 
5,  that  is,  2.  And  —5  +  3  fignifies  the  Difference  which 
artfes  from  fubdufling  5  •  from  3,  that  is  —  2  ;  and 
6—1  +  3  makes  8.  Alio  a-^-b  denotes  the  Sum  of  the 
Quantities  a  and  3,  and  <?•— ^  the  Difference  which  arifcs 
by  fubdu£tlng  b  from  a ;  and  <7-— ^-f  c  fignifies  the  Sum  of 

that 


IV*  {^)  In  Geometry,  Lines  are  reprefented  by  a  Line; 
Triangles  by  a  Triangle ;  and  other  Figures  by  a  Figure  of 
the  /kme  Kind ;  But,  in  Algebra,  Quantities  are  reprefented 
by  the  fame  Letters  of  the  Alphabet  \  and  various  Signs  have 
been  imagined  for  reprefenting  their  Relations,  Affedions» 
and  Dependencies.  In  Geometry  the  Reprefentations  are  mart 
natural  \  in  jtlgobra  more  arbitrary.  The  former  arc  like 
the  firft  Attempts  towards  the  Expreffion  of  Objcds^ 
which  was  by  drawing  their  Refemblances  j  the  latter 
correfpond  more  to  the  prefent  Ufe  of  Languages  and 
Writing.  Thus  the  Evidence  of  Geometry  isfometimes  mort 
fimpk  and  obvious  s  but  the  Ujs  of  Algebra  more  extenfive^ 
and  ofien  mwre  ready ;  efpecially  fince  the  mathematical 
Sciences  have  acquired  fo  vaft  an  Extent,  and  have  been 
applied  to  lb  many  Inquiries. 
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that  Di/Ference  and  of  the  Quantity  t.  Suppolc  if  a  be  j^ 
i  Zy  and  c  8»  then  a-^-b  will  be  7,  ana  a^b  3,  and 
^— i-fr  will  be  II.  Alfo  2  tf  +  3  J  is  5  tf,  and 
3  b — 2  tf--*  +  3  tf  is  2  A+i» ;  for  3  A— i  makes  2  *,  and 
"*-2  A  +  3  i  makes  ^,  whole  Aggregate,  or  Sum,  is  2  A  «f «, 
and  fo  in  others.  Thefe  Notes  +  and  —  are  called  Signs  ; 
and  when  neither  is  prefixed,  the  Sign  +  is  always  to  be 
underftood.  (e) 

VI.  Multiplication,  properly  fo  called^  is  thai  which  if 
made  by  InUgerSy  as  feeling  a  new  ^uantity^  fo  many  Times 
greater  than  the  Multiplicand^  as  the  MultipUer  is  greater 
than  Unity.     BuU  for  want  of  a  better  Word,  that  is  alfo . 
lulled  Multiplication,  which  is  made  ufe  of  in  FraSlions  and 

Surds  J 


In  thofc  Sciences,  //  is  not  barely  Magnitude  that  is  the 
Object  of  Contemplation :  But  then  are  many  Affections  and 
properties  of  ^uantities^  and  Operatidns  to  be  performed  upon 
themy  'that  are  neceffiiry  to  he  confidered^  In  cftimating  the 
Katio  or  Proportion  of  Quantities,  Magnitude  only  is  con* 
iidered  :  But  the  Nature  and  Properties  of  Figures  depend 
on  thie  Petition  of  the  Lines  that  bound  them,  as  well  as 
on  their  Magnitude.  In  treating  of  Motion,  the  Direfiion 
of  Motion,  as  well  as  its  Velocity,  and  the  Diredion  of 
Powers  which  generate  or  deftroy  Motion,  as  well  as 
their  Forces,  muft  be  regarded.  In  Optics,  the  Pofition, 
Brightnefs,  and  Diftindne6  of  Images,  are  of  no  lefi 
Importance  than  their  Bignefs  s  and  ttK  like  is  to  be  &id 
of  other  Sciences.  //  is  neceffetry  therefore  that  ether  Symbols 
be  admitted  into  Algebra,  befide  the  Letters  emd  Numbers 
Vibieh  reprefent  the  Magnitude  of  ^antities* 

V.  (<)  Quantities  connected  by  the  Signs  +  or  —  make 
pnt  eot^ound  ^uemtity^  whofe  Tertns  are  the  fingle  or 
fimple  Quantities  fo  conhe£ked.  A  compound  Quantity 
df  two  7  erms  is  called  a  Binomsy  whether  it  be  the  Sum 
or  the  Difference  of  two  Quantities :  When  it  is  neceflarr 
to  difiinguiih  them,  the.  Sum  fiudl  be  called  z  Binominal, 
ftnd  the  Difference  a  RefuluaL  A  compound  Qiiaotity  of 
more  Terms  than  two  is  called  a  MuliiMome  1  fuch  aire 
TrinomeSf  ^uadrinomes^  &c.  If  the  Number  of  Terms 
be  indefinite,  the  compound  Quantity  is  an  Infinitinome. 

VI.  (/)  19.  Hence 
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Suritj  U  M  u  mw  ^jumHty  in  the  fame  Ratio  (whauvtr 
it  be)  t9  the  Mukiftiotndy  at  the  MukipUtr  has  to  Unitf.  (/} 
N6r  is  MMpSeatien  made  otdj  by  abftrad  Numbers,  but 
adfo  ty  coHorete  ^uefHities^  as  by  Lincs^  Surfaces,  Local 
Motion,  Weights,  Vc.  as  far  as  thefe  being  related  te  feme 
knaum  Quantity  rf  their  Kind,  as  to  Unity ^  may  exprefs  the 
Ratios  tfNmiiers^  andjuppfy  their  Place.  As  if  the  Quan- 
tity A  be  to  be  multiplied  by  a  Line  of  I2  Foot,  fuppofing 
a  Line  of  %  Foot  to  be  Unity,  there  will  be  produced  by 
that  MuItipUcation  6  A,  or  fix  Times  A,  in  the  fame 
Manner  as  if  A  were  to  be  multiplied  by  the  abftraA 
Number  6 ;  for  6  A  is  in  the  (ame  Ratio  to  A,  as  a  Line 
of  12  Foot  has  to  a  Line  of  2  Foot.  And  fi>  if  you  were 
to  muldply  any  two  Lines,  A  C  {Bet  Fig.  2*]  and  A  D 
hy  erne  another^  take  A  B  for  Unitv,  ^ad  draw  B  C»  and 
osrallel  to  it  D  £,  and  A  E  will  be  the  Produd  of  this 
MuItipUcation ;  beeaufe  it  is  to  A  D  as  A  C  to  the  Unity 
A  B.  Moreover,  Cu/fom  has  obtained,  that  the  Genefis  or 
D^tr^tien  ef  a  Surfou^  by  a  Line  motring  at  right  Angles 
mfm  emvtber  Line^  JhouU  be  called  the  Multiplication  of  thoji 
two  Usees»  For  though  a  Line,  however  multiplied,  can-  , 
not  become  a  Surfoce,  and  confcquently  this  Generation 
of  a  Sur&ce  by  Lines  is  very  different  from  Multiplication» 
yet  they  agree  in  this,  chat  the  Number  of  Unities  in 
cither  Line,  multi(died  by  the  Number  of  Unities  in  the 
other,  produces  an  abifaracSled  Number  of  Unities  in  the 
Suxiace  comprehended  under  thofe  Lines,  if  the  fuperficial 
Unity  be  defined  as  it  is  ufed  to  be,  vi%.  a  Square  whofe 
Sides  are  linear  Unities.    As  if  the  right  Line  [Fig.  3.1 

AB 


VI.  (/)  19.  Hence  it  follows,  that  as  Unity  is  to  the 
MnkipJiery  fo  is  the  MsMpHcand  to  the  Product.  (£ud.  VII^ 
0ef.  15.)  TbjB  Produd  is  the  Aggr^ate  of  the  Multi-* 
plicand  alone,  whence  the  Multiplier  is  an  abfolute  Number^ 
or  Mdtiple  of  Unity :  Hence  the  Operation  in  Surds  and 
in  FraS6mi$  n  not  properlj  Multiplication.  And  in  Frac-* 
tiemy  becaufe  the  Msskipber  is  a  Submukiple  of  Unity ^  the 
froduG  b  fo  far  from  being  a  Multiple  of  the  Multiplicand^ 
that  it  smift  be  a  Submultiple  of,  that  is^  lefs  tban^  the  Mul^ 
fMcmd^ 

vn.  (f)  The 
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A  B  confift  of  four  Unities,  and  A  C  of  three,  then  tie 
Re6bngle  A  D  will  confift  of  four  times  three,  or  12 
fquare  Unities,  as  from  the  Scheme  mil  appear.  Jad  there 
is  the  Uke  Analogy  of  a  SoUd  and  a  ProduQ  tnade  hy  the  con^ 
tinual  Multiplication  of  three  ^jumtities.  And  hence  it  is^ 
that  the  Words  to  multiply  into^  the  Content^  a  ReStangle, 
a  Square^  a  Cubej  a  Dimenjion^  a  Sidi^  and  the  like,  which 
are  Geometrical  Terms^  are  applied  to  Arithmetical  Operations. 
For  by  a  Square^  or  Re^angLy  or  a  Quantity  of  two  Dimen^ 
Jionsy  we  do  not  always  underftand  a  Surface,  but  moft 
commonly  a  Quantity  of  ibme  other  Kind,  which  is  pro- 
.duced  by  the  Multiplication  of  two  other  <Xiantities,  and 
very  often  a  Line  which  is  produced  by  the  Multiplication 
of  two  other  Lines.  And  fo  we  call  a  Cuhe^  or  a  ParaU 
lelopipedy  or  a  Quantity  of  three  Dimenjumsy  that  which  is 
produced  by  two  Multiplications.  We  fay  likewife  the 
Side  for  a  Rooty  and  ufe  Draw' into  infteaa  of  Multipfy  ; 
and  (b  in  others. 

VIL  A  Number  prefixed  immediately  before  any  Species^ 
denotes  that  Species  to  be  fo  often  to  be  taken.  l*hus  2  « 
denotes  two  a\  3  b  three  b\  1 5  jr  fifteen  jr's,  [g) 

VIIL  Two  or  more  Species  immediately  conne&ed  together j 
denote  a  Rrodud  or  Quantity  made  by  the  Multiplication  of  all 
the  Species  together.  Thus  tf  A  denotes  a  Quantity  made  by 
multiplying  ahy  b\  and  a  b  x  denotes  a  Quantity  made  by 
multiplying  a  by  by  and  the  Produd  again  by  x.  As  fup- 
pofe,  \i  a  were  2,  and  b  3,  and  x  5,  then  a  h  would  be  6» 
and  ab X  would  be  30.  {h) 

IX.  Among 


VII.  {g)  The  Number  prefixed  is  called  the  Coeffctenty 
or  Cofa&or  :  And  if  a  J^antity  is  without  one^  it  is  isnplied 
that  Unity  is  its  Coefficient ;  which  caufing  no  Alteration, 
is  therefore  generally  omitted. 

VIII.  (A)  When  the  Fadors  are  fingle  Letters,  or 
Figures  and  fingle  Letters,  every  Siga  of  Mttlti{dicatioii 
is  generally  omitted,  and  the  Produd  is  any  Combination 
pf  the  Letter?» 


IX.  (1)  B^id^ 
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IX.  Among  ^mntiiiis  multiplying  mi  another ^  the  Sign  X  « 
«r  ike  ff^ord  by  or  iotb»  is^made  ufe  of  to  denote  the  Produ^ 
fimetmes.  Thua  3x5,  or  3  by  or  into  5,  denotes  15  ; 
but  the  Mef  Ufe  of  tbefe  Notes  is  when  compound  ^antities 
are  muhipUed  together.  As  ify-^2  b  were  to  multiply  ;^+^, 
the  Way  is  to  draw  a  Line  over  each  Quantity,  and  then 
write  tlipm  thus,  y— 2  b  into  y + *,  or  y— 2  bxy-^-b.  (i) 

X.  Divifion  is  properly  that  which  is  made  ufe  of  for  inte^ 
ger  or  nMe  Numbers^  in/mding  a  new  Quantity  Jo  much  leji 
than  the  Dividend^  as  Unity  is  than  the  Divijir.  But  by 
Ambgy^  the  Word  may  alfo  be  u(ed  when  a  ntw  ^antity 
is  fn^bty  that  fhall  be  in  any  fuch  Ratio  to  the  Dividend^  as 
Vmh  has  to  the  Divifir  5  whether  that  Divifor  be  a  FraQion 

*iryKr^  Number,  or  other  Quantity  of  any  other  Kind. 
TTius  to  divide  the  Line  [5^^  Fig.  4..]  A  E  by  the  Line  A  C, 
A  B  being  Uqity,  you  are  to  draw  £  D  parallel  to  C  B, 
and  A  D  will  be  the  Quotient.  Moreover,  it  is  caUed 
Divijion^  by  reafon  of  a  certain  Similitude,  when  a  ReBangU 
is  applied  to  a  given  Line  as  a  Bafty  in  order  thereby  to  know 
AeHeightb.{k) 

XI.  One 


IX.  (/)  Befides  the  <A>lique  Crofs  x,  and  the  Words  by^ 
and  into ;  %fuU Point  is  alio  interpofed  between  the  Fa<3oi:8y 
to  denote  tfiejr  Prod.udl,  Sogietimes  alfo  compound  Fa^ors^ 
indead*  of  having  Lines  continued  over  their  Terms,  are 
incbidid  within  Hooisj  and  fome  Mark  of  Multiplication 
interpofed.    But  in  all  Cafes 

20.  Tibe  Produ£f  is  the  fame  whatever  the  Order  of  the 
Fa£li^s  maype.  .(Eucl.  VIl.  16.) 

X.  (i)  21.  Hence,  as  the  Divifor  is  to  the  Dividend^  Jo 
is  Unity  ta  the  ^uote.  The  Dividend  is  an  Aggregate  of  the 
Divifor  alone ;  the  ^ote  therefore  is  an  abfolute  Number ^ 
or  Multiple  of  Unity.  In  the  Operation  of  Surds  and 
Fra£tions^  it  is  riot,  ftrrdly  fpeaking,  Divifion ;  and  in 
the  Cafe  of  Fraffions,  as  the  Divifor  is  a  Submultiplc  of 
Unity,  ft>  the  Dividend  is  a  Submultiple  of,  that  is^  is  lefs 
tban^  the  ^ote. 

XI.  (/J  Stfl 
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XI.  Om  Quantity  hkw  amthir^  wiib  m  Um  iMierp0pu/f 
denotes  a  Quotient^  «r  a  ^tumtity  arifitig  if  the  Divmrn  tf 
the  upper  Quantity  bf  the  lower.  Thus  %  dcaotes  a  QiWi^ 
tity  arifingDj  dividing  6  by  2,  that  is  3 ;  and  ^  a  Qaan** 
tity  orifing  by  the  Divifion  of  5  by  8^'that  is  one  dgfad» 

Part  of  the  Number  5.   And  J1  denotes  a  Quantity  wbidi 

b 

ariibs  by  dividing  «  by  ^ ;  as  fuppofe  4  was  15»  and  ^  3^ 

then  4-  would  denote  <•    I#ikewife  thus  fLZ —  denolCli 

b  a+x 

a  Quantity  arifing  by  dividing  a  b^b  b  by  a+x.  And  fe 
in  others.  TMi  Sorts  of  ^jfafOitin  ate  cedkd  Fradions  | 
and  the  upper  Petrt  is  called  by  ibe  Nisme  of  fbeJivmemssit^ 
and  the  hwer  is  called  the  Denominator,  {t) 

XIL  Sometimes  the  Divifir  is  let  before  the  Minded  ^an^ 
tity^  emdfeperaud  from  it  by  a  idark  refenMing  an  Arch  of 
a  Circle.    Thus  to  denote  the  Qj^antity  vtucb  arifes  by 


die  Divifion  of .  by  «— £,  it  may  be  wrote  thus, 

tf  +  b 

Xin.  Although  we  commonly  denote  Multiplication  by 
the  immediate  Conjundton  of  the  Qaantities,  yet  an  Inte^ 
ger  before  a  Fra&ion^  denotes  the  Snm  rf  botk  Thus  3  \ 
denotes  three  and  a  half,  (n) 

XIV.  Ifa^anthybemultipSedbyitfilfy  ^Number^ 
Fads  or  ProduSts  ity  for  Sbortnefsfftke^  Jet  m  the  Top  of  tie 
Letter.  Thus,  for  0 « tf,  we  write  0' ;  for  aaaa^  a^i 
for  aaaa  a,  a*  i  and  for  0  0  «  ^  ^  we  write  a»  bb^oee^i^: 

As 


XI.  (/)  See  Article  XXXVU.  N^  143,  «V- 

XII.  {m)  The  Dividend  is  M>  fometimp  iet  before  thc 
Divifor,  with  the  Mark  -;-  ioterpofed. 

Xni.  (»)  And  is  called  a  mixed  Number* 


XIV.  {0)  The 
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As  Aippofe,  if  a  were  5,  and  b  be  2,  then  d^  will  be 
5x5x5  or  125,  and  tf4  will  be  5X5X5x5  or  625,  and 
a^  h^  will  be  5  X  5  X  5  X  2  X  2  or  500,  Where  note,  that 
if  a  Number  be  written  immediately  between  two  Species^ 
U  always  belongs  to  the  former  ;  thus  the  Number  3  in 
the  Quantity  a^  b  by  does  not  denote  that  ^  i  is  to  be  taken 
thrice,  but  that  a  is  to  be  thrice  multiplied  by  itfeif.  (0) 
Note,  moreover,  that  theje  ^antities  are  (aid  to  be  ofji 
many  Dimenfions,  or  of  Jo  high  a  Power  or  Digni^,  as  they 
conjyi  of  FaSors  or  Quantities  multiplying  one  another ;  arid 
the  Nun^erfet  on  forwards  at  the  Top  of  the  Letter  ^  is  called 
the  Index  of  tbofe  rowers  or  Dimenfions  j  thus  au  is  of  two 
Dimenfions,  or  of  the  2d  Power  ;  and  a^  of  three,  as  the 
Number  3  at  the  Top  denotes.  ^  ^  is  alfo  called  a  Square^ 
a^  a  Cube^  a*  a  Biquadrate,  or  fquared  Square^  a^  a  ^uadrato^ 
Cube,  fl*  a  Cuho-Cube^  a'^  2,  ^uadrato^^adrato-Cube  or 
.  Spured^Squared-Cubey  and  fo  on :  And  the  Quantity  a,  by 
whofe  Multiplication  by  itfeif  thefe  Powers  are  generated, 
is  called  their  Root^  viz.  it  is  the  Square  Root  of  the  Square 
a  tf,  the  Cube  Root  of  the  Cube  aaa^  Sec.  (p) 

XV.-  But 

XIV.  (o)  The  Multiplication  of  a  Quantity  by  itfeif,  1» 
called  Involution,  The  Sign  of  Involution  is  ^.  When  a 
compound  Quantity  is  fignined  to  be  involved,  the  Inde» 
of  the  Power  isfet  at  the  End  of  a  Line  continued  over  all  itp 
Terms.  In  all  Cafes,  becaufe  Unity  (VII.^)  is  fuppofed 
to  be  continually  a  Cofadlor,  the  Index. is  equal  to  thd 
Number  of  AlultipUcations  by  which  the  Power  is  producedy 
and  equal  to  the  Number  of  Faflors^  excluding  Unity. 

(p)  Afmgle  Sluantity  is  faid  to  be  of  one  Dimenfion. 
Afimple  Produ^  of  FaSlors  of  one  Dimenfion  is  of  fo  many 
Dimenfions  as  there  are  literal  Faflors.  The  Factors  arei 
called  the  Roots  of  the  Produft  ;  and  if  the  Fafiors  ar© 
equal,  the  Produft  is  ufually  called  a  Power.  Afimple 
Produli  of  Favors  of  different  Dimenfions  is  of  fo  many 
Dimenfions  as  thef e  are  Units  in  the  Sum  of  the  Expo* 
nents  of  the  FaAors.  A  compound  ProduSl^  which  contains 
Quantities  alt  known^  is  of  fo  many  Dimenfions  as  its 
h  igheft  Term.  And  ^i  compound  Product  which  contains  an  un^ 
known^antity  is  of  fo  manyDrmcnfions,  as  there  are  Units 
in  the  higheft  Index  of  the  unknown  in  any  of  its  Terms. 

XVL  (?)  The 
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XV.  But  when  a  Rsot  muUipUed  by  itfelfy  fr$ducis  a 
Square  J  mid  that  Square^  multiplied  again  by  the  Reot^  pro* 
duces  a  Cubej  &c.  it  will  be  (by  the  Definition  of  Multi- 
plication )  as  Unity  to  the  Root^  fo  that  Root  to  the  Square^ 
and  that  Square  to  the  Cube^  &c.  And  confequentiy  the 
fquar^  Root  of  any  ^antity  will  be  a  mean  Proportional  be^ 
iween  Unity  and  that  Quantity,  and  the  Cube  Root  thefirft 
of  two  mean  Proportionals^  and  the  Biquadratick  Root  the 
firji  of  three,  andfo  on.  Wherefore  Roots  are  known  by 
thefe  two  Properties,  or  AfFe£tions  j/&y?,  that  by  multiplying 
ihemfelves  they  produce  the  fuperior  rowers  ;  uly,  that  they 
tsre  mean  Proportionals  between  thofe  Powers  and  Unity* 
Thus  8  is  the  Square  Root  of  the  Number  64;  and  4,  the 
Cube  Root  of  it,  is  hence  evident,  becaufe  8x8  and 
4X4X4  make  64 ;  or  becaufe  as  i  is  to  8,  fo  is  8  to  64 ; 
dnd  I  is  to  4,  as  4  to  16,  and  as  16  to  64.  And  hence, 
if  the  Square  Root  of  any  feine  as  A  B  [See  Fig.  5.]  is  to 
be  extra(^ed,  produce  it  to  C,  and  let  B  C  be  Unitv  ; 
then  upon  A  C  defcribe  a  Semicircle,  and  at  B  erea  a 
Perpendicular,  meeting  the  Circle  in  D ;  then  will  BD  be 
the  Root,  becaufe  it  is  a  mean  Proportional  between  AB 
and  Unity  EC,      . 

XVL  ^0  denote  the  Root  of  any  ^antity,  we  ufe  to  prefix 
this  Note  ^  for  a  Square  Root ;  and  tiis  ^/  3  :  (^  //  *^  </  Qibi 
Root ;  and  this  ^/  4 :  for  a  Biquadratic  Root,  ice.  Thus 
i^  64  denotes  8  ;  and  4/  3  '•  64  denotes  4  ;  and  i/  aa 
denotes  a ;  and  ^  ax  denotes  the  Square  Root  of  a  xi 
and  ^  2'"  4a  XX  the  Cube  Root  of  ^axx.  As  if  ^  be  3, 
and  a:  12}  then  ^fl^-willbe^  36,  or  6}  and  ^3:4a;r* 
will  be  ^  3  :  1728,  or  i2#  And  when  thefe  Roots  cannot 
he  extra^ed,  the  ^antities  are  called  Surds  ;  2is  ^^  a  x  :  or 
Surd  Numbers,  as  y^  I2.  (j) 

There 


XVL  (q)  The  ExtriQion  of  a  Root  is  called  Evolution. 
The  Sign  of  Evolution  is  tw.  The  Sign  of  Irrationalty  is  ,/ 
with  the  Index  of  the  Root  fet  over  it.  A  fmple  Surd 
confifts  of  one  irrational  Term.  J  compound  or  univerfal 
Surd  contains  more  irrational  Terms  than  one. 

(r)  The 
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There  are  feme,  that,  to  «Tenote  die  Square  or  iirft 
Power,  make  ufe  off,  and  of  c  for  the  Cube,  q  q  for  the 
Biquadrate,  and  q  c  for  the  Quadra  to- Cube,  ^c.  After 
this  Manner  for  the  Square,  Cube,  and  Biquadrate  of  Ai 
they  write  A  f »  A  r ,  kqq^  &c.  And  for  the  Cube  Root 
6[  ab  h — *',  they  write  »/  ci  a  b  b — *•'.  Others  make 
nfc  of  other  Soru  of  Notes,  but  they  are  now  almoft  out  ' 
of  Faftion.  (r) 

XVn.  lie  Mark  zzfignifies^  that  the  Quantities  en  each 
Side  of  it  are  equaL  Thus  x:=ib  denotes  x  to  be  equal 
to  h. 

The  N&te  :  :  fignifieiy  that  the  ^antities  on  both  Si^s  Sf 
it  are  proportional.  Thus  aJf : :  c,d  fignifies,  that  a  is 
to  ^  as  c  to  ^ }  and  a»b.e  :  :  cJ.f  fignifies,  that  a^  by  and  ^ 
are  to  one  another  refpe£iively,  as  r,  ^,  and  /^  are  among 
tbemfelves ;  or  that  ato  c^  b  to  d^  and  e  to/,  are  in  tfa^ 
&me  Ratio, 

Laftly,  the  Interpretation  of  any  Marh,  or  Signs  that  maf 
he  eompowided  oni  of  thefey  will  eafily  be  known  by  Anahgf. 

'     ■         a 
Thus  ^a^  bb  denotes  three  quarters  of  a^  b  by  and  3  --^ 

fignifies  thrice  ^,  and  *]  */  ax  feven  times  */  d  x.  Alfo 

—  X  denotes  the  Produft  of  ;r  by  -1 ;  and  ^*^  .  z*  denotes 
*  b        .  4>a+ge 

the  ProduA  made  by  multiplying  t^  by     ^  ^  ^      ,  tiiat  Is 

the  Quotient  arifing  by  the  Divifion  of  5  f  «  by  4  «49  ^  9 

and 


(r)  The  Notation  by  the  Sign  of  Irratidnality  called  tbc 
yincubanf  with  the  Index  fet  above  it,  is  chiefly  followed  : 
But  the  Form  of  Surds  beji  fuited  to  the  feveral  Operations^  is 
ibaty  where  the  Index  of  the  Surd  is  a  Fra^ion^  whafe  Nwfri^ 
rotor  denotes  the  Power  to  which  the  ^antity  is  fuppofed  to  bi 
rmfedj  and  whofe  Denominator  denotes  the  Root  to  be  extracted 

from  tbefaid  Power  of  that  ^antiiy.  Thus  x'^  =  y  *'  j  imd 

*» Hhtf  *^ is •>+«*.     See  N*  78-     * 

C 


tS  NOTATION. 

and  LfL  v/  a  jr,  that  which  M  miit  by  JnuItfpfyiDg  ^s/ax 

by  IfL ;  and  iJlLll  the  Quoliciit  arifing  by  the  Diviiioii 

<)C  c   - 

of  7  ^/  axhy  c'^  and  ^  ^  ^  ^  the  Quotient  artfing  by 
the  DiviCon  of  8  <j  •  ^  *  by  the  Sum  of  the  Quantities 
7,a-{-*/  c  x^   And  thus  ^  ■  denotes  the  Quotient 

ariiing  by  the  DivUion  of  the  Difference  '^aa  xrrx^  by  the 

Sum  a-^-x^  and  ^  3  ^  ^  ^    ^    denotes  the  Root  of  that 
a-^x 

Quotient,  and  %a^xc»/'^^^  ^~^^  denotes  the  Produd 

ef  the  Mult^Iicatton  of  that  Root  by  the  Sum  2  «+3  r. 
Thus  alfo  '/"^a'a^^TZ  denotes  the  Root  of  the  Sum  of 

the  Quantities  \  aa  and  h i,  and  ^y^i  a+  v^  a  ^+^  h 
denotes  the  Root  of  the  Sum  of  the  Quantities  4  a  and 


2  £7» 


^  ia  a+bij  and vi<j  + •  4 Jt«+i*  denotes 

<7i2 ZZ  ^ 

the  Root  muhiplied  by  — 1^ —  And  fo  in  other  Cafes. 
a  a^'Z  z " 

-  But  Note,  that  in  c$mplm  ^umtliim  rf  this  Nature, 
there  is  no  Necejpty  of  giving  a  particular  Attention  tOj  or 
bearing  in  your  Mind,  the  Signification  of  each  Letter  i 
it  willfuffice    in   general    to    undcrftand,    e.    g.    that 

•  T  ^+  \/ T  ^  g-h^  fignifies  the  Root  of  the  Aggregate 
or  Sum  of  ia-^  y/^-^  aa-^-if  ^;  whatever  that  Aggregate 
snay  chance  to  be,  when  Numbers  or  Lines  are  fubfti* 
tuted  in  the  room  of  Letters,    And  thus  it  is  as  fu£Scient 

to   underftand,    that  liH+^^^^fignifies  the 
*  a^^*y  ah 

Quotient 
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Quatiettt    arifing    by    die   Divifion    of   Ac    Qiiantity 

-•i^+V  ^  a  a  -^  b  b  by  the  Quantity  «2  — v'  ^  b^ 
as  much  as  if*  thofe  Quantities  were  fimple  and  known, 
Aough  at  preient  one  may  be  ignorant  what  they  are,  and 
not  give  any  particular  Attention  to  the  Conftitution  of 
Signification  of  each  of  their  Parts ;  which  1  thought  I 
ought  here  to  admonifh,  left  young  Beginners  (hould  be 
deterred  in  die  very  Beginning,  by  die  Complexnefs  of  the 
Xenns. 


0/  Addition. 

XVUf.  rrsHE  JMtion  af  Numbers^  tvhe^i  thp  are  mi 

J[     very  iompourukd^  is  mantfefl  of  itfelf    Thus 

k  is  at  firft  Sight  evident,  that  7  and  9  or  7  +  9  make  16^ 

and  that  11  +  15  niake  26.     But  in  more  compounded  Num^ 

herSf  the  Bufinefs  is  performed  by  writing  the  Numbers  in  a 

\      Rhu  diwnwarasj  or  one  under  another  j  and  fmgly  colleSling 

'       &e  Sums  of  the  Columns,  (c)     As  if  the  Numbers  1357  and 

172  are  to  be  added,  write  cither  of  them  (fuppofe  172) 

oxider  the  other  1357,  fo  that  the  Units  of  the  one, 

viz.  2,  may  cxaftly  ftand  under  the  Units  of  the     1357 

I       odier,  viz,  7,  and  the  other  Numbers  of  the  one       173 

txz3iy  under  the  correfpondent  ones  of  the  other,    ■■ 

viz.  the  Place  of  Tens  under  Tens,  viz.  7  under  5,     ^5^9 

and  that  of  Hundreds,  viz.  i,  under  the  Place  of 

Hundreds  of  the  other,  viz.  3.     Then  beginning  at  the 

right  hand,  (ay  2  and  7  make  9,  which  write  underneath* 

Aifo  7  and  5  make  12,  the  laft  of  which  two  Numbers, 

«Mb  ij  write  underaeatb,  and  referve  tn  your  Mind  the 

other»  vis.  i,  to  be  added  to  the  two  next  Numbers,  viz. 

1  and'3« 


XVni.  (a)  Begin  with  the  Column  of  Units,  and  if  their 
Sum  is  under  Ten^  /et  it  underneath :  But  if  equal  to  TeOf 
er  TetUy  fet  a  Cypher  underneath :  And  if  greater  than  7iw, 
er  Tensj  fet  the  Excefs  underneath :  And  for  every  Ten  carry 
an  Unit  ta  the  next  Column.    Proceed  thus  through  all. 

C  a  (i)  ^uantitiiM 


M,  ADDITION^ 

1  and  3«  Hien  fay  i  and  i  make  2,  wbicb  beiDg  adde^ 
to  3  they  make  5,  which  write  underneath,  and  there  will 
remain  only  i,  the  firft  Figure  of  the  upper  Row  of  Num- 
bers, which  alfo  muft  be  writ  underneath  ;  and  then  you 
have  the  whole  Sum,  viz,  1529. 

Thus,  to  add  the  Numbers  87899  + 1 3403  +  885  + 1920 
into  one  Sum,  write  them  one  under  another,  fo  that  all 
the  Units  may  make  one  Column,  the  Tens  another,  the 
'  Hundreds  a  third,  and  the  Places  of  Thoufands  'a  fourth^ 
and  fo  on.  Then  fay  5  and  3  make  8,  and  8  +  9  make 
17 ;  then  write  7  underneath,  and  the  i  add  to  the  next 
Rank,  faying  i  and  8  make  9,  9  +  2  make  11,  and  1 1+9 
make  20 ;  and  having  writ  the  o  underneath,  fay  again» 
as  before,  2  and  8  make  10,  and  10  +  9  make 
19,  and  19+4  make  23,  and  23  +  8  make  31 ;  87899 
then  referving  3  in  your  Memory,  write  down  i  13403 
as  before,  and  fay  again '3+1  make  4,  4+3  1920 
make  7,  and  7  +  7  make  14,  wherefore  write  085 

underneath  4  5  and  Jaftly  fay  i  -f  i  make  2,  and         "     ■ 

2  +  8  make  10,  which  in  the  laft  Place  write     104107 
down,  and  you  will  have  the  Sum  of  them  all, 
104107.  {i) 

XIX.  Jfier  the  fame  Mcmnir  we  alja  add  Decimals^  a» 
in  the  following  Example  may  be  feen : 

630,953 
51,0807 

305,15 


987,2837(0 


^X.  AJditiM 


(h)  ^ahtities  of  £fferent  Denominations^  whether  they 
be  Nuau)ers  or  Species,  whether  Integers  or*Fra£tionSy 
whether  Powers  or  Roots,  whether  rational  or  irrational, 
cannot  properly  be  added^  that  is,  united  into  one  Sum ;  becaufe 
the  Aggregate  cannot  be  of  airy  certain  Denomination :  They 
can  therefore  be  only  connected  with  their  Signs. 

.  XIX.  {c)  Numbers  whofe  Denominators  are  in  anj  othtr 
Ratio  maj  be  added  after  the  Manner  of  thofe^  by  fubftituting 
in  the  Place  of  Ten  the  Number  by  wbicb  the  Denominators 
increafe. 

XXI.  (*;  That 
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XX.  Jd£thn  is  performed  in  Algebraic  Terms  or  Species^ 
h/  come&ing  the  Quantities  to  be  added  with  their  proper 
Signs,  and  moreover  by  uniting  into  one  Sum  thofe  that  can  be 
fe  united.  Thus  a  and  b  make  a-^-b ;  a  and  — b  make 
#— ^  •  -^ff  and  ^^b  make  —a  — ^ }  7  a  and  9  a  make 
7  tf+9  a }  — tfi/^7  c  and  ^v'^  ^  make  -^a^/a  c-^b^/a  Cy 
or  ^v'fl  C'^'s/a  c'y  for  it  is  all  one,  in  what  Order  foever 
they  arc  writteo4 

XXI.  Affirmative  ^mntities,  which  agree  in  Species,  are 
united  t^ether,  by  adding  the  prefixed  Numbers  that  arf  mul- 
tipliedinto  tbaje  Species.    Thus  y  a  +  ga  make  16  a.'  And 

II  b r+15  h  c  make  26  b  c.    Alfo  3^. +5 f.  make  Sf^ 

^         c  c 

and  24/^  c^tVo  c  make  9^/«  '>  and  t^/a^b—x  x+ 
y^a  b^x  X  make  13^/^  ^ — *  ^.  And,  in  like  Manner, 
6v'3+7y3  make  13  •3.  Moreover  a*/a  c-^^b'/a  c 
vazkca+b\/a  c^  by  adding  together  a  and  b  as  Numbers 

muluplying   ^/  a  c.    And  fo  2  tf  +  3  <:  •IjLfLflllf.  + 

3tf  •  3  tf  ^  ^— ^  jnakc  Stf-h3fv^3^^^'— ^'  becaufe 

2  4-f  3  r  and  3  a  make  5^+3  ^•(4») 

XXII.  ^Affirmative  Fradlions,  that  have  the  fame  Denomi^ 
mtorj  are  united  by  adding  their  Numerators.     Thus  y-^-^ 

make  1,  and  ^+ 3lf  make  iif,  and  tbusil££iL 

+iZfi:if  make£if£££,  andlf +*J!makclf+**. 
za-^^cx  2a+^/cx  c       c  c 

XXm.  Negative 


XXI.  (0)  That  is.  Surds  are  united  by  uniting  their 
rational  CoefficientSy  when  being  reduced  to  their  loweft 
Terms,  they  agree  in  their  radical  Part»  or  have  the  fame 
Denomination ;  for  in  this  Cafe  they  are  commenfurable  to 
each  other,  having  the  Ratio  of  theii  rational  Coefficient8% 
(Eud.  VIL  i8.  Cor.) 

C  3  XXIV.  {d)  The 
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XXni.  Negative  ^aniities  are  added  after  the  fame  Way 

as  Affirmative.     Thus .— -  2  aiid  —  3  make  —  5  j  — 1-1£ 

b 

and  —  lULJL  make  —  ILUL j  — «•a;pand— ^^ 
0  b 

a  X  make  —  ^  —  b  */a  x- 

XXIV.  But  when  a  Negative  ^antity  is  to  be  added  t9 
an  Affirmative  one,  the  Affirmative  muji  be  diminijhed  by  the 

Negative  one.     Thus  3  and  —  2  make  i  j  and 

b 

••—  zfJL  make  Z — 5  j  '^a  y/  a  c  and  b  's/  a  c  make  A— <i 
b  b 

a/  a  c.     And  note.   That  when  the  Negative  Quantity  is 
greater  than  the  Affirmative^  the  Aggregate  or  Sum  will  be 

It  a  X    • 


Negative,  [d)     Thus  2  and  —  3  make  — i  j  — 

b 

and  Z — f  make  —  Z — f ;  and  2  -/j  r  and  —  7  v'tf  ^  make 
b  b 

m^'^^ac.  In 


XXIV.  [d)  The  Sum  of  fmilar  Entities,  affe^ed  by 
contrary  Signs y  muJi  be  the'Excefs  of  the  greater  :  For,  if 
they  are  fimple^  it  is  their  Difference  which  we  feek ; 
and,  if  they  are  compound,  ic  is  the  Sum  of  the  Dif* 
ferences  of  their  Terms. 

Again,  To  add  a  Negative  is  to  take  away  an  Equal 
Pofitive ;  therefore  to  add  a  Negative  to  a  Pofitive  is  to 
make  one,  and  dedroy  the  other,  fo  far  as  they  are  equal ; 
.  and  confequenily  the  Sum  muft  be  nothing  when  they  are 
equal,  and  aflfedled  by  the  Sign  of  the  greater  when  they 
are  unequal, 

*"  22.  Hence  it  follows  univerfally,  that  the  Sum  of  ixvo 
.Quantities  added  to  their  Diffepeme  is  equal  to  double  the 
greater :  For  the  Icfi  is  deftroyed  in  the  Addition  by  the 
010ns  being  contrary ;  and  the  greater  is  doubled  by  their 
being  the  fame.  Thus  let  a  \k  the  greater,  and  b  the  lefs» 
then  their  Sum  is  a-\rb^  and  their  DiiFerence  is  tf-^i  but 

^ + * +<?— i=2  af    Sec  N**  36* 

{$)  When 
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In  the  Addition  of  a  greater  Number  of  Quantities,  or 
more  compound  ones,  it  will  be  convenient  to  obferve  the 
Methcxl  or  Form  of  Operation  we  have  laid  down  above 
in  the  Addition  of  Numbers.  As  if  1 7  ^  4^—14  ^  +  3,  and 
4  tf +2  —  &  aXi  and  j  a-^q  a  Xy  were  to  be  added  toge- 
ther, difpofe  them  fo  in  Columns,  that  the  Terms  that 
contain  the  fame  Species  may  ftand  in  a  Row  one  under 
another,  viz,  the  Numbers  3  and  2  in  one  Column,  the 
Species  *- 14  ^7,  and  4  ^,  and  7  a,  in  another  Column, 
and  At  Species  27  a  at,  and  -—  8  ^  jr,  and  -^g  a  Xj  in  & 
third.  Then  I  add  the  Terms  of  each  Colunrn  by  them- 
felves,  iaying  2  and  3  make  5,  which  I  write  underneath ; 
then  7  a  and  4  a  make  11  tf,  and 
moreover— 14a  make  —  3  <?,  which  I7tf;ir— 14^+3 
I alfo write  underneath;  lafily, -—9 tf  .PIT  -^Sax-i-  4^  +  2 
and  —8  a  x  make  —17  a  x^  to  which  — 9  a  x+  ya, 
jj  a  X  added  make  o.     And  fo  the  #«.  2^  +  S 

Sum  corner  out  —  3  <J  +  5«  (0 

After  the  fame  Manner  die  Bufinefs  is  done  iif  the  fol- 
lowing Examples : 

I2  4f+  T  a         It  be — Jv^ac  ^ax  i^ 

7  jr-f  9  fl         libc'\-^*/ac         ~*     y    +o\/3+ ^ 

10x4 16  tf        %bbc — K*/ac  II  ax         ^        2 


—  6;irx4-y  * 

7/jx                   3 

5  at' — dx'A'+^jr 

— "^"yy — 4*"/ —  «* 

5** 

(f)  When  there  arc  many  Quantities,  both  affirmative 

and  negative,  of  the  iame  Species,  to  be  added,  it  will  be 

noft  convenient  to  find  feparately  the  Sums  of  thofe  which 

are  like  effeded,  and  then  to  find  the  Excefs  of  thofe  Sums« 

C  4  (/)  It 
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•r-2  x*+S  *  ** — 3L0  a^\f'^^^je 

— 4.  b  x^ — T^a^^a  g  +  y  x 

^bi^  -^a^^a  a+x  X — 20  a^Va  a — x  x,  if) 


(/)  It  will  be  of  Ufe  to  explain  the  Generation  and 
Properties  of  Figurate  Numbers^  fo  far  as  we  may  have 
Occafion  hereafter  to  make  Ufe  of  them* 

;t3.  A  Series  ef  Numbers  which  arifes  frun  adding  a 
fdank 

iUnitsorFiguratesof  the  ift  Order - 
Figurates  of  the  2d  Order    -    - 
Figurates  of  the  3d  Order  '-    - 
Figurates  of  the  4th  Order   -    - 
Figurates  of  the  5th  Order,  (ic, 

fFhence  the  Figurates 

•ift  Order  ^ 

2d  Order/ 

.  ,     J  3d  Order  I 

^f*h^>Jth  Order  p"-^ 

5th  Order! 

6thQrderJ       L  i  6  21  56  126  252,  &c. 

And  confcquently  a  figurate  Number  of  any  Order  is  the 
Sum  of  all  the  Figurates  of  the  next  preudtngOrdfir  jk  far  ;  9r 
\\  is  the  Sum  of  the  preceding  Figurate  of  the  fame  Order ^  and 
of  the  correfponding  Term  or  Figurate  of  the  preceding  Order ^ 
|>[ote,  that  Figurates  of  the  2d  Order  are  caued  Laterals. 
24.  Let  m  and  n  be  any  two  Integers^  then  the  mth  Term 

.  of  the  nth  Order  is  the  nth  3/rm  of  the  mth  Order:  For 
they  are  the  Sums  of  the  fame  Numbers.  (23.}  Thus  the 
|i3(th  Term  of  the  fourth  Order  is  56 ;  which  is  the  fourth 
Term  of  the  fixth  Order.    Thus  alfo  the  2d,  3d,  4th,  bfc. 

'  Terms  of  the  fecond  Order  are  the  fecond  Terms  of  the 
Z^i  3d,  4th,  tfc.  Orders  refpe^vely.  Now  tie  Terms  of 
fheffcopd  Order  being  tie  Laterals^  and  the  fecond  Term  of 
f4U&  Order  being  called  the  Exponent  of  that  Order ',  confc- 
quently the  Laterals  are  the  Exponents  of  tie  Orders. 

as.  Ii^ 
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25.  In  any  Order,  the  Sum  of  any  given  Number  ofTettns 
is  iptal  to  the  ProduR  of  the  fubfequmt  Term  into  the  given 
Number^  divided  by  the  Exponent  of  that  Order :  For  the 
Exponent  being  the  Sum  of  Unity  and  of  the  Exponent 
of  the  preceding  Order,  (23.)  and  each  ful3fcquent  Term 
being  the  Sum  of  its  antecedent  and  of  the  coirefpondlng 
Term  of  the  preceding  Order,  (23. )  ff  any  Term  be  taken 
(o  often  2s  there  have  been  Additions,  that  ?s,  if  it  h 
multiplied  into  the  given  Number  of  antecedent  Terms, 
the  Produd  and  the  Exponent  will  be  Equimultiples  of  the 
Sum  of  the  antecedent  Terms,  and  of  Unity  ;  therefore 
(Eud.  V.  Def.  5.)  the  Sum  of  the  antecedent  Terms  is  to 
this  Product,  as'  Unity  to  the  Exponent ',   and  confe- 

?uently  the  Sum  of  the  antecedent  Terms  is  equal  to  the 
roduA  of  the  fubfequent  Term  into  the  Number  of  the 
antecedent,  divided  by  the  Exponent.  (Eucl.  VII.  19^) 
Thus  the  Sum  of  the  firft  five  Terms  of  (he  third  Order^ 
viz»  I  -|-  3^-  6-f- 10+15  will  be  the  fixth  Term  multi- 

2  I  X  c 
plied  by  five,  shad  divided  by  three,  viz.  = ='=35J 


and  univerfally  putting  S  forthe  Sum,  ^  for  the  Exponent; 
and  %  for  the  Terih  fubfequent  to  the  laft  of  the  givisn 

Number^  which  c^l  «,  we  have  Sr=LiL2 or  S:s«X- 

e  e 

26.  In  any  Order,  the  Sum  of  any  given  Number  of  Terms 
b  eqttal  to  the  PrdduSf  of  the  laft  of  the  given  Number  of  Terms 
multiplied  into  the^ote^  winch  arifes  by  dividing  the  Sum  of 
the  Exponent^  mtd  of  the  given  Number  of  Terms  lejs  cne^  by 
the  Exponent:  For  putting  the  laft  of  the  given  Number  of 
Terms,  /,  the  Sum  of  the  given  Number  of  Terms  lefs 

thislaftwUlbeS  — /,andS~/c:/x!^^=^;  (N^  25.) 


wherefore,  (S*— /^=/X«— i  j  whence  S^=:ix  w--i  +^1 
whence)  we  havcS=$/x  ll^i-tl^.  (Ari.LXVll^£.)  Se 


3  3 
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'  27.  IfVi  he  put  for  any  Number  of  Terms  ^  then  the  nth  Figu- 
rate  in  every  Order  ^  proceeding  uniformly  from  thefirji^  will  be 
Unity  and  the  following  ProduSis\  viz.  thofe^  which  will  arife 
fromthe  continued MultipUcation  of Fr actions  ywhofe  Numerators 
are  thegivenNumber^  and  the  given  Number  increafed  uniformly 
by  the  afcending  Laterals',  andwhofe  Denominators  are  the  fame 
afcending  Laterals  beginning  from  Unity  :  For  the  Sum  in 

every  Series  is  /  X  5  (26.)  but  this  Sum  is  the 

«th  Term  of  the  next  fubfequcnt  Order  j  (24. )  wherefore, 
by  fubftituting   fucceffively   in  the  general  Expreffion 

ly,!Lz2jlJ  x3[it  given  Number  for  »,  and  the  Laterals 
e 

for  e^  (24.)  we  fliall  have  the  «th  Sums  and  Terms  fuc- 
ceffively throughout  the  Orders,  Now  in  thefirft  Order, 

by  this  Subilitution,  we  have  i  X  -^ — 31.  zzn  fhe  Sum 

of  n  Terms  in  the  firft,  and  the  «th  Term  .of  the  fecond 

Order,  (or  /,  in  the  general  Expreffion  /x  IZli^).     In 

the  fecond  Order,  therefore  by  fubfiituting^or/^andafor 

#,weihallhaveZx!!=i±3=^xli:f  the  Sum  of  « 
I  2  I        2 

Terms  in  the  fecond,  and  the  «th  Term  of  the  third  Order- 
and  fubftituting— x^^f^'^'i^'^*' 3  fo^^*  the  general  Ex- 

X  2 

preffion /x """^"^^  will  become  "  x!L±i  X^iZLl±3 
'  123 

—  5  X  li.*  X  lii  the  Sum'  of»  Tenns  in  the  id,  and 

the  «th  Tenn  of  the  4th  Order }  and  fo  on.  Thus  the  6tlt 

Term 
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6     ,  67  678 

Term  is  t;  — =6j  ixyx— =215  ixjX—  x  — . 

=56;  ixi. xlxAxi=i26;  GCf.  intheift,  ad, 

»234 
31I,  4tb,  5th,  i^c.  Orders. 

a8.  If  n  be  put  the  Exfontnt  of  anf  Oritr,  the  Term 
1^  that  Order  will  be  uniformlf,  Unitj^  — ,  — X— — •* 

iix?±ix«Jl?,   !Lx!Ltixl^^x^-±3.  £5f..     For 
12  312  3         4 

rhc  «th  Terms  thioughout  the  Orders  arc  thcfc  Produfb ; 
(N*  27.)  but  the  «ih  Term  throughout  each  Order  is  the 
ift,  2d,  3d,  faTf.  Terms  of  the  «th  Order;  (24.)  therefore 
theft  Produ6b  are  the  Terms  of  the  nth  Order. 

29.  If  there  be  taken  three  figurate  Numbers^  being  fitc» 
ajfroi  lerms  of  any  nth  Order,  or  the  nth  Figurate  in  three 
facceffive  Ordersy  {24.)  the  Square  of  the  middle  Term  exceeds 
the  Froduif  of  the  adjacent  7'erms :  For  the  Terms  of  the 
ad  Order  being  generated  from  the  continued  Addition  of 
Units,  thofe  of  the  3d  Order  from  the  continued  Addition 
^of  thofe  of  the  2d  Order  or  the  Laterals,  thofe  of  the 
4.th  Order  from  the  continued  Addition  of  the  Terms  of 
the  3d  Order,  and  fo  on,  the  Extremes  of  three  will 
differ  more  and  more  from  an  Equality  with  each  other 
in  each  fucceeding  Order;  and  conftquently  will  differ 
more  and  more  from  an  Equality  with  half  their  Sum 
in  each  fucceeding  Order :  Now  the  middle  Term  will 
be  equal  to  their  half  Sum  in  the  fecond  Order,  they 
beine  generated  from  the  continued  Addition  of  Equals, 
or  Onits:  In  the  3d  Order  the  middle  Term  will  be 
left  than  half  their  Sum,  but  cannot  deviate  fo  mucb 
from  an  Equality  with  it,  as  each  Extreme  differs  from 
it,  becaufe  they  are  generated  from  the  continued  Ad- 
dition of  Laterals.  And  fo  on,  in  the  fuperior  Orders  | 
the  middle  Term  will  deviate  more  and  more  from  an 
Equality  with  half  the  Sum  of  the  Extremes ;  but  always 
deviate  lefs  from  an  Equality  with  it,  than  either  Extreme 
deviates  from  an  Equalitv  with  it :  But  the  Square  of  the 
balf  Sum  has  the  greateft  Ratio  to  the  Square  of  the  whole 

Sums 
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Sum  I  and  the  morefunequal  €he  Parts  are»  the  lefs  is  the 
Ratio  which  their  Produ6t  has  to  the  Square  of  the  Sum ; 
and  the  nearer  any  Part  is  to  an  Equality  with  the  half  Sum, 
iht  greater  is  the  Ratio  which  its  Square  has  to  the  Square 
of  the  Sum:  (Eucl.  II.  4.)  Therefore  the  Square  of  the 
middle  Term  (whigh  deviates  lefs  from  the  half  Sum)  will 
have  a  greater  Ratio  to  the  Square  of  the  Sum,  than  the 
Produd  of  the  Extremes  (which  deviate  more  from  an 
£()uality  with  the  half  Sum)  has  to  it ;  and  therefore  the 
Square  of  the  middle  Term  is  gicater  than  the  Produd  of 
the  Extremes.  (Euck  V.  ib.)  Hence  the  Square  e/ any 
Lateral  exceeds^  the  ProduSf  of  any  adjacent  ones  by  Unity» 

3a.  It  follows  alfo,  that  the  Ratio  of  the  middle  Term  to 
either  Extreme^  is  greater  than  the  Ratio  of  the  other  Extreme 
to  the  middle  Term ;  (Eucl.  VII.  10.  J  and  confequently,  that 
if  each  fubfequent  Figurate  of  the  nth  Order  be  divided  by  the 
antecedent^  or  if  in  the  »th  Figurate  throughout  the  Orders, 
(24.)  the  fubfequent  be  divided  by  the  antecedent^  the  Quotes 
or  FraSiions  will  continually  decreafe^ 

2^*  If  throughout  the  Orders^  beginning  at  the  firjiy  there 
he  taken  Figurates^  fo  m  n,  the  Number  of  Terms  in  the  frjly 
Jhall  continually  decreafe  by  Unity^  thofe  Figurates  will  be 
generated  by  the  continued  MultipUcation  of  FraSiions^  whofe 
Numerators  are  the  Laterals  continually  decreafing  from  n, 
and  whofe  Denominators  are  the  fame  Laterals  continual^ 
increafmg^  from  Unity  \   that  is.  Unity,  and  the  Produfts 

12  312  3 

J—^j  l^c»    For,  as  when  n  was  a  conftant  Quantity, 

4 
Unity  only,  and  that  once  only,  was  to  be  fubdu£led 
from  «,.and  the  Laterals  were  to  be  fucceffively  added  (27.) 

in  the  general  Expreffion  Sz=ily.!lZ—LL\  fo  here  (by 

Suppofition)  a  fccond  Unit  is  to  be  fucceffivcly  fubdufled, 
and  the  Laterals  to  be  fucceffively  added ;  whence  it  comes 
to  pafs,  that  the  odd  Laterals  are  fucceffively  fubdu£ted, 
^^^-  i>  3»  5»  7>  ^^*  but  the  Laterals  in  the  natural  Pro- 
greiliop  only  are  ;:4dcd,  viz*  ij  2,  3,  4,  i^c.  whence  thp 

Numeratora 
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Numerators  are  », »— i,  «—2,  faTr.  (for  «  =  «—i  ^  i, 
»-i=»— 3+2,  If— 2=»— 5+3,  «— 3=«— 7+4,esrf.) 
and  the  Denominators  continue  as   before  in  N«  27  • 

Thus  in  the  gcnerai  Expreffion  S=/x  fllii.^ we  have 

e      • 

S=  1  X  ^"^^"^  '  =»,  the  »th  Figurate  of  the  2d  Order : 

llicn  for  the  n — ith  Term  of  the  3d  Order,  we  are  to 

fubftimte  for  /,  -:  and  for  ^~^  +  ^  not "~'  +  2 

biic!Z3±£=:!^Zi:  whence  we  have  !L  v  ^ZlI,    for 

22  12 

tie  «^— Ith  Term  of  the  3d  Order :  and  fubftituting  for 

/5— X :  and  for X_,    not  :~?^    but 

12  /  J        •    •'***' 

•-Ili±3r=i=:i;wehayeJ^x!l=Ix!lZ=4      for 
3  3  12  3 

Ac  »— 2th  Term  of  the  fourth  Order ;  and  fo  on.  Thus» 

if  we  would  know  what  the  Figurates  are  in  the  feveral 

Orders,  beginning  at  the  6th  Term,  fo  as  6  (houid  con- 

tiniiaUy  decreafe  by  Unity,  they  will  l)e  i :  —  =  6 :  ^ 

1  I 

xlsis:  -xl-X-^=:20:  -X  i-x  l-xl=  15: 

Lxi.X±x3-xl=6:AxAx-ix^X^xi 
123^5  12.3456 

=1 :  that  is,  i.  6. 15.  20. 15.  6.  i. 

22.    In  iU    Figurates  i,   — ,    -X ,  —  X'— — X 

^  I       I        2      I         2 

2r?,  ^c.  the  Figurates  will  increafe^  while  the  excefs  of  n 

3 
dksve  the  odd  Laterals  to  be  fuhdu£ted  is  pofitive  :  For  the 
}^umerator^  being  the  Aggregates  of  this  Excefs  and  the 

Laterals ! 
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Laterals,  and  the  Denominators  being  the  fame  Laterals ; 
vhilc  this  Excefs  is  pofitive,  the  Numerators  will  exceed 
the  Denominators  :  And  confequently  the  Produfts  will 
Increafe.  But  when  this  Excefs  becomes  negative^  it  will  6i^ 
tninifh  the  Exponent^  of  the  Orders  :  Their  Aggregates 
^hereforo^  thcKumerators,  will  become  lefs  than  the  De- 
nominators :  And  therefore  the  Produfts  will  decreaje. 
Now  becaufe  thofe  Aggregates  are  the  Numerators  de* 
preafing  from  n,  that  is,  theLaterals  decceafing  from  «,( 31 . ) 
and  becaufe  the  Denominators  are  the  fame  Laterals  in- 
creafing  to  «,  the  Values  of  the  Numerators  and  Denomi-» 
nators  will  be  interchanged  when  that  Excefs  becomes 
negative  \  and  therefore  the  decreafing  Produ£Js  will  be 
the  fame  as  before,  that  is,  the  Ftgwrates  e^idiflani  frtm 
Unity  in  each  Extreme  will  be  equal.  And  becaufe  when  n 
is  an  odd  Number  J  the  middle  }»radion  muft  have  its  Nu- 
merator and  Denominator  the  fame,  it  will  make  no  Dif- 
ference in  the'Produfts  :  And  therefore  there  will  then  be 
two  middle  ProduHs  equaly  and  great  eft  ^  and  adjacent.  But 
when  n  is  an  even  Number^  there  will  be  two  Fra^ions  in 
the  middle,  whofe  Numerators  and  Denominators  will  be 
reciprocally  the  fame  :  There  will  be  a  Difference-there^ 
fore  ia  every  Produd  :•  And  confequently  but  anegreatefi 
Pr9du£i  I  and  that  in  the  middle.  Noy^  becaufe  thofQ 
Figurates  are  generated  by  Addition,  in  the  fame  Man- 
ner as  thofe  in  N°  29.  the  Square  of  the  middle  one  of  anyi 
three  in  Succeffion /hall  be  greater  than  the  Produ^  of  the  Ex" 
tremes.  And  laftly,  the  Ratio  of  the  middle  one  to  one 
Extreme  is  greater  than  the  Ratio  of  the  other  Extreme  to 
the  middle  one  :  And  therefore,  if  each  fubfequent  FiguratOi 
be  divided  by  its  antecedent^  the  ^otes  or  Fr anions  wdlcon* 

finuaUy  decreafe.    Thus  — triir— c--^c-~ir"— - 
123456 

33.  Iftbi  Series  of  Figurates  i,  ly  Ix^^^,  ^X 

I      I        2        ,1 

'^T'^  ""7"'  7^— r">< X  — S  tff .  be  continued  to  a 

231234 

Tirms^aniifiheginiratmgFtaaims^L  Hzl  2Z?  "^3 

?'    a  '    3  '  T^ 
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t*fc,  hi  divided^  eMch  fsdfequfnt  one  by  its  anteceJintj  and  thi 
J^ftUs  be  placed  over  the  Figurates  generated  from  them 
rejpeGively ;  then  the  Square  of  any  Figurate  multiplied  into 
its  correfponSng  ^ote^  placed  over  it,  will  be  equal  to  the 
ProdnS  of  the  two  Figurates  which  are  adjacent  to  it  on  each 
Side:  For  the  Figurates  being  generated  frbm  the  continual 
IVluItiplication,  but  the  Quotes  from  tbeDivifion,  as  above, 
of  the  £iine  FraSions,  the  Ratio  of  the  Numerator  to  the 
Denominator,  in  each  Quote,  will  be  the  Reciprocal  of 
the  Ratio  of  the  Square  of  the  Figurate  underneath  to  the 
Produd  of  the  adjacent  Figurates ;  and  therefore  thofe 
Katios  will  together  compound  the  Ratio  of  Equality. 
(£tid.  V.   Def.  20.)     Lee  the  generating  Fradlions  be 


e 


,«,  ^,  -^  —  J  — >  then  will  the  Figurates  be  i,   1, 
a      b      c      d      e  a 

fi,  '1^  i.,  I,  and  the  Quotes  will  be  if,  ±,  L,  t^ -, 
ab    ab     a  eb     d      d     eh 

amd  the  Quotes  placed  over  the^Figurates  will  fiand  thus, 

ad    b      b     ad 

TV  I^^^Tb^ 

I,  JL,  _,  i-,  -1,  I :  Now  the  Ratio  of  the  Square  of 
a     ab    ab     a 

^  to  —X I  is  fifL  (i49.)=:l-j,  which  is  the  Reciprocal 
a       ab  aaed  ad 

of  —  ;  alfo  the  Ratio  of  the  Square  of  1^  to  if  x  i.  is 

eb  ab      ab      a 

^£il!f  (149.)  =-.,  the  Reciprocal  of  the  Quote  — . 
/*tf*i*fl  b  d 

34.  Hence^  if  different  Numbers  are  fuhjlituted  for  n, 
whereby  different  Ser^ies  of  Figurates  will  refult  from  the 
Afferent  Series  of  generating  Fra^ions,  and  each  fubfequent 
generating  Fra^ion  be  divided  by  tin  antecedent,  the  ^otes 
in  every  Series  will  be  fo  many  Theorems  j  for  Jhewing  the 
Ratio  of  the  Square  of  the  correfponding  Figurate j  to  the 
ProduSf  of  the  adjacent  Extrtmes :  For  thefe  Ratios  are  the 

Reciprocals 
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Reciprocals  of  the  Ratios  of  the  Numerators  to  the  Deno^ 
minators  in  the  correfponding  Quotes,  Thus»  put  Hzz2f 
the  Fradions  are  ^,  4^  the  Figurates  i^  2»  i,  and  the 
Quote  ^  5  therefore  ^  of  the  Square  of  the  middle  Term 
is  equal  to  the  Produft  of  the  adjacent  Figurates ;  or  the 
Square  is  equal  to  quadruple  the  Produd.  If  »=3,  the 
Fradions  being  4,  4»  t>  ^"^  ^^  Figurates  i,  3,  3,  i^ 
and  the  Quotes  y,  4  ;  therefore  -J-  the  Square  of  the  ad  or 
3d  Figurate  is  equal  to  the  Produd  of  the  adjacent  ones  $ 
or  the  Square  is  triple  the  Produfi:.  Put  »=4)  then  the 
FraSions  are  4,  4,  4,  ^y  the  Figurates  i,  4,  6,  4,  i, 
and  the  Quotes  4^,  |,  I ;  whence  4  the  Square  of  the  2d 
&nd  4th  Figurate  b  equal  to  the  Produd  of  the  adjacent 
ones  ;  and  ^  the  Square  of  the  3d  is  equal  to  the  ProduA 
of  the  2d  and  4th,  ^r.  if^c. 


35.  The  Seriis  of  Figurates  or  Produas  i,  —^  Z^  X^IZl, 

II         z 

I        2  3       I        2  3  4 

to  n  Terms f  exhibits  the  Number  of  Combinations  of  which  n 
Number  of  Things  is  capable :  For  in  two  Things  there  is 
but  I  Binary ;  Add  a  third,  this  is  to  be  combined  with  the 
former  2 ;  the  Binaries  therefore  in  3  Things  are  i  -{-  2 : 
Add  a  fourth)  this  is  to  be  combined  with  the  former  3  -, 
the  Binaries  therefore  of  4  Things  are  14-2  +  3:  Add  a 
fifth)  this  is  to  be  combined  with  the  former  4 ;  the  Binaries 
therefore  of  5  Things  are  1+2  +  34-4;  and  fo  on  j  that 
18,  putting  n  for  the  Number  of  Things,  the  Number  of 
Binaries  will  be  the  Sum  of  »—-1  Laterals^  or  the  ^i-^ith 
Term  of  the  3d  Order  of  Figurates;  that  is»  (24.  31.) 


H 

7^— 


In  three  Things  there  is  but  i  Ternary :  Add  a  fourth» 
this  is  to  be  combined  with  the  3  Binaries  of  the  former  3 ; 
the  Ternaries  therefore  of  4  Thing?  are  i  +  3 :  Add  a  fifth, 
this  is  to  be  combined  with  the  6  Binaries  of  the  former  4  $ 
the  Ternaries  therefore  of  5  Things  are  i  +3+6  :  Add  a 
fixth,  this  is  to  be  combined  with  the  10  Binaries  of 
the  former  5 ;  the  Ternaries  therefore  of  6  Things  are 

1  +  3 
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)  "t"  3  4*  6  +  'O9  ^^  fo  on ;  diat  is,  putting  ff  for  the 
Numbdr  of  Thinly  the  Number  of  To-naries  will  be 
tbe  Sum  of  n— -  2  Figurates  of  die  3d,  or  the  «  —  ath 

Figuratc  of  the  fourth  Order;  that  is,  -  X  ^^^— ^    X 

'      ^,     After  the  fame  Manner,  the  Number  of  Qua-» 
3 

«rnaiic$aie*x5LZlix^^^^X  ^^^a  ofQuina- 

ries- X  ^:ii  X  J^:=12X  J^^Illx  ^^ni;andfootl 

«a  3  4  5 

contiouaOy,  flill  increafing  tbe  Number  of  Combina- 

dons  hj  adl  tbofe  of  the  next  inferior  Order  ;  becaufe  as 
the  Number  of  Things  increafes,  the  laft  can  be  com* 
bined  with  all  the  next  inferior  Combinations  of  the 
former  Things :  and  ftill  leiTeiiing  theNumber  of  Things 
by  Unity,  as  the  Exponent  of  the  Combination  in-* 
creafes* 


O/  S  U  BTllAC  TION.. 

XXV.  '^liE  Invention  if  tbe  Dijfeihence  of  Numbers 
X  ttfot  are  not  too  much  eompoumledj  is  of  itfelf 
itnJmt ;  as  if  you  take  o  from  17,'  diere  will  remain  i. 
Bnt  in  more  compounded  Numbers^  &iibtra£fion  is  performed 
Iff  fubfcriUng  or  fetting  underneath  the  Subtrahend^  andfub-- 
traHiiqr  eoA  of  tbe  tower  Figures  from  each  of  tbe  upper 
aes.  Thus  to  fubtrad  63543  from  782579,  having 
fubfcribed  63543,  fay  3  from  9  and  there  remains  6, 
which  write  underneath ;  and  4  from  7,  and  there 
remains  3,  which  write  likewife  underneath  i  then  5  from 
5  and  there  remains  nothing,  which  in  like  manner  fet 
underneath ;  then  3  comes  to  be  taken  from  2 ;  .but  be-> 
caufe  3  is  greater  than  2,  you  mu(^  borrow  i  from  the 
next  Figure  8,  which  together  with  2,  make  12,  from 
which  ^.may  be  taken  and  there  will  remain  9,  which 
write  hkewife  underneath;  and  then  when  befides  6 
dicre  is  alfo  i  to  be  taken  from  8,  add  the  i  to  die 
6,  and  the  Sum  7  being  taken  horn  8^  there  will 

D  be 
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be  left  I,  which  iii  like  Manner  write  under-     782^79 
neath  (a).    Laftly,  when  in  the  lower  Rank      63543 
ci  Nuoiben  therQ  remains  nothing  to  be  taken    ' 
from- 7,  write  underneath  the  7,  and  fo  jou     719036 
have  the  Diflference  719036. 

But  i/pedal  Care  ts  to  be  iakefiy  that  the  Figures  $f  tbt- 
Subtrahend  be  placed  or  fuhfcribed  in  their  proper  or  hma^ 
geneous  Places  y  viz.  the  Units  of  the  one  under  the  Units 
of  the  otbei:^  and  the  Teo^  under  Tens,  and  likewife 
the  Decimals  under  the  Decimals,  {rV.  as  we  have  fhewn 
in  Addition  (b).    Thus  to  take  the  Deciinal  0,63  from 

the  Integer  547,  they  are  not  to  be  difpofed  thus  ^Y^'f 

but  thus  -547      •  fo  that  the  o,  which  fupplics  the  Place 

of  Units  in  the  Decimal^  muft  be  placed  under  the 
Units  of  the  other  Number.  Then  o  being  underftood 
to  ftand  in  the  empty  Places  of  the  upper  Number,  fay, 
3  from  0,  which  fince  it  cannot  be,  i  ought  to  be  bor- 
rowed  from  the  foregoing  Place,  which  will  make  10, 
from  which  3  is  to  be  taken,  and  there  remains  7,  which 
write  underneath.  Then  thiH  i  which  was  borrowed 
added  to  6  make  7,  and  this  is  to  be  taken  from  o  above 
it ;  but  fine):  that  cannot  be,  you  muft  again  ))orrow  i 
from  the  foregoing  Place  to  make  10,  then  7  from 
10  leaves  3,  which   in  like    Manner   is  to  be   writ 

undcr- 


XXV.  {a)  For  it  is  manifeft,  that  by  increafing  the 
Minuend  in  the  right-hand  Place  by  Ten,  and  the  Sub- 
trahend in  the  left-hand  Place  by  an  Unit,  that  an  equal 
Addition  is  made  to  each  (3);  and  that  therefore  the 
Rciidue  is  not  changed.  The  fame  Thing  is  alfo  done, 
if  inftead  of  adding  the  borrowed'  Unit  to  the  Subtra- 
hend in  the  left-hand  Place,  the  minuend  Figure  in  the 
left-hand  Place  is  diminiflied  by  an  Unit  before  Subdue- 
tion,  as  in  reality  ir  is,  by  the  borrowing  from  it  the 
Ten  added  to  its  right-hand  Figure. 

{b)  Quantities  of  Different  Denominations  cannot  be  fuh^ 
duhed  from  eacbMher^  hecaufe  the  Refidue  could  not  be  of 
any  me  certain  Demminatim,    Th^r  Difference  therefore 
CM  OBly  be  (hewn  by  the  Sign  of  the  Subducend. 
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indefBCatli ;   tben  ikat  i  being  added  to  o, 

Biflieo  i,  which  i  being  tsken  fretn  7  leaves  6, 

«rllieh  agun  write  uAdbrneatb*    Laftlyj-  write 

die  tw0  r  igures  54  ((ince  nothing  remains  to     546,37 

be  taken  fit)in  them)  underneath,  and  you  wHl 

have  the  Reoiainder  546,37  (r). 

For  Exefcsfe  fkke,  we  here  fet  down  feme  more  £x^ 
imples,  both  in  Integers  and  Decimals^ 

1673  ■   1673      4^^74      3S>72      46>50b3     308,7 
1541      1580         9^      '4>3a        3>078         ^S>74 

132         93      448869      21,4       43>4^23     282,96 

XXVI.  /jT  tf  great€r  Number  is  to  be  iaien  froth  a  lefsy 
fm  nmfi  firfi  fahtraQ  the  kfifrom  the  gf eater y  and  then 
frefa  a  nege^vi  Sign  to  the  Kemainder*  As  if  from  1541 
joa  are  to  fubtrafl  1673»  on  the  contrary,  I  fubtra<9 
1541  from  1673,  and  to  the  Remainder  132  I  prefix  the 

XXVII,  In  Algebraic  Terms j  SubtraSHan  is  performed 
k  annexing  the  Quantities  y  after  having  changed  all  the 
%v  «/"  eAe  SeUttraiendi  and  by  uniting  thofe  together  which 
em  he  jotiud^  a»  we  have,  doiie  in  Addition  (/).    Thus 

+7 


immreafe  inj^e  Place  of  Ten. 

XXVI.  (d)FoT  this  Kefidue  thus  afFefled  with  a  nc-* 
.  gadve  Si^n  -—  132,  being  added  to  the  Subdiicend  -fb 
1671»  win  reftore  the  Minuend  -{«  1541- 

J&VII.  (e)  The  Sign  ef  the  SubdUcend  is  always  to  bi 
^tBged  snt»  its  co,ntrary.  For  if  the  Subducend  be  pofi-* 
^  and  fimple,  it  oughf  to  have  the  Sign  of  Subdue-» 
tbo,  that  is,  its  Sign  is  changed  into  Ne^tive  j  and  if 
fc  Subducend  be  compouilded  of  an  Affirmative  and 
l*^atiirc,  tbeir  Dilftirence  only  dught  td  be  ftkbdufted ; 
*bcrcfbre,  having  fabdufted  the  iffirmative  Term,  too 
«ach,  bv  the  Quantity  of  the  negative  Term,  has  beeii 
Guided»  and  the  Refidue  is  too  (mall  by  that  Q^an^ 

D  2  tityi 
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4-  7  a  from  +  9<?Iea(re8  9  a— 7  #  or  2#;  -^7  tf  from 
+  9  tf  leaves  J^-  gti  +  y  m,  as  ibai  +7«  frpm— 9  « 
kaves  —  9  «  — ^  7  a>  or  -^^  16  « ;  and  — *.  7  *  from  —  9  « 

leaves  —  9a4-7tf,  or  —  i^i  fo3l  from  5  -  leaves 

af  5    7  v^  tf  r  from  %^  a  €  leaves  —  5  •  «  c  (/J  ; 

L  from  5.  leaves  1. ;  —  1-  from  i  leaves  2L ;  —  -fJ! 
9  99         7^7  7  * 

from  li:  leaves  54?,    Wff- from  =121^ 

leaves  ■       1?  ■    5  —  from  —  leaves  : ; 

TLa  -{-  ^  c  X       c  c  '    c 

a^^b  from  2  <»  +  *  leaves  2  ^r  +  *  —  /7  -|-  *,  oxa^rhi 

2az^^  zz-\f^ac from  3^2  leaves 3^2;  —  3024.9;« 

»-g^or  gz  — gf  ;  from — JL —  leaves 


from  a  +  X  ^  a^  leaves tf  +  *-^tf  +  *^tf*,  or 
2  ;r  i/  tf  ;r,  and  fo  in  othen.    But  where  Quaotidei  con- 
lift 


tity ;  therefore,  to  rcftofe  the  Refiduc  to  its  juft  Msig- 
nitude,  the  negative  Term  ought  to  be  added  to  it,  that 
is,  the  negative  Term  muft  become  AiErmative. 

36.  Hence,  the  Difference  ef  two  ^uartkiies^  fubdu£iei 

from  their  Sum^  is  equal  to  double  the  lefs  ;  for  the  greater 

is  defiroyed,  and  the  lefs  doubled  in  adding  them  afider 

the  Change  of  their  Signs.    Thus  if  ii  be  the  greater, 

and  b  the  lefs,  then  their  DiflFerence  is  ^  —  ^,  and  their 

Sum  tf  +  * ;  but  ^  4.  j  —  a  — b  =  2*.     See  N*  22, 

(jf)  Surds  are  fubduSied  by  fubdu£ting  their  rational  Co^ 
efficients^  when  being  reduced  to  their  loweft  Terms  thej^ 
agree  in  their  radical  Part ;  for'  they  are  then  as  Num- 
ber to  Number,  and  their  Ratio  is  that  of  the  Co-* 
efficients,  by  which  Coefficients  the  Subdudion  can  be 
made.  I 
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fift  of  more  Terms,  the  Operation  may  be  managed  as  in 
Numbf  rs^  as  in  the  following  Examples  (^)  : 

12  X 


37.  (g)  Four  ^antities  are  in  arithmetical  Proportion^ 
men  the  Difference  between  the  two  former  is  e^ual  to  the 
Difference  between  the  two  latter.  Quantities  are  /aid  to  be 
in  arithmetical  Progreffiony  when  they  increafe  or  decreafe 
continually  by  efual  Differences. 

38.  In  arithmetical  Progreffion,  when  the  Number  of 
Terms  is  even^  the  Sum  of  the  Extremes  is  equal  to  the  Sum  of 
every  two  mean  Terms- efuiJiftant  from  them  \  and  when  tie 
Nsonber  $f  Terms  is  oddy  tie  Sum  of  the  Extremes  is  double^ 
the  nuJdU  Term^    For  fince  the  Terms  are  cquidifE?rcnt 
(37)9  ^^^  Second  will  exceed^  or  be  deficient  from,  th^ 
nnty  as  much  as  the  laft  exceeds,  or  is  deficient  from, 
the  Penultimate ;  therefore  the  Sum  of  the  Extremes 
equals  the  Sum  of  the  Second  and  Peniiltimate,  the  Ex- 
cels of  the  one  making  up  the  OefeA  of  the  odier.  The 
lame  Reafoning  holds  good  in  every  Pair  of  Terms  equi- 
diftant  from  the  Extremes  ;  and  therefore  In  thofe  alfo 
which  are  adjacent  to  the  middle  Term,   when  their 
Number  is  odd.    Now  one  of  thefe  exceeds  the  middle 
Term  as  much  as  the  other  is  deficient  of  it  (37)1  if 
therefore,  the  Defe<ft  of  one  be  compenfated  by  the  Ex- 
cels of  the  other,  the  three  Terms  will  be  equal  :  and 
confequentlv,  the  Sum  of  the  adjacent  Terms,   and 
cberefore  01  every  other  equidiftant  Pair,  will  be  double 
Che  middle  Term. 

39,  The  hft  Term  is  equal  to  the  firji^  increafed  if  the 
Profrefjwn  afcendsy  but  diminijbed  if  the  Progreffion  defcends^ 
by  the  Proau£f  of  the  common  Difference  multiplied  int^^ 
other  the  Number  of  Terms  lefs  one^  or  the  Number  of 
Means  more  one.  For  the  laft  Term  exceeds,  or  is 
exceeded,  by  the  firft,  by  the  common  Difference 
fo  often  taken,  as  there  are  Terrns  after  the  firft  j  that* 
is,  ib  often  ^  there  are  Terms  lefs  one,  or  Means  more 
eoe. 

|0.  Hence,  the  cpnmon  Differencf  is  equal  to  the  Diffe^^ 

r    ce  of  the  Extremes  divided  by,  either  the  Number  of  Terms- 

k    «JJKj  9r  the  Nupiber  of  Means  mere  one.    Confequcntly, 

D  3  ,     .       /Af 


3«  6  U  B.T  RAC.T  I  O  N. 


Z^-   •s  +  f 


MUL- 

.    J       II  WW    Mil  i   l|L  I mmmtt^m$m^ 


the  Extrepia  being  gruen^  (my  Numifr  9/  Mwfs  may  h 
found:  For  by  dividing  their  Diftierence  by  the  Number 
of  Means  fought  more  ope,  the  coQiipon  pifFerence  h 
found,  and  this  continually  added  tQ  the  lefs  Extreme 
exhibits  the  Means. 

.  41.  Tbi  Sum  of  (my  Series  it  fjjual  to  the  ^uotf^  which  i^ 
ffod  by  dividing  the  Produ£f  of  the  Sum  of  the  Extremes  into 
the  Number  ofTerm^  b^  Two.  For  ti^e  Sum  of  the  jSeries 
contains  the  equaj  bums  of  t)if  Pairs  of  eq^uidift^t 
Terms  only  half  fo  many  Timcs.as  there  arc  Terms  (38)^ 

42,  In  the  Progreffion  of  Lateralsy  or  Figurates^  of  iif 
ficond  Order  J 
Product  ari&tg 
greater.  .  For 

being  Unity,  the  laft  Term  is  the  Number  of  T^rms», 
and  the  next  greater  is  the  Sum  of  the  Extremes. 

5^4?  N**  25,  26. 

43.  In  the  ProgreJ^tt  of  odd  Latp-alsy  whofe  common 
tiiffennce  is  Two^  toe  Sum  of  the  Series  is  always  a  f quart 
Number  j  to  witj  the  Square  of  the  Number  of  Terms»  For 
Pnity  being  the  firfl:  Term,  and  Two  the  common  Dif- 
ference, the  Sum  of  the  Extremes  is  double  the  Number 
pf  Terms  ;  whence  their  Produft  would  be  the  Produ^ 
pf  the  Number  of  Terms  into  double  itfelf  j^  coofe-^ 
ouently,  half  this  Produd,  which  is  the  Sum  of  the 
^eries  (41),  is  the  Produd  of  the  Number  of  Terms 
^ito  itfelf,  antl  therefore  a  Square. 

z 

44-  {f 


SUBTRACTION.  39 

^,  If  a  given  Quantity  is  added  u^  jor  fukduHed  phm^ 
t^yry  Term  c/  an  arithmetical  ProgreJJbmy  the  Progrejfm 
tijil  cijnti7iu^  u?i altered^  tuith  the  fame  common  Differ enee^ 
For  jn  equal  Addition,  orSubduSioR,  although  it  alters 
i^  ^.  Mr.gaitude  of  the  Terms,  will  not  alter  tbw  Rela- 
t   ..  :'t  10  Difference. 

,  if  Ae  fame  Quantity  be  multiplied  into  every  Term  of 
t  M  ithmetical  Series^  the  Products  will  be  in  arithmetical 
i*rogreJfan  ;  and  the  common  Difference  of  the  Terms  wiU  be 
the  Produ^  of  the  given  ^antity  into  the  former  common 
Differetsu.  For  as  each  Term  confifted  of  the  preced- 
ing Temi  and  of  the  coanuon  Differciice,  any  given 
Multiple  of  any  Term  niuft  be  the  fanae  Multiple  pf  the 
prece&ig  Term  and  of  the  common  Difference ;  there-* 
fore  the  common  Difference  of  the  Products  lirtll  be  tbaC 
MuJdple  of  the  former  common  Difference. .  After  the 
fame  Manner,  if  the  Terms  of  an  arithiTietical  Series  be 
divided  by  a  g^ven  Quantity,  the  Quotes  will  be  in  arith- 
metical Progreffion,  whofe  common  Difference  will  bo 
the  Qjiote  of  the  formeJT  Difference  divided  by  thak 
Quantity. 

46.  ^  in  Ae  BinoTue  nx  +  ^  ^  Terms  3,  2,  I,  0% 
—  I  —  »  —  3,  &c.  vis.  of^he  defcending  lateral  Pro^ 
greffign^  be  fuhftituUd  for  the  ttnknown  ^lantity  x  :  Ae  re*, 
filting  If  ambers  will  be  in  arithmetical  Progrejfion^  whofe 
cmmnoH  Difference  will  be  n^  Ae  Coefficient  of  x  in  the 
femur  Member  of  the  Binome,  For  the  Produils  arifing, 
from  the  fucceffive  Subftitution  of  the  Laterals  for  Xj 
that  is,  from  the  fucceffive  Multiplication  of  n  into  the 
Laterals,  will  be  be  in  a  Progreffion,  whofe  common 
Difference  is  ff  x  i  (45) ;  that  is,  n  ;  and*  the  fecond 
Member  -f-  ^  of  the  Binome  cannot  alter  the  Progreffion 

Of  MULTIPLICATION, 

ItXVIII.  1^ UMBERSwhich  arife  or  are  produced  by 
X^  the  Multiplication  of  any  two  Numbers^  not 
greater  than  9,  are  to  be  learnt  and  retained  in  the  Memory  : 
As  that  5  into  7  makes  3^,  and  that  8  by  9  nfake  72, 
I  and  then  the  Multiplication  of  greater  Numbers  is  to  bt 
f    Wmed  after  the  Rule  of  thefe  Examples. 

^  D  4  li 
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If  795  is  to  be  multiplied  by  4,  write  4  underneath,  as 
you  lee  here.    Then  fay,  4  into  5  makes  20, 
whofe  laft  Figure,  viz»  o,  fet  under  the  4,  and      795 
referve  the  former  2  for  the  next  Operation.  Say  4 

moreover,  4  into  9  makes  36,  to  which  add  the    

former  2j  ^nd  there  is  made  38,  whofe  latter  Fi-  3180 
gure  8  write  underneath  as  oefore,  and  referve 
the  former  3.  Laftly,  (ay,  4  into  7  makes  28,  to  which 
add  the  former  3,  and  there  is  made  31,  which  l>eiag 
alfo  fet  underneath,  you  will  have  the  Number  318O) 
which  comes  out  by  multiplying  the  whole  795  by  4. 

Moreover,  if  9043  be  to  oe  multiplied  by  2305,  write 
cither  of  them,  viz.  2305  under  the  other  9043  as  be- 
fore, and  multiply  the  upper  9043  firft  by  5,  aft^r  the 
Mannncr  fhewn,  and  there  will  come  out 
45215  ;  then  by  o,  and  there  will  come  out 
.  0000 :  Thirdly,  by  3,  and  thpre  will  come 
out  27129:  Laftly,  by  2,  and  there  will 
come  out  18086.  Tlien  di^ofi  thrfe  NunAers  45215 

•  *         ^  "*     '      "    '  '  0000 

27129 
18086 

hand  than  the  laft  of  the  next  fuperior  Row,     ■■    ■  f 

Then  add  all  tbeje  together y  and  there  will  arife     20844 1 15 
20844115,  the  Number  that  is  made  by  multi- 
plying th/  whoU  904.3  by  the  whole  2305. 

XXIX.  In  the  fame  manner  Decimals  are  multiplied  by 
Integers  or  other  Decimals^  or  bothy  as  you  may  fee  in  the 
following  £:Kamples : 

72,4  50,18  3»<>92S 

29  2,75  0,0132 


2099,6 


^516        25060  78050 

144«        351^6         1 17075 


39025 


f3Z»9950  0,05151300 


Sut  Note  J  in  the  Number  coming  out^  or  the  Ptodua^  fi 
TttMy  Figures  mufj  be  cut  off  to  the  Right-hand  for  Decimals j 
0^  tb§re  are  decimal  Figures  both  in  the  Multiplier  and  the 

MultC-^ 
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MwbipUcand,  And  if  hy  Chance  there  are  not  fo  many  Fi^ 
pares  in  the  PfoduSi^  the  deficient  Places  mujl  he  filled  up  t9 
the  Lejt^hand  fvitbo%  as  here  in  the  third  Exampte  (h). 

XXIX.  (a)  47.  In  the  Multiplication  of  Integers^  of 
Dechnaby  and  of  mixed  Number s^  the  Sum  of  the  JniiieA'of 
-ihe  FaBors  is  the  heal  Indepc  of  the  right-hand  Figure'^f'the 
ProduG.  For  the  Index  of  each  Faftor  befng  the  Niim-« 
ber  of  MultxpTicattons^  or  of  Dtvifions  of  Unity  ^  by 
Ten,  in  its  Denominator  (13,  14}  ;  to  muhifJly,  or 
to  divide  the  Deitbminator  of  the  Multiplicand  by  Ten, 
is  to  add  Unity  to,  or  to  take  Unity  from,  its  Index  ; 
and  to  multiplv,  or  to  divide  the  Denominator  of  the 
Multiplicand  dv  ^ny  other  Nuinber  as  a  Denoininator, 
is  to  add  the  Inoex  of  the  Multiplier  to,  or  to  futxiu^l  it 
from,  the  Index  of  the  Multiplicand  :  But  in  the  MuU 
tiplication  of  Integers  by  Integers,  and  of  Decims!^  i>y 
Decimals,  the  Denominator  of  the  Multiplicand  h  mul« 
tiplied  by  the  Denominator  of  the  Multiplier  ;^and  in 
the  Multiplication  of  Integers  by  Decimals,  the  Denb^ 
minator  of  the  former  is  divided  by  the  Denominated  of 
latter :  Therefore  in  the  former  (Jafe,  the  Sum  of  the 
Exponents  is  the  Exponent  of  the  Produ<5^  ;  and  in  the 
latter  Cafe,  their  Diiference.  Now  the  Index  of  a  de« 
cimal  Multiplier  being  Negative  (14)  it  muft  be  changed 
in  Sabdudion  into  Affirmative,  and  added  (XXVII).; 
therefore,  in  all  Cafes,  the  Sum  of  the  Exponents  of 
the  Fadors,  when  made  both  of  the  fame  AiFediotiy  is 
the  Exponent  of  the  Produd* 

48.  Decimals  are  confidered  in  Multiplication  as  Integer s^ 
the  only  Difference  being  that  in  the  former  the  Name* 
rators  are  divided,  and  m  the  latter  multiplied,  by  that 
Power  of  Ten,  whofe  Index  is  the  Number  of  Places 
from  Unity  (6.  9.  13);  wherefore  the  Numerators  are 
to  he  multiplied  as  Integers :  and  as  to  the  Multiplication  of 
the  Denominators^  in  altProduffSy  of  Decimals  by  Decimals^ 
or  by  mixed  Numbers^,  fo  many  Places  are  to  be  allotted  on  the 
Right-band  for  Decimals^  as  there  are  decimal  Places  in 
both  Favors  taken  together.    For  the  Index  of  the  right- 

md  Figure  in  Decimals,  is  always  their  whole  Number 

f  Places  (13)1  and  the  Exponent  of  the  jight^hand 

Figure 
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XXX.  SimpU  Algebrmc  Terms  are  multiplied  by  muki^ 

plying 


Figure  of  an  Integer  Faftor,  is  always  Cypher  (14): 
Therefore  the  Index  of  the  right-hand  Figure  of  the 
Product,  to  wit,  the  Sum  of  thelndices  of  the  right- 
htnd  Ftguresr  in  both  Fa<3ors  (47] ;  that  is  to  fay,  the 
Number  of  decimal  Places  in  the  Produdl,  is  the  Sum 
of  tb^  decimal  Places  in  both  Factors. 

49.'  Hence,  if  the  Number  of  Places  in  the  Produ^  is 
hfs  tkari^be Number  0/  Decimals  in  botbFa&orsy  which  will 
(e.  the  Cafe  when  the  Cyphers  on  the  LefL-lxind  of  a  pure  de^ 
eimctl  Multiplier  are  neglected  in  the  Operation^  the  Deft£l 
mufi  befapplied  by  Cyphers  added  on  the  Left-hand. 

50«  Xltf  Right-hand  figure  of  every  particular  Produ£i 
might  to  be  fet  directly  under  the  multiplying  Figure^  and 
then  the  Place  of  every  fucceeding  Figure  will  follow  in 
Ordtr.  For  the  Index  of  the  right-hand  Figure  of  the 
Muktplicatid^  it  either  Cypher  (14]  or  is  confidered  as 
fuchduring  the  Opj^ratio'n  (48).;  confequently  t;he Index 
of  the  right-htind  Figuite  of  each  particular  Prod  u&  will 
1>eiKhe  Index  of  th^  miil^plying  Figure  (47,  48  )•  The 
particultr  f  rodu^s»  being  thus,  ranged,  will  have  their 
Figures  of  the  fam^Clafs  in  the  fame  perpendicular  Series 
rcidy  for  Addition  (X VIII). 

51.  /jf  there  are  (Cyphers  between  the  figmficant  Figures 
$f  the  Mfdtipliery  they  m^  be  entirely  negle^Ied^  for  their 
lole  life  being  to.  determine  the  Places  of  the  fignificant 
Figures  to  tl^Left  (18)  ^  thi»  End  will  be  anfwered 
by  placing  the  right-band  Figure  of  each  particular  Pro- 
du^  by  the  fignificant  Figures  direflly  under  the  Multi* 
plier  (50). 

52«  Cyphers  on  the  Right^Hand  of  either  FaSlor  are  neg^ 
le^ed  in  the  Operatifin,  Iti  Decimals  they  are  to  be  totally 
SKpunged^  as  being  ufeUft  (iSJ,  but  they  are  to  be  reflored 
to  the  Produ&  of  Integers ;  becaufe  they  ferve  to  determine 
the  Place  of  the  Right-hand  fignificant  Figure  of  the 
PrQdu£l,whofe  Exponent  being  always  the  Sum  of  the 
Indices  of  the  right-hand  Figures  of  both  Fadors  (47); 
will  be  in  this  Cafe  the  Number  of  Cyphers. 

53.  Hence^  an  Integer  is  multiplied  by  an^  Power  of  Ten^ 
by  annexing  the  Cyphers  rf  the  Pcwer  io  the  Integer  (53). 

But 
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f^g  tbi  Numbtrs  into  tbetfunAers^  tmd the  Sf ides  inU^iU 

SpecUsy 

But  a  Decimal  or^  minced  Numier.  ij  mdtitUfd  by  any[  Ppunr 
ifTen^  hy  moving  the  Seperatri^  /omany  Places  to  the  Right '^ 
hand^  as  there  are  Cyphers  in  the  Vmvpr^  or  of  there  art 
Umts  in  the  Exponent  of  the  l^qwer^  For  the  Mubiplica- 
tion  is  perfonned  at  length  by  aonexing^tbe  Cypher^  of 
die  Power  of  Ten  .on  the  Rigbt^rhand  of  th^  Multiple» 
caiul,  and  then  cutting  oiF  io  maoy  Places  for  Decin 
malsy  as  there  were  Places  before  in  the  Multiplicand 
(48},  apd  laftly,  by^punging  the  added  Cyphers,  te-r 
ing  ufelefs  in  Deci^iaU  %i8);  but  this  is  equivalent  to 
giviiig  Co  many  Places  from  tbeDecimals  to  thelnte|;ersy 
or,  to  qioving  th^  Seperatrix  fp  many  Places  to  the  Rig|b(» 
9S  there  are  Units  in  the  Index .  of  the  Power  of  Ten  % 
and  thp.  Trouble  of  expunging  is  avoided, 

Nowy  though  theNupber  of  Places  in  thepecimaU 
is  diminiihed,  yett  tl^eir  .\(alue.  is  fo  many  times  more  pe*^ 
cnple  of  thek*  former,  by  being  raifed  ib.  many  Places 
bigfaer  to  the  Left\{ft}j  and  the  .negative  Exponent 
of  the  right-hand  f'Jg^j^je  of  the  Decimal  Fa&or  being 
duniniihcd  by  the  Addition  of  the  afHrmative  Index  of 
the  Pdvirer  (XXIV),  is  the  Index  of  the  right-hand  ¥i^ 
gore  of  the  Product,  which  being  negatively  lefs^  is 
afinnatively  greater  (47 )• 

From  this;i  the  common  Ride  for  reducing  Decimals  into 
Sixagefionalsy  is  deduced,  to  wit.  Multiply  the  Decimal^ 
byfixty  s  becaufe  this  Multiplication  not  only  multiplied 
]>ySix»  but  alfo  moves  the  Seperatrix  onePlace  to  theRigbt^ 

54.  If  the  Prod^Hof  the  Irft-band  Fjgures  of  two  Jn^ 

?fersj  either  alone  or  augmented  hy  an  Increment  from  tbo 
nduff  of  the  a^aeent  rigwres^  eonjifts  of  two  Places  y  or 
Lthe.  left-hand  Figstro  of  this  Product  is  lefs  than  the  lefu 
id  Figure  of  either  Fafior^  then  the  whole  ProdiiSi  wilf 
cotM  of  as  many  Places  as  there  are  Places  in  both  FalUr.^ 
merwife  of  onePlace  lefs.  For  the  Exponent  of  the  left-hand 
Figure  in  each  Fa^or  being  the  Number  of  Places  in  each 
le£  One  (13)9  tb^  Exponent  of  the  right-hand  Figure  of 
their  Produd  will  be  the  Number  of  Places  in  both  Fac- 
n  lefs  Two  (48) ;  to  which  muft  be  added  the  Place 
i  Units^  whofe  Exponent  is  Cypher  in  each  FaAor  \ 

whence 
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Species^    arid  bj  maiing  the  ProduR  Afflrmathiy    ^T  the' 

I     Faeton 

. ,  « ! •  - 

whence  the  Exponent  of  the  Produd  of  die  le/^-hahd- 
Figures,  when  this^  Produft  is  a  fingle  Figure,  is  riie 
Number  of  Phces^in  both  Faflors  lets  One.;  aind  when 
it  conlifts  of  two  Figures,  the  Exponent  of  the  left- 
hand  Figure  is  the  Sum  of  the  Places  in  both  Filters  : 
Now  whcii  this  Produft  is  a -fingle  Figure,  it  muft  be 

Jreater  than  citherFaftor ;  and  when' it  confifts  of  two 
Igurcs,  the  Figure  to  the  Left^  niuft  be  lefs  than  either' 
Faftor  J  wherefore  the  Number  of  Places  will  fall  One' 
(hort,  wfien  it  is  greater  than  either Faftor.  - 
'    55.  Becaufe  it  may  be  fufficient^  efpedally  in  Decimals y  t9 

find  only  an  aligned  Part  of  a  Produh.  i.  Set  the  Place  of* 
Units  of  the  lefs  Number  (which  make  the  Multiplier)  under 
that  Place  of  the  greater  whofe  Index  is  equal  to  the  Index  of 
fhe'defignearight-hafid  Figure  of  the  ajfigned  Part  of  the  Pro- 
duSf ;  that  is^  to  the  Number  of  PigAres  to  be  ctU  ojf  in  tn^ 
hgersy  or  to  be  retained  in  Decimats/"  2.  Set  the  Kefi  of  the 
Figures  of  the  Multiplier  in  a  contrary  Order.  3.  Begrft^ 
every  MuhipUcationj  at  that  Figure  of  the  greater ^  which 

fiands  over  the  multiplying  Figure  \  having  Regard  to  the  In^ 
crement,  which  would  have  arifenfrom  the  foregoing  Figures  of 

'  the  Multiplicand. :  Laflly\  Set  the  right-hand  Figures  of  every 
particular  Product  under  one  another  j  and  then,  the  Sum  if 
thefe  particular  Produffs^  will  be  the  required  Part  of  thePro* 
duet.  For  the  Index  of  the  right-hand  Figure  of  every 
Brodud,  is  the  Sum  of  the  Indices  of  the  Fadors ;  and 
by  inverting  the  Order  of  the  Figures  of  the  Multiplier, 
the  Sums  of  the  Indices  of  the  correfponding  Place  of 
the  Fa&ors  will  be  equal  among  themfelves  ;  and  there- 
fore equal  to  the  Index  of  the  right-hand  Figure  of  the 
required  Part  of  the  Produft  :  But  Produdh  whofe  In* 
dices  are  equal  belong  to  the  fame  Place ;  thcjr,  there- 
fore, muft  be  fet  under  each  other  :  And  their  oum  muft 
be  the  required  Part  of  the  Produd* 

•  56.  In  every  Multiplication^  whether  by  Figures  or  by 
Species^  every  Part  of  the  Multiplicand  mu/i  be  multiplied  by 
every  Part  of  the  Multiplier.  For  if  Equals  be  multiplied 
into  Equals,  the  Produds  are  equal  (Eucl.  I.  Def.  6.) ;  But 
every  whole  is  equal  to  all  its  Parts  taken  together  (EucKL 

Def. 
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t^^sare  htAhAffixmatmy  or  hibNegativi  ;  and  Negative 
ifetberwifi  (b).  ^^ 


Def.  9) ;  therefore,  the  Produd  arifing  from  mukipl^ing' 
the  Whole  by.  the  Whole  is  equal  to  the  Produfb  arifing 
from  the  Multiplioition  of  all  the  Parts  of  ooe  by  ali 
tlie  Parts  of  the  other  Fador. 

XXX.  (*;  57.  «^^  tbe  Sign  if  tbe  Multiplier  is  Affirm 
ffuxtwe  (+),  tbe  Signs  of  the  rroiuSf  are  tbe  fame  with 
tbefe  rf  Ae  Multiplicand*  For  the  Multiplicand  is  theix 
fo  often  added  to  itfelf  as  there  are  Units  in  the  Multi- 
plier (VI)  5  if  therefore  all  the  Signs  of  the  Multipli- 
cand are  Affirmative,  the  Sum  of  its  Terms  is  fo  often 
added  to  itfelf»  by  preferving  the  Signs  of  the  Multipli- 
cand  (XX)  j  and  if  any  of  its  Terms  are  Negative, 
their  Differences  are.  fo  often  added  to  themfelvea^  by 
preferving  the  Signs  of  tbe  Multiplicand  (XXIII). 
rJow  tbe  Signs  of  the  Multiplicand  being  to  be  preferved^ 
when  tbe  A^JtipEer  is  ^Affirmative ;  it  follows  y  that  4-  into 
4-  makes  -j- :  and  that  —  into  4-  makes  — . 

58.  When  tbe  Sign  of  tbe  Multiplier  is  Negative  (— ), 
the  Signs  of  tbe  ProJu^  are  contrary  to  tbofe  of  tbe  Muki^ 
fUcfmd.    r  ok*  a  negative  Term  in  the  Multiplier  fliews 
that  it  is  the  Dimrence  between  two  Quantities  by 
which  the  Multiplicand  is  to  be  added  to  itfelf  (XXIV)  ; 
that  therefore,  having  made  the  Produ£l  by  an  affirma- 
tive Term  in  the  ^fultiplie^,  this  ProduS  is  too  greats 
and  is  to  be  diminiihed  by  the  Produ£t  of  the  fame  Mulr 
tiplicand  by  this  negative  Term  of  the  Multiplier ;  that 
is»  that  the  latter.  Product  is  .to  be  fubduded  from  the 
f^mer  i  and  that  therefore  this  latter  ProduA  muft  have 
its  Sign  chan^  (XXVII) ;  but  the  Sign  of  this  latter 
PioduA  ¥^en  produced  bv  an  affirmative  Multiplier  was 
the  ikme.  with  that  of  the  Multiplicand  (57) ;  thcre«- 
fbi«,  when  changed,  it  muft  be  contrary.     Now  tbe 
Signe  of  the  MuUplicand  being  to,  be  changed  in  the  Product 
bj  a  mgfifive,  MMpUer^  itmoufSy  that  +  into  —  makes 
— ;  and  that  —  into  —  makes  +. 

59.  Becaiife,  that  +  vinto  +  makes  +  (57) :  and 
I  thait  ^— .into  «—I  makes  ^fo  -|-  (58} :  and  becaufe  -^ 

^  into 
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Thus  a  a  into  3  *,  or  —  2  a  into  -^  3  *  Aidke  6  <^  1^ 
or  6  ^  tf  ;  For  it  is  no  Matter  in  what  Order  thejr  are 
placed  *.  Thus  alfo  7,  a  by  —  3  ^,  or  —  2  «  by  3  ^ 
make  —  6  ah.  And  thus,  7,ac into  8  i  fj:  n>ake  if>av ccc^ 
or  16  flif'j  and  *j  axx  into  —  12  fl^*;if  make — 
84tf'**;  and  —  ibcy  into  31  ay^realki^^^^dbacj^% 
and -^4  2 into ^^^^^/  a% make  i%x^a%.  Ana  fo  3^'iiitor 
^*^  4 make -«•  12)  and  *««  3 into  «^4  make  12. 

XXXI.  FraSIiom  are  muhtpUed^  by  multiplying  AiirNu^ 
mtrsttors  by  their  NunuratorSy  and  their  Den^tmnatori  by  their 

Denominators.     Thus  —  into  4-  make  —  ;  and  ^  into  -^ 
.  S         7  35  *  d 

make —  i  and  2-- into  3jtaake6x^X  T'^^^T^^ 

'j2tffy.        '^' 1  c y y      *    ^^7.1  ace y^  .  —  4.2; 

and^  ,  /mto L--iZmake — >■■>■■  .■■-^■•;  and — 312 

2^A  4^'  8  ^V     .  tf 

mto  — iJl make 2I —  j  and  -^xxnto  -rxti 

c  cc  0  y  a 

make  ^x^*    Alfo  3  into  —  make  —  as  may  appear,  if  3 

be  reduced  to  the  Form  of  a  Fradibn^  inz.  1.  by  making 

life  of  Unity  for  the  DenomiAator.    And  thus  ?^.?  n  ? 

into  2  <7  make  — f— ?.    Whence  note  by  the  Way,  that 
cc 

5-  and  —  ^  are  the  fame ;  as  alfo  — f,  -^  x^  and  ^bx^ 

c  c  t       c  c 

iiSot±ljLll  and  l±i  v^  c jr ,  and  fo  in  other»  {d.y 

XXII.  iJtf. 

into  -|-  makes  —  (57)  :  and,  that  +  into  -^  tnak«< 
alfo  —  (58)  :  It  foUffws  unho^faHy^  that  ftmiiat  Signt  in 
the  Fa£fors  make  an  affirmative  Sign ;  and  fhat  d^^miar 
Signs  inr  the  Fa&ors  make  a  negative  Sign  in  the  Prddte£f. 

*  5^^  N«»  20. 

XXXL  (d)  60.  Fra&ionsy  whole  Nwntra$$n  are 0pud^ 
are  to  each  other  iwerfely  as  their  Domminatorsg    For  at^ 

equal. 
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SXXn.  Radical  ^€mtittes  of  the  fame  DenMnination  fthilC 
jsy  if  they  arc  both  Square  Roots,  or  both  Cube  Root^ 
fx  both  Biquadratic  Roots,  ^c)    are  multiplied  by  nod- 

tiplying 

equal  Number  of  Parts  muft  be  to  each  other  as  the 
Magnitudes  of  thofe  Parts  ;  btit  the  Magnitudes  are  in- 
ver lei y  as  the  Denominators.     (SlucI.  Vil.  19.) 

6i.  Fra&ims^  wljofe  Denominators  are  equals  are  to  each 
piber  as  their  Numerators,  For  Parts  whoi'e  Magnitude  is 
jthe  fame  mutt  be  to  each  other  as  their  Number. 

62.  Therefore,  univerfalfy,  Fra^lions  are  to  each  other  as 
their  Numerators  direiily^  and  as  their  Denominators  inverfely. 

63.  As  Unity  is  to  the  Multiplier,  fo  is  the  Multi- 
plicand to  the  rrodud  ( 19) ;  but  ab  Unity  is  to  a  Frac- 
tion, fo  is  its  Denominator  to  its  Nuftieritor  (XXI)  j« 
therefore,  as  the  Denominator  of  the  multiplying  Frac- 
tion is  to  its  Numerator,  fo  is  the  Multiplicand,  whethei» 
Integer  or  Fra£tion,  to  the  Piodudl  j  and  confequently 
in  au  Cafes  of  Multiplication  by  a  Fra^ion^  the  Afultlpli^ 
cand  is  to  be  multiplied  by  its  Numerator^  and  divided  by  its 
Denominator  (Eucl.  VI.  12.}  ^s  before  in  the  Multiplica- 
tion of  Decimals  (48). 

64.  A  Fraction  is  multiplied  by  an  Integer  by  multiplying 
the  Integer  into  the  Numerator^  and  by  Juhfcribing  the  De^ 
nominettor  under  the  Produ^  (XI)  ;  or  by  dividing  the  De- 
nominator  by  the  Integer y  and  by  Jubfcribing  the  ^ote  under 
the  Numerator  (XI).  For  it  is  the  fame  Thing  to  in- 
creafe  a  given  Number  of  Parts  in  a  given  Ratio,  the 
Magnitude  of  the  Parts  being  unchanged,  as  to  increaf» 
the  Magnitude  of  the  Parts  in  that  Ratio,  their  Number 
being  unchanged  ;  and  their  Magnitude  is  always  in- 
creafed  in  any  Ratio,  by  diminiihing  the  Divifor  or  De- 
nominator in  that  Ratio  (60) :  But  by  multiplying  the 
Integer  iifto  the  Numerator,  their  Number  is  increafed 
in  the  Ratio  of  the  Integer  to  Uuity,  their  Magnitude 
being  the  fame  (VI)  j  and  by  dividing  the  Denon?Jnator 
by  it,  the  Magnitude  of  the  Parts  is  increafed  in  the 
£une  Ratio,  their  Number  being  unchanged. 

65.  The  ProduSf  of  two  Fractions  is  found  [there  h^n^ 
always  a  Multiplication  Qf  both  Numerators  and  Deno-^ 

minators 
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tipfying  the  Terms  together  under  the  fame  radical  Sign.  TTius 
^  3  into  ^  5  make  v^  15  i  and  ^^  a  ^  into  t/  cd  make 
^  ji  ^ rf ;  and -/' S  <?jf JF  into  v'J  7 tf  j^  z  make v^3  23  tf tf^ jg . 

jJ  .  ,abb      •       ^^^^.L  ^-  ^aab    .    .     , 

and  4/  —  into  a/ make  ^ that  is  * .     And 

^   c  e  c  c        c 

ta^az  into  ^b  ^  a%  make  6ab  ^  aazTs,    that  i$ 

'  baabz} 


minators  (47),  but  that  by  the  Denominators  being 
\equivalent  to  a  Divifion  (64.  63)  ]  Firft,  By  multiplying 
the  Numerators^  for  a  new  Numerator  ;  and  the  Denomina^ 
iorsy  for  a  new  Denominator.  For  thus  the  Multiplicand 
is  multiplied  by  the  Numerator  of  the  Multiplier,  and 
divided  by  its  Denominator,  becaufe  the  Product  of  the 
•  Denominators  is  fubfcribed  ( XI ) . 

66.  Secondly,  By  dividingtheNumerator  and  Denominator 
of  the  Multiplicand  refpe^ively^  by  the  Numerator  and  Deno- 
minator  of  the  Reciprocal  of  the  Multiplier.  For  thus  the 
Multiplicand  is  multiplied  by  the  Numerator  of  the  Mul- 
tiplier, becaufe  its  Denpminator  is  divided  by  it  J64)  ; 
and  it  is  divided  by  the  Denominator  of  the  Multiplier. 
See  N*  145. 

67.  Thirdly,  By  SvuBng  the  Product  of  the  Denominators 
by  the  Numerator  of  the  Multiplier,  and  fubfcribing  this  ^ote 
to  the  Numerator  of  the  Multiplicand,  ror  thus  the  Multi- 
plicand is  multiplied  into  the  Numerator  o^  the  Multi- 
plier ;  becaufe  its  Denominator  (in  the  Produft  of  both 
Denominators)  is  divided  by  it ;  and  it  is  divided  by  the 
Denominator  of  the  Multiplier,  becaufe  the  1  Prod ud  of 
both  Denominators  (reduced  by  the  foregoing  Divifion) 
is  fubfcribed  to  its  Numerator. 

68.  Laftly,  By  dividing  theProdu£l  of  the  Numerators 
by  the  Denominator  of  the  Multiplier,  and  fubfcribing  the 
Denominator  of  the  Multiplicand  to  the  ^ote.  For  thus 
the  Multiplicand  is  multiplied  into  the  Numerator  of 
the  Multiplier,  and  divided  by  its  Denominator,  becaufe; 
the  Produft  of  the  Numerators  is  divided  by  it. 

Note,  that  thefir/l  Method  is  the  beHy  being  not  liable 
to  compound  Fraftions. 

♦  See  the  Chapter  of  Notation. 
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6saiz',mds. — r*  into  ZIL—  make  TT      ■  ,    tbat    ia 
^ a^  ^  a  c  ^  aacc 

—  ^*S  afii!--^^^too---3-^<^v^^^*  make 
a€  T  a  lOie 

joaee     . 

XXXin.  ^«tf«- 


XXXII.  (i)  Powirs  dnd  RatBeals  are  either  of  tb6 
fame  Quantity,  or  of  different  Quantities  :  and  theyats 
«Uberot'  the  fame,  or  of  different  E<p6ncnt8,  of  Denomi- 
n«tioh5.  In  all  Cafes^  tbij  rnuft  he  hrou^  to  the  fame  Ex^ 
fmtkt  hefbre  they  can  be nadtiplied or  divided',  otherwife  the 
Proda<9l  or  Quote  could  have  no  certun  £x|>onent. 

69.  Tie  ProduS  of  Powers  and  9^  Radicah  ef  the  fawn 
Exporuht^  htti  of  mfettnt  ^uarttities^  has  the  fame  Ex^ 
pottffd  ^ib  the  Fd^foh:  fo  that  f he  Produd  of  filchf 
Powets  is  the  fatec  Pcmer  of  the  ProduS  of  their  Roc^ : 
and  the  Prodad  of  fetch  Roots  is  the  fame  Root  of  thei^ 

Produd.  Thus  n*  X  *"  ass  41***  z=:ah  0**=:  oT • 
As  to  die  Multq>li€ation  and  Involution  of  Powers 
and  RadU^  of  the  faiiie  Qu^i^^^y )  ^^  ^^'^  ^  neceiltary' 
•o  attend  more  diftindly  to  then-  Generation,  and  alio 
to  ibme  .Properties  of  geometricah  Prorrei&on. 

70-  Fho-  ^nanfitief  4are  in  geometriea!  Proportion  when 
ibe  JSfitio.ofae  Firji  to  the  Second  is  eptal  t9  the  Ratio  of 
tin  Third  to  the  Fourth  \  and  ^jumtities  are  in  geometricai 
Pragreffionf  tjhen  tbejf  inenafe^  or  dotreafey  hy  equal  Ra^ 
tios :  And  coiifequentiy»  the  Terms  increafe  bv  a  cobr<- 
OKKi  Multiplier,  if  the  Pro^rei&on  afcends ;  anddeoreafe 
bf  a  common  Dififort  if  the  Progreffion  defcends. 

71«  Iff  a  ^eomiinricat  Progrei&on,  when  the  NuMer  of 
Tafms  if  eveni  tie  Produiijf  the  Extremes  it  eqe^l  to  tie 
Proiu&  ofruery  two  moan  Terms  eqtddijiant  from  them ;  and 
vAen  the  tfmhir  of  Ttrmsis  odd^  it  is  eqm  to  the  Square  of 
dhe  middle  Term.  For  the  Ratio  of  the  firft  to  the  fecond 
Tend  btiog  edoal  to  the  Ratio  of  the  Penultimate  to 
the  iaff,  thefe  four  Terms  will  be  proportional  (70}  i 
an^^ectfeir  tbc  Product  of  the  Extremes  is  equal  to  the 
£  Produd 
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XXXIII.  ^iantitits  tltat  cofiftfi  of  fever al  PartSy  are  mut- 
*  tiplied 


Product  of  the  fecond  and  peivultimate  (Eucl.  VII.  19). 
The  f4inc  Reafoning  holds  good,  in  every  Pair  of 
Terms  equidiftaot  from  the  Extremes ;  and  therefore  in 
thofe  alfo  which  are  adjacent  to  the  middle  Term,  when 
their  Number  is  odd  :  But  the  Square  of  the  Middle  is 
equal  to  the  Produft  of  the  adjacent  Terms  (EucK  VTI. 
20) ;  and  therefore  to  that  of  every  Pair  of  Terms 
cquidiftant  from  it. 

.  72.  The  2aji  Term  is  equal  to  the  ProduSl  (if  the  Pregref* 
fion  gfcends)  and  to  the  ^ote  (if  the  Progrejfton  defcends) 
whia)  arifes^  by  multiplying  in  thejoriner  Ca/e^  and  by  divide 
ing  in  the  latter  Cafe^  the  firjl  Term  by  that  Power  of  tht 
iommon  Ratio^  whofe  Exponent  is  the  Number  rf  Terms  lefs 
One^  or  the  Number  of  Means  more  One.  For  it  exceeds 
the  firfl:  Teim,  or  is  exceeded  by  it,  by  the  common 
Ratio  fo  often  multiplied  into  itfelf,  as  there  are  Terms 
after  the  Firft ;  that  is,  as  there  are  Terms  lefs  One,  or 
Means  more  One.    « 

•  73.  Hence,  the  common  Ratio  is  equal  to  that  Root  ofthi 
^Uffte  of  the  Extremes^  whofe  Exponent  is  either  the  Number 
y^  Terms  lefs  One^  &r  the  Number  of  Means  more  One  : 
Whence  the  Extremes  being  given^  any  Number  of  mean 
Proportionab  will  be  found  For  by  extradine  from  the 
Quote  of  the  Extremes,  the  Root,  vi^hofe  Index  is  the 
dumber  of  Means  fought  more  One,  the  common  Ratio 
is  found  ;  and  thence  any  Number  of  Means* 

74.  If  two  defcending  Progre^jtons^  confifting  rf  three 
Terms  each^  have  the  middle  Term  the  fame  i  according  as^ 
the  firft  Term  of  the  former  is  greater  or  lefs  than  the  firft- 
Term  of  the  latter^  Jo  the  loft  Term  of  the  latter  fludl  be 
greater  or  lefs  refpeSlively^  than  the  loft  Term  of  the  former. 
For  the  Produdls  of  the  Extremes  in  each  being  equal  to 
the  fame  Square,  (hall  be  equal  to  each  other  :  and  there* 
fore  the  Extremes  fhall  be  reciprocally  proportional  (EucK 
VII.  19). 

75.  The  fa-r.e  Progrejfions  being  fuppofed^  the  DiffiTtnu 
rf  the  firft  Terms  Jhall  be  greater  than  the  Difference  of  the 
Iqft,  For  in  the  reciprocal  Proportion- in  >r  74,  as  An- 
•  •  --  tcccdent 
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t^td  h  maUpfyhtg  aJJ  the  Parts  .ef  the  eru'ittto  fiO  tht  Parts 

of 

-----        -  -    -        -  -        -       I 

tcccdent  is  to  Confequent»  fo  is  .  the  Difference  of  the 
Aotecedeots  to  the  Difference  of  the  Confequeots  (£ucl. 
V.  lo)  %  but  the  Antecedent  being  greater  than  the 
middle  Terms  i^  greater  than  the  Confequent ;  where- 
fore the  Difference  of  the  Antecedents  is  greater  than 
the  Difference  of  the  Confequents. 

76.  IJmty^  tbf  Root^  thi  Square^  thi  Cube,  &c.  of  thi 
fanu  Quantity  art  in  geometrical  ProgrejfUn  (XV) ;  But 
each  1  erm  of  this  Progreffion  confifts  of  the  Number , 
of  Fadors  in  the  laft  antecedent  Term,  and  of  One 
nore  i  therefore  the  Expomnts  of  thefe  Termsy  which  ifuH- 
€aU  the  Number  of  Pa£fors  in  each  f XlV),  differ  by  Vnityy 
mre  e<pdJ&fferenty  and  in  arithmetical  Progreffion  (37).  Now 
the  siquare.  Cube,  &r.  are  produced  by  the  continued 
Multiph'cation  of  Unity  into  the  Root ;  wherefore  put- 
ting Cypher,  the  Exponent  of  Unity;  then  Unity  muft 
be  the  Exponent  of  the  Root,  and  2,  3,  t^c.  the  £x-^ 
pooeots  of  the  Square,  Cube,  iJc.  refpedlively ;  thatis, 
the  afcending  Later  ah  will  be  the  Indices  of  the  Powers  af" 
itnding.  Now  the  Powers  below  Unity  are  the  Recipro^ 
cals  of  thofe  above  Unity,  and  confec^uently  are  Unity 
divided  by  thofe  Powers  i  their  Denominators  will  there- 
ibre  have  the  fame  Exponents  as  their  Reciprocals  ;  that 
is,  the  fame  Laterals  :  Biit  the  Value  of  any  Quantity  in 
Ae  Denominator  of  a  FraSfion  being  the  Keciprocal  of  it  in 
the  Numerator,  it  may  be  tranjhofed  above  the  Line  if  the 
Sign  of  its  Exponent  be  changed  \  confcquently  the  Powers 
of  any  ^antity  below  Unity  may  be  exprejfedas  Integers,  with 
we  negative  Laterals  for  their  Exponents.     Thus  the  Series 

«s  '^%  *s  **>  *>  '»  *>  *%  *"S  ^>  *■'>  niay  be  ex*. 

prefied  by  *""^  x^\  x'^^^  x^\  x^^,  i,  Xj  x\  **, 

^^•  If  between  the  Terms  tf  any  geometrical  Series  any 

,NumJber  of  mean  Proportionals  be  found  (73),  and  alfo  the 

Caimt  Number  of  arithmetical  Means  be  found  betfveen  the 

^onents  of  thofe  Terms  (40)  j  the  arithmetical  Means  JhaU 

Exponents  rejpe^ively  of  the  geometrical  Means.      Thus^ 

two    mean  Proportionals   be    found    between    the 

£  2  Terni 
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^a^s^tr^  t&  ii  flwwn  in  the  Miritiplictnion  of  Num- 
bers* 


Terms  of  the  above  Scries,  and  iBterpotated»  It  waifcc 

—5   'Zil  121    —4  'ZlL    m?   -^3  zi  "22,   *-^  115 
«  ,  jr  S  *  J^    *•  ,  Jip  S   *  ^    *  ,  *S  *S  *  »  ^•S 

r-4   _,  hL  "Ii        JL   JL       *  J: ^  -i  JL 

*^  Jf  t  'S  *S  i>  ^S  JfS  Jf>  *•>  *S  **>  -^*»  *•» 

lo       XX  13       14  • 

78.  Sarrfj  therrfon  are  mean  ProfortUnals^  (XV)  orPawers 
lOithfraSHonalExfments^  whether  Affirmative  or  NegaHve^ 
whoU  Num^ators  denote  the  Power  to  which  the  ^antity  ts 
raijedy  and  whofe  Denominators  denote  theRoot  to  hetxtra&ed 
from  that  Power.     Wherefore   they  may  be  expreffed 

cither  fraaiofiwifc,  or  by  the  Note  of  Irrationality  with 
integer  Exponents.  Thus  the  laft  Series  may  be  exprefled 
by  thcVinculum,  or  Note  of  Irrationality,  jr-  5,  v^*^  '^ 

\/x^\  jr%  &c.  . 

79.  The  ProduSf  of  Powers  or  Radicals  of  the  fame 
-^ufintity  is  found  by  adding  their  Exponents  i  but  their 
'fra£bional  Exponents  mtift  be  reduced  to  the  fjUBe  JD'eiK^ 

minator,  before  they  can  be  added.  For  as  tbc^  Ratios 
of  thofc  Terms  to  Unity  make,  if  added  together,  the 
Ratio  of  the  ProdiuSt  to  Unity,  fo  the  Exponents  of 
thofc  Ratios  added  together,  make  the  Exponent  of  the 
compound  Ratio. 

80.  Whence,  if  the  Sum  of  the  Exponents  is  nothings  thg 
ProduH  of  the  Radicals  is  XJHity ;  and  if  when  they  are  Jrac^ 
tional  their  Sum  is  an  Integer^  the  Product  of  the  Radicals  ii 
rational. 

8 1 .  Powers  and  Radicals  of  the  fame  Quantity  are  divided 
by  fubduSiing  their  Exponents.^  Fox  the  Ratio  of  the 
Quote  to  Unity  is  the  Excefs'bf  the  Ratio  of  the  Dlvi^ 
dend  to  Unity  above  the  Ratio  of  the  Divifor  to  Unity» 

therefore 
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tiers.    Thus,  c-^x  intfy  a  make  a  c-^€ic^  md  ^ 4 

aa  4- 


therefore  the  Exponent  of  the  Ratio  of  the  Quote  to 
Unity  will  be  the  Excefs  of  the  Exponent  of  the  Ratio 
of  the  Dividend  to  Unity,  above  the  Exponent  of  the 
Ratio  of  the  Divifor  to  Unity. 

82.  Hence  if  the  Difference  of  the  E»p9nent$  it  o^  er  am 
htUger ;  iht  ^uoU  will  be  Unityy  er  Rational^  refft3ivefy. 

83.  P9wers  Oful  Radicals  of  the  fame  Quantity  are  in^- 
valued  by  muhipfying  their  Exponents  by  tie  Exponent  of  the 
Power  refuted.  For  as  the  Ratio  of  the  Power  or  Radical 
to  be  involved  to  Unity,  multiplied  into  itfelf  fo  often  as 
there  are  Units  in  the  Exponent  of  the  Power  required, 
makes  the  Ratio  of  the  Power  required  to  Unity ;  fo  the' 
Exponent  of  the  Ratio  of  the  Power  or  Radical  to  be* 
involved  to  Unity,  fb  often  added  to  itfelf  as  there  are 
Units  in  the  Exponent  of  the  Power  required,  (that  is^ 
sBuItiplied  by  it)  wiU  give  the  Exponent  of  the  Katio  of 
cfae  Power  required  to  Unity. 

84.  Hence,  if  the  Exponent  of  the  Power  required  is 
equal  ta^  or  a  Multiple  ofy  the  Denominator  or  Name  of  the 
Surd,  tie  ProiU^  of  the  Exponents  being  an  Integer ^  the 
Power  rf  the  Surd  will  become  rationaL 

85.  rowers  and , Radicals  of  the  fame  ^antity  are  e^ 
vohedh  dividing  their  Exponents  by  the  Name^  or  Exponent 
of  the  Root  reqmred*  For  the  Ratio  of  the  Root  to  Unity 
IS  that  fubmuliiple  of  the  Ratio  of  the  Power  to  be  evolv- 
rf  to  Unity ,which  the  Index  of  the  Root  denote* :  Con- 
ftquentiy,  die  Index  of  the  Power  to  be  evolved,  divided 
hv  the  Index^of  the  Root  required,  gives  the  Index  of  the* 
Ratio  of  the  Root  to  Unity. 

86.  Hence,  if  the  Name  of  the  Root  required  is  a  Di*^^ 

tnfor  of  the  Exponent  oftht  Quantity  to  be  evolved,    the 

J^uote  being  Integer  the  Root  will  be  rational,  that  is,  a  k>we« 

perftfl  Power  in  the  fame  Scries,  hut  tf  it  be  not  a  Divifor^ 

the  ^tote  beififf  fra&ionatj  the  Root  wiu  be  a  Stad,  or  mean 

PrOfHortioaal  between  ibme  perfeA  Po^wers  in  the  Series. 

#7.  lie  Produ^  of  an  odd  Number  of  negative  FaSors  // 

tga^e  :  and  the  Produif  of  an  even  NmAer  of-negashfe 

aQm  is  jfffirmdtive.    For  the  negative  Sign  of  th# 
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Multiplicand  15  thanged  into  Affirmative  in  tbc  firft  Mul, 
tiplication  (58),  and  the  affirmative  Sign  of  the  firil 
Produd  is  changed  injbo  Negative  in  ^h^fecpnd  Multipli- 
cation, and  fo  on  ;  that  is,  the  Produd  js  pofi^ye  and  ne- 
g^ive^as  the  Number  of  negative  Fadors  i.s  even  and  odd. 

88.  The  Powers  of  a  negative  ^uantityy  whofe  Exponents 
are  oddy  are  Negative ;  atui  tbofe  whefe  Exponents  qre  eyen^ 
are  Jffirfnative»  Fpr  the  Exponent  being  odd,  the  Num- 
ber of  Faiftors  is  odd  (XIV),  and  the  Power  negative 
(87) ;  and  the  Exponent  being  even,  the  Number  of 
Fadlors  is  even,  and   the  Power  Affirmative.    Confe- 

Suently,  the  Powers  of  a  negative  Quantity  beginning  with 
e  Square^  are  aUenuttely  Jffinfiativf  and  Negative,  Hence 

89.  A  negative  Square^  or  any  negative  Power  wbofe  Ex-^ 
ppnenf  is  even^  is  an  impojfitle  Quantity-,  and  tber^ore  its 
^ot  is  imaginary:  hut  a  negativePew/r  wbofe  Index  is  odd 
is  pOj/pbUj  and  its  Root  real  (88). 

qPf  Tie  Powers  of  a  quadratic  Radical^  whofe  Exponents 
are  even  J  are  rational  (84)»  arid  Affirmative  ^  whether  the 
Rqdical  be /Jfr motive y  ^Negative  (88);  but  the.Powers^ 
whofe  Exponents  are  eddy  are  Irrational ;  and  Affirmative  if 
tbeKadicalis  Affirmative,  but  Negative  if  it  is  Negative  (88^. 

Ql.  If  i^  imaginary  Rjo4ifal  (89)  be  fuppofed  to  be  tn^ 
vchedy  the  Powers  whofe  Exponents  are  even  are  all  rational 
(84) ;  and  Negative  and  Affirpiative  ahemately :  and  the 
Pofjuers  whofe  Exponents  are  odd^  are  all  Irrati^tal ;  but 
Affirmative  and  Negative  alternately.  For  the  Root  being 
ioiaginarv,  the  Square  mud  be  Negative;  otherwife,  a 
real  ProduiS  would  arife  from  imaginary  Fafiors,  which 
is  abfurd  ;  and  if  ihe  Root  has  any  Coefficient,  whether 
Affirmative  pr  Negative,  its  Square  will  be  ^&ttri^Uyc 
(88) ;  and  confequently  the  Produ&  of  thofe  Square^ 
will  be  Negative  (58) :  Now  the  Square  bcina;  Negative, 
the  Biquadrace  >yiti  ))e  Affirmative  (88)  ^  apd  the  Square 
being.  Negative  and  the  fiiauadrate  A^rma^ive,  the 
Cubocube wtU  be  Negative  ( 88).  And  fo  op,  alternately, 
Negative  aiul  Affirmative. ,  Again,  the  Sauare.  and  ta# 
Sopt  bein|;  both  Negative,  the  Cube  will  be  Affirmative 


I 
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^lac^ibc.  (f)  For  «  a*»^  7.  ac'^bc  into  -—  b  make 
—  tftf  *— 2«f  i+ ^^A  aod  into  ^  make  <z3  ^2^41  r 
^^abcy  Ig)  the  Sum  wbereof  is»S-^2<7tf  ^ — aab-^ 
2abc^bbe,  A  Specimen,  of  this  ^^rt  of  Multiplica- 
tion, together  with  other  like  Examples»  you  have  ua- 

a  a  +  2  ac-^bc 
a—b 

^^aa  b  —  2ab  c  -^  bbc 
'        a*  +  2aac''^     abe 


ia^taac —  a  a  b — J^ab  c  -{-bbc^i) 

a+b 

(88)»  and  the  Root  being  Negative  and  the  Cube  Affir- 
mative, the  CJuadratocube  will  be  Negative:  An^ 
fo  on,  Affirmauve  and  Negative  alternately.  Thus 
.—  1  i/  — fl*  X—  ii/~tf»=ix— i»*=—  tf*i 
aod  —  I  v^  —  tf*  X  —  tf*  =  fl*  i/  —a*  ;  and  — -  i 
yf—  tf»  X  tf*y  —  ^«  =  —a»  X  —  «*=  a^i 
and  —  i\/  —  tf*Xfl*  =  —  «♦^.—  fl*;  and-<-i 

yf  —  tf»X  —  fl*^-^fl*=«*X  —  «*  =  —  ^>^^. 

9a.  ^  4W  Ojffiniuiiivi  S^uon  is  Jupp$fei  to  have  an 
imagituaj  Root^  or  a  negative  Square  any  Rooty  they  mujl 
ttM  have  two  Roots  ywhofo  Coefficients  have  contrary  Signs  m 
For  if  the  Roots  of  the  former  were  both  Negative,  th^ 
Square  would  have  been  Negative  (91) :  And  if  thof« 
of  the.  latter  were  both  Affirmative,  the  Square  would 
have  been  Affirmative  (88) :  But  fuppofing  the  Signs  of 
the  Roots  to  be  contrary,  in  each  Cafe  the  Prbdu<5l  of 
the  Coefficients  with  contrary  Signs  will  be  Negative; 
therefore  the  whole  Product  in  the  former  Cafe  will  I^Affir- 
mative,  and  in  the  latter.  Negative.    Thus  —  i  y^ — g* 

X  I  i/]p^  =  r-  I  X  —  fi*  =? «*  :  And ^  i^a^ 
X  i^«*=  — iXfl»=  — ^. 

XXXHI.  ^  (/)  See  Number  56.     (g)  See  Numb.  58. 

93.  (Jb)  Becaufe  every  Term  of  one  Fa^Sor  is  multi- 
plied into  every  Term  of  the  other,  the.  Number  of  Terms 
in  the  Produity  before  the  firm  tor  Tern»  are  united^  will  be 
^he  Produ^  of  the  Number  of  Terms  in  each  ;  and  if  the 
rerms  in  eaA  Fa£lor  are  of  the  fame  Dimet^nSy  that  i  x,  homO'- 
ggaeousy  tbe-Terms  alfo  of  the  Product  wMbobemagoneous,  > 
E  4  (0  Th^ 
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a0 


±_fi- 


*  +  D 


(i)  The  Learner  ought  to  coxifid»  attentively  iSap 
Multiplication  qf  Binpm^f ;  ap^  th(;Geofr9t][QjrqrPowery 
^j  (l(e  Involution  of  any  Binomial,  or  Refidual  Root. 

am  if>{^^^s'ij'the  rroiuWh  ran^t,  ap4  ^l^fgote^  i^- 
-gither^  accnrdir^  ii  iki  ifumher  of  the,  firji  MenAers  com-^ 
jfin^in  iac}>\  then  the  i<fum&r  rfj^rJfifenAets  combmeif 
ir^  each  Term  «w7/  ie^  from  firji  tp  hift  7irm\  In  arithmetic' 
ial ProgreJJum^  whofe  emmtm 'T)'tffererice''is  Vf^tyy  deftertiin^ 
jr^Ti)  tfiV.  n,  n-7-i,  n-^':L  &c.'  n— nsfp^j  and  tj^ 
^umkir  of  feconi  Meipbers  vnli  he  in  th  Janii  PrdgreJJ^ru 
hfcem^ng  from  o  tq  n  V  arid^  the  Isfiwiiex  y^the  f^'X^mt^il 
V  ',     -  "     ey. ,  'n^  n— I    XI     n— f 

X"    ^,&c.  continued  to  n  Terms  t  and  the  tvhoje  Ntm^ 

•  •  ■"  3    ^  •     ■'■'■ ■'     *      ■     

ier  if  T^rm  vnU  ♦^  «4- 1-  F«r  le|  tbjB  tw^  fiiAomef 
A  +  *  *n4  R+i  ^«  ffiultipli^i  tlpi$  biifi  inia  ^^  arter  \ 
tc  i$  inani£?ft  tb^t  K-^-a  into  j|,  m9|p^  A  &  4«  <?  B ;  an4 
into  *,  wake»  AA-J-f  ^:  thuFQlKJi^grangfd,  an4  aggrcr 
gatfd  a4;cordtng  to  the  NuoiImuc  pi  fijcft  Memhpr«,  wil) 
Ec  AU+^R     .  ' 

4r  *  A  -^-  tf  f  i  in  vrlpicb  tbie  Nupbcf  of  fir|^ 
j^eaibers  combined  in  the  Terms  is  2,  i^  o';  that  is, 
if,  n—- 1,  ff— »»  r:^:  biit  the  Terms  imift  be  homo* 

gneous,  becaufe  tbe  Binomes  are  homogeneous  (93.)  ; 
ercTo»  the  Number  o^  fecondMcmbcrs'  combined  are 
Oyr  I,  1.  AlTo  the  (econd  Terqi  of  the  firft  Scxjoi  is  a 
fimmr  CombinatHMi  with  the  jkft  o^  the  iftcond  Series^ 
diey  arQ  dientforc  to  be  «ggfegatecl,  ^d  f(|eir  Number 
is  2,  brs;^  to  wit,  the  Ntimbtr  of  Time;  which  two 
Things  can  be  t^ken  fingly  (35)  ^  and  as  there  are  no 
p^heriffl^iiw  Gomhinations,  there  mnft  be  three  Terin^, 

via. 
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viz.  »-j-r.  Now  let  this  Produd  be  multiplied  into 
$}-f  r^  it  is  bhin  that  the  Series  of  Terms  fiom  ^ 
Muki^ication  by  C  w|U  b^  A  B  C  4.  ir  B  C 

+  bAQ  +  abC;2gii 
tkft  the  Series  of  Terms  fr6m  the  Multiplication  bv  i 
^Ihe/AB  +  ^tfB 

+  r^A-f  47^^.'  fo  that  ^heftpond Term  1^ 
the  firft  is  a  fimibr  Combination  with  the  firft  of  tiM 
fecond  Series,  and  the  laft  of  the  iirft  a  fimilar  Combi* 
p:(tion  with  the  Pienultimate  of  the  fecond,  whenoe  thej 
arc  to  be  refpci^vcly  aggcegatcdi  after  tlus  Manner, 
ABC  +  i»BC 

+  bAe+abC 

+  ^AB  +  ^^B 

+ebA+ifb^.  Now  the  fcrft  Tens 
jDf  the  ficfty  and  lafl  or  t}ie  fecond  Series  cannot  be 
iggrejgted,  being  diffimilaM-  to  each  other,  and  to  every 
9cher  i^rm ;  (b.tbat  the  Number  of  TermH-it  4;  to  wit, 
a  4.  z  J  and  the  Number  of  fimilar  Comfainaiiona  ^  in 

udi^eSffst^teiT^m,  is  u^^  ^x^^  f  ^2^f» 

m.i,  if,jX-^,  ^X-^X—  (35):    and   the 

Number  of  firft  Members  combined  are  3»  2^,  i>  a;  viz* 
0i\H — I,  If— -2,  nr^^:  and  confequently  the  Number  of 
fecond  Members  are  o,  i»  9»  2  (93}?  After  the  feme 
Manner,  if  there  are  more  Binomes,  becaufe  in  every  fub'^ 
fequei^t  Multipljcatipn  of  a  fore^ing  Produd  by  a  Bi- 
nome,  the ^ond  apd  following  Terms  of  the  hrft  Se- 
|m  of  Pjrodu<9s>  v|3.  by  tbp  firft  Member  of  the  Mul- 
tiplier, are  always  fimilar  Combinations  with  the  firft 
fpd  following  (except  the  laft)  of  the  iecond  Series  re- 
Jjpi:diy:^lyt  i^eyare  to  be  aggregated  j  and  the  whole 
4  -*  ^        .     '    .  Nunibcr 
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Xy  +  zay  —  iaa 
yy—2ay+    aa 

—  2ayi  —  /^aayy-^-  a^ y  .. 
y^+2ay^  —  joayy 

/    ♦    Si^^yy  +  s^'^y—i^ 

2a  X 


Njimbcr.  of  Terms  will  always  be  ir  4.  i ;  the  Number 
of  firft  Members  will .  be  n  in  the  fy&  Term,  and  de* 
treaf<f  bvUnity^  and  none  in  the  laft ;  and  confequently, 
there  will  be  no  fec6o4  Member  in' the  firft  Term,  and 
the  fecond  Members  will  be  combined,  one  by  one,  two 
hy  twoV  3  by  3,  kc.  in  the'^d,  3d,  4th,  &c.  Terms  refpec- 
CiTely;  «nd  their  Number  in  the;  laft  Term  willbe  n-,  arid 
the  Namber  of  fimilar  Combinations  in  the  Terms  will  be 

n       .n  —  I     n^^n — i       n  —  2  ^      ,     . 
*>»>  7  X-j-,  7X-^X---    &c.(35)con- 

tinued  tb^  n  Terms. 

95.  Lit  the  firft  Members  of  ibe  JBintimet^  whofe  Num^ 
ierisjtj  become  equed  to  each  other  ^  viz,  let  A  zz:  B  z=i  C 
&c.  c:  X  ;  and  let  tie  Terms  of  the  Produff  be  ranged  ac^ 
urdifsg  to  the  Dimenfiem  ef%  \  it  is  manifefl^thzty  the  Terms 
of  the  Frodsi£l  mU  become  the  Powers  of  x.  Combined  with 
the  ComUfiatiomj  that  is^  multipJied  tnto  the  ProduSiSj  of 
the  fecond  Mimbers^  one  by  one^  two  by  two,  3 1^  3,  &o. 
in  the  idy  jt/,  4/)^,  &r.  Terms  refpe^ively  ;  that,  the  In- 
dices  of  X  will  be  n,  n*—  i',  n  —  2,  (^c,  n  -—  n  ;  afsd 
that,  the  Dtmenjions  oftheProduSl  will  be  denominated  from 
z".  The  Combinations  of  the  fecond  Members  are  called  the  lim 
teral  Coefficients  of  the  Powers  of  x\  the  Number  of  fwiilar 
Combinations  in  theTerms  are  called  the  ntaneral  Coejficients^  or 
^^   .  n     n       tt-^x     h      «—I     «—a 

Una^l  towtt^  I,-,  y  X— J~>   F^^I^X^J^ 

l^c  ;  the  Vncia  of  the  fi^ond  Term  being  always  n,  Vfe  JD/- 
mcnjions  cfihe  Produ^,  Thus  putting  A  =:  B  =:  C  =  *  j  the 

+^     "4"  ^* 

foregoing  Pfodiia  wHl  become  xS  +  bx*^acx^abc. 

J^c       +  be 
96.  Hence ^  if  x  the  firft  Member^  which  is  common  to  the 
^Inome  Fa^lon^  is  found  in  the  'laft  Term  of  a  Produ^\ 

wbofo 
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2^M            .«3 

a.ox  ^y  a bb       aab 

c              c             c 

baax                   a^ 
—  3  «  4/  "• 

.    6aax 

2  a  a/ a/ 

aab 

nAtfi  Terms  an  ranged  according  to  the  Dimenjiont  of  x^ 
Aem^  tbe  fectmd  Member  of  one  Blnome  is  nothing  :  and  fr 
fften  as  x  is  found  in  the  lafl  Term^  fo  many  Binomes  there 
arej  tvhofe  Jeemd  Members  are  =  o,  and  the  Produff  of 
the  Dimenfioos  of  x  in  the  bi^heft  Term  wants  fo  many 
ef  sis  lafi  Terms^  as  there  are  units  in  the  hweft  Index  if 
X.  For  if  the  Product  was  compleat,  the  Index  of  se 
ifrouM  have  decreafed  by  Unity  to  nothing,  that  is,  there 
would  have  been  fo  many  more  Terms  as  there  are  Units 
in  the  lb  weft  Indfex  of  x* 

07.  Let  the  firft  Member  of  the  Bmome  PaStors  he  x»  Oi 
before^  anfl  the  jetond  Members  be  unequal  NunAers  y  the 
Terms  if  thf  ProduSi  (ranged  always  by  the  Dimenfions  ff 
xf  tuiube  its  Powers  whofi  Indices  dicreafe  by  Vmtj^  m«^ 
ttplied,  into  thefeand  Members^  one  by  one  in  the  fecond  ; 
into  the  Produds  of  two  in  the  third ;  into  the  Produds 
of  three  In  tbe  fourth  3  and  fo  on ;  the  laft  Term  being 
the  Produ^  of  all  the  fetond  Members,  and  into  which  4r 
does  not  enter;  But  the  fecond  Members  being  Numbers^ 
ike  Smlar  Combinations  of  them  wiBhe  united  into  one  Sum^ 
fo  that  the  ITnciaj  and  thi  Coefficients  of  the  Terms  which 
were  beretpfbre  catted  liter aly  are  now  the  Sum  of  the  fecond 
Members  tn  the  fecond  Term^  the  Sum  of  their  Produ£fs  h 
two  in  the  third  i  the  Sum  of  their  ProduHs  by  three  in  the 
fnarth  \  and  fo  on  \  and  conjequently  grow  greater  and  greater 
tn  the  fubfeqtient  Terms :  and  the  laft  Term  wiUbe  the  rrodulf 
of  them  alLpurely  numercd.  Thus  if  ^ r=  2,  3 r=  3,  ^  r=  4, 
the  above  Produd  will  be  ;ir3  -|-  9  ;r»  -|-  26  at  4-  24 ;  in 
frhjch  9**  =  2 4r* -J-  3  ;if*  +  4*%  the  Sum  of  the  three 

Combi* 
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Combinations  of  2,  3,  and  4^  firt|Jy  with  ;r*  j  and  26«* 

=  (64f=:)TxJ)Or  +  (8*=)  2X4X*  +  (l2«=) 

3X4X4r,  the  Sum  of  the  three  Produds  of  2,  3,  and  4« 
viz.  two  Fadon  in  each  Produd  combined  with  x  \  and 
the  laft  Term  'is  24  =  2  X  3  x  4»  the  Produd  of  them 
all  together.  Now  if  any  of  the  fecond  Members  have 
contrary  Signs,  the  fimilar  Combinations  are  to  be 
fummed  by  Art.  xxiv.  fo  that  the  Sums  may  not  increafe 
in  the  AibM^M^At  Terms. 

9?«  Lfi  ntm  6otb  firil  and  fccond  Jiftm^ers  of  the  Bi^ 
nomes^  whofe  Number  is  n,  be  equals  and  being  expnjfed  by 
Sfid/s^  be  multiplied *^  that  is,  let  the  Binome  x+z  be  in^ 
volved  to  the  Power ^  whofe  Index  is  n :  the  Terms  of  the 
Fov/ef  wilt  con/^  of  the  Powers  ofnj  wbtfe  Imdien  Acm^ 
fromtktoQ^con^meiwth  the  Powers  of  TL^vAoJehHiethurjuife 

fiwj»^  to  ji  J  and  alfo  udth  thi  Umeoi  'i  '"t  *-  x  ■— — » 

5  X  -'TT.  ■  X  I  ~\  fcc,  co9tijated  rt  a  Torm^  ^^JSf^'^ 

tif^^  For  the.  fecood  Members  having  become  eq^af^ 
stt  i^l  as  the  £rft,  theic  Combinations  will  become  alfo 
tne  Powers  of  one  Member  ^  that  is,  the  Indices  of 
«  will  increafe^  a%  tbofo  of  x  decreafc,  fo  that  their  Sum 
ilk  CAck  Term  will  be  equal  to  n  (93^,  fo  that  what  were; 
heretofore  called  the  literal  Coefficienta  of  the  Termc 
axe  now  become  the  Powers  of  ax  ^d  the  Uncis,  or 
nmmral  Coefficients  (which  could  not  be  exprefTed  in 
F^mbc|«  whjen  the  fccond  Members  were  alt  different 
(95}  ^nd  fibeir  fimilai;  Combinations  were  particularly 
trrote  down  in  the  Aggregates ;  nor,  when  th^  fecond 
(yj)  Members  being  numeral,  their  fimilar  Combina-. 
tiona  were  united,)  may  now  be  expreffed  ia  Numbers^ 
to  abbreviate  the  {IxpreiBon  ^^  aod  it  is  manifeft,  that 
thcfe  Vrn^^  wHI  firfi  incrfafe  and  then  deereafey  and  be  the 
fmm  VJbenrthey  d^creafoy  as  when  then  increajed  (jj).  Thna 
if  as^.b  :f^  c.;=L  tf,.th&  abpvc  Frodu&  will  be  the  Cube  of 

±a        +^a 
it  ^a ;.  and  will  bfi  xitx  +  <i  ^r  y  4.  j axj^aaa^  or  writ- 

+  a        +«<!    ** 
Wgxh^TJno9xxx+  ^^ax X  -\'  ^aa X  ±aaa:  or  *S  ;^ 
3«:*»  +  3tf*;c +a'  (Art.  XlV.59.  88). 

99*  f-^ 
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99.  Let  the  above  Bin^me  x  +  a  have  its  JicincL  Jkkmber 
dmpiinU  bkuNmAhr^  dni  hi  mfcd  U  th  Power-tr.  Jk 
is  mamfeft  Wat  the  Terms  wiil  confifi  of  .the  Powers  (f  th  Jk- 
creajingfrom  n  to  o,  combined  tuiththe  Powers  of  the  iJuim^ 
ter  incteaftng  JYom  o  #«  n  ;  and  wtich  are  mstbiplied  r'efpeir 

tively  into  the  Undi^f  ^j  "  ^   -  X  p  &c.  for  (97)  thb 

Sums  of  the  Pfodu^s  are  now  the  S^msof  Power^^  an^ 
thoft  Powers  being  equal  to  eacTj  other  in  every  Tcrnu 
tlieir  Sum  will  be  eaual  to  the  Frpdud  df  one  intp^  their 
Number ;  and  the  Sums  will  grow  greflter  and  greater ^  as 
the  Powers  grow  greater  j  though  their  JJun^er  the  tMaa 
grows  iefs. 

Thusj  if  tf  =  4,  the  Cube  q{)c '^4,  wUl  hcx^±4Jt^ 

,     .  ■  .'"'^   .'•'■  .•  ±4.  i 

+  16  •\:      , 

+  i6Ar±4X4.X4  (59»  88.) ;.  how  it  i^  plain  that 
+  16  .  •         ', 

the  Sum  ±4i:4.  +  4=tothe  Uncia  3  miiltinlied  into 
the  2<iMember +  4,  and  that  the  Sum  16  4-  16  -f-  16.3B 
to  the  Uncia  3  into  the  Square  4- 16  of  +  4 1  wherefore 
the  cube  is  ;r3  + 1 2 >*  +  48  at  +  64  (sgrSS. ) 

100.  Wherefore  univerfally  putting  x  +  a  indefinite^ 
for  onyBinome  to  he  raifedto  anyPower  whofe  Index  is  any^/f^u. 
hUttive  Integer  n^  the  following  Invention  of  ourJuthory  ^aed- 
which  is  called  the  Binomial  Thso&em^  is  an  tsmverfaf 
Module  for  raijing  it  to  that  Power  without  the  Laiour  )^ 

Miitplicatidn ;  x»  4.  5t  X  ?    a  4.  ^x  ?~.E  x^     *■ 


34  n 

loi.BeeaufeintheSeries ->  »  ^""2 
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n*—  2  ■  '  * 

X  ..  &c«  of  FradioDs  for  finding  the  Unciat^  the 

Numerators  are  the  fame  decreafing  Laterals  with  the 
Indices  of  a*,  yet  fo  that  the  Index  of  *  in  any  Term  is 
by  One   lefs  than   the  correfponding  Numerator  (for 

-.  is  the  FraAion,  which  multiplied  intoUnity,  gives  the 

Coefficient  of  the  fecond  Term,  in  which  Term  the  In- 
dex of  X  is  only  n-^  t^  and  fo  on)  and  becaufe  the  De- 
nominators are  exadly  the  fame  increafing  Laterals  with 
the  Indices  of  «;  therefore  the  fame  Series  may  be  enun- 
aaUd  ibutf  in  any  Term^  if  the  Xfncia  of  the  preceding  Term 
be  mtdtitUkd  by  the  Index  of  x  more  Unity  ^  and  the  Produ£i 
he  diviiUd  by  thi  Index  of  a,  the  ^wte  will  be  the  Uncia  •f 
thai  Tirm.    And  becaufe  in  any  Term  the  Index  of  a  19 

3ual  to  the  Number  of  preceding  Terms,  and  the  Index 
X  is  equal  to  the  Number  of  iubfequent  Terms  ;  the 
fame  Series  is  alfo  thus  enunciated,  in  any  Term^  if  the  preced- 
ing Uncia  be  multiplied  into  the  Number  of  Terms  following 
more  One^  and  the  Produ£i  be  divided  by  the  Number  ofpre^ 
ceding  Terms j  the  ^ofe  will  be  the  Uncia  of  that  Term, 
And  becaufe  the  Index  of  a  may  be  called  the  Index  of 
the  Coefficient,  as  it  marks  its  riace,  whether  it  be  iff, 
2d,  &r.  and  becaufe  the  Index  of  x  is  called  the  Index  of 
the  Term ;  the  fame  Series  is  alfo  enunciated  thus^  in  any 
Term^  if  the  preceding  Uncia  is  multiplied  into  the  Index  of 
the  Term  more  One,  and  divided  by  the  Index  of  the  Coefficient^ 
the  ^ote  is  the  Vncia  of  that  Term.  Now '  becaufe  theje 
Uncia  mufi  decreafe  ana  be  the  fame  as  before^  when  the 
'Numerators  and  Denominators  of  the  generating  Frac« 
tions  become  equal,  or  change  their  Value  (^2) ;  there- 
fore the  £lme  Thing  will  happen»  when  the  Indices  of  x 
find  a  become  epiator  change  their  Value  in  the  fame  Term  \ 
whence  it  will  be  fufficient  to  find  the  Uncia  for  half  the 
Number  of  Terms :  Now  the  Number  of  Terms  is  gi^en^ 
being  ahv^s  n  -^  i  (94) ;  and  the  Series  muft  terminate, 
n  being  by  Suppofition  finite,  and  affirmative.  If  the 
Terms  of  the  Power  be  numbered  isom  the  other  End  of  the 
Series,  viz.  from  ztox'y  it  is  evident  thzt  the  JanuTbinp 
will  be  demonftrable  by  fubftituting  a  for  a*,  and  x  for  a. 
-  102«  Let  the  Powerio  which  the  Binome  x  ^^  is  to  be 
raifed  be  m  affirmative  mean  Proportional^  or 'one  which  is 

fibovf 
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ahffve  Unity  ^  that  isj  a  Power  \uhoJi  Index  is  the  affirmative 

FraSien  ^  (78) ;  then  the  Module  for  the  Uncia  of  Number 
n 

[too)  will  be  changed  into  i,  -,  T^T— ^»  TXlT—  ' 

IT  %  1  % 

X    "7  —  2,  &c.  that  /j,    bj   reducing  the  Fra£Uons 

'      3 
to  a  more  Gmple  Tormj   into  i,  T»TX"77^,  ^X 

m  — n      m  —  an     m      m-~n      m  — an      in-^3n 

Tn"^~3n    'TX    m    X-j„    X     ^n    >     &c.      [/ir 

HI  m  —  n  in  m  —  s  n 

7—  '  =  TT"»  ^^  iJHf  ^     3^'   *^*     ^^'^* 

s  3 

LIX.)]    tfiirf    therefore    the  whole    Module   will   become 
m  m — a  m-^*-» 

»—'3P 

3-a    X  aJ       a    X    ^^       ^         3»        ^        4»      ' 

n  — 4a 
Sn 

X       a^,  &c. 

103*    Z»^/ /i&/  Power ^  to  which  the  Binome  x+  z  is  to  bt 
raifedj  be  a  mean  Proportional  below  Unity y  that  is,  a  Power 

ujbofe  Index  is  a  negative  FraSlion  -^—  (78)  ;  the  Expref- 

n 

pen  of  the  Uncia  will  be  the  fame^  hut  the  Module  ttnll  become 


—  m  — 2  a 


a    "T^   m        aa  i      m     ^^    n»— a  3«  >«■ 


-m— 3  n 


a    ^     TS         "^         3n        X  a*  ^^    n  "7^     ^ 

■^«1  — 4B 

p ^*aa  ^  m  — 3  853 

3a  4~  X      a*,  &c. 

104.  Let  the  Powerj  to  which  the  Binome  x  ±2  is  to  be 
raifedy  he  a  Divifery  or  the  Denominator  of  a  Pra&ion  j  that 
is,  Let  the  Index  be  the  negative  InUger  —  n  {76) ;  then 

the  Exprcfficn  of  the  Uncia  will  be  i,  7,  7  X^-7^, 

«       114.T        m  +  ^     n  •  +  !       «+2       11+3      ,    ^, 

TXT-X-7%7  x^x— x-j^,  (28)  fcff.  for 
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— Y^ — —:^1X^^',  {sTf.  and  the  Module  becomes 

— «  — «—I  j^     — » — z  ,  --«-3 

X    +?*        .a+4X^x        a*q:,x4^x^x 

""«—4 

a^-(.2X^X!L±ix2i-^x  as  &c. 

105.  Becaufe  that  to  cxtraft  any  Root  from  any  given 
Quantity  is  the  fame  Thing,  as  to  raife  that  Quantity  to 
a  Power,  whofe  Index  isa  Kradion,  the  Denominator  of 
which  is  the  Name  of  the  Root  (76)  j  and  becaufe  that 
to  divide  any  Quantity  by  an  Infinitinome,  is  the  fame  as 
to  multiply  it  by  the  Reciprocal  of  the  Divifor  {145)  5 
the  Theorems  of  Numbers  102,  X03,  1 04,  are  Modules /or 
the  Operations  of  raifmg  Infinitimmes  to  Powers^  and  of 
extracting  infinite  Roots^  in  which  the  ExpreJJion  will  always 
he  an  infinite  Series.  For  the  Denominator  (102,  103.) 
of  the  fractional  Index  being  greater  than  the  Numera- 
tor, the  Exponents  of  the  Terms  muft  become  Negative» 
and  incceafe  continually ;  and  neither  the  Denominator 
nor  any  multiple  of  it  can  ever  meafure  the  Difference 
between  the  Numerator  and  Denominator,  nor  the  Dif- 
ference between  the  Numerator  and  a  lefs  Multiple  of 
the  Denominator ;  whence  the  Unciae  muft  increafe  con- 
tinually :  And  wlien  the  Index  is  a  negative  Integer  -—  n 
([104),  the  continual  Subduclion  of  the  Laterals  from  it» 
increafes  the  Indices  of  the  Terms  negatively  ;  whence 
the  Operation  for  theUncise  (104)  becomes  equivalent  to 
the  Generation  of  Figurates  of  the  /fth  Order  ;  and  the 
Unciae  being  thofe  Figurates  (28)  will  increafe  fme  fine. 

106.  ffl)en  the  Index  of  the  Power  is  an  affirmative 
Fra£liony  all  the  Indices  of  x,  except  the  Firjl^  are  Negative ; 
and  when  the  Index  of  the  Power  is  Negative^  whether  it  be 
Integer  or  Fractional^  all  the  Indices  of  x  are  Negative  ;  tut 
in  all  Cafes  the  Indices  of  a  are  Affirmative.     If  the  Power 

m 

hex  '\'  a)"  Tl)e  Terms  in  all  the  odd  Places  after  the  Firjl 
will  be  Negative^  and  the  Terms  in  all  even  Places  Affirma» 
tive  :  For  all  the  generating  Fractions  except  the  Firfl 
being  Negative  (105),  the  Unciae  beginning  at  the  fe- 
cond  Term  (loi)  will  be  alternately  Affirmative  and 
Negative   (59)  i  that  is»  Affirmative  in   the  even,  and 

Negative 
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Kcgarivc  in  the  odd  Places.      tf  the  Power  be  x  —  ;  , 
gU'the  Terms  after  the  Firft  will  he  tfegative :  For  the 
Terms  exclufive  of  the  Uncix  are  Affirmacfve  and  Ne- 

Eitive  alternately  begionin^  at  the  Firft  (59)  ^  but  the 
nciae  are  Affirmative  and  Negative  alternately  begin» 
tiing  at  the  Second  (105,  59J ;  wherefore  all  the  Terms 
after  the  Firft   (59)  arc  Negative.     If  the  Power  be 

x  +  a]»»  9r  x+al"^"  the  Terms  in  the  odd Pkcts  will  be 
Affirmative^  emd  in  the  even  Places  Negative  ;  for  all.  the 
Indices  of  x  being  Negative,  the  generating  Fradions 
are  all  Negative  \  wherefore  the  Unciae  beginnins|  at  the 
firft  Term  are  Affirmative  and  Negative  alternately.  If 
—  m  — n 

the  Power  be  x^*z^^  orx^^  all  the  Terms  will  biJ/^m 
motive.  For  as  well  the  Terms  exclufive  of  the  Unciae, 
as  the  Unciap,  beginning  from  the  firft  Term,  will  be 
Affiimative^od  Negative  alternately  1  wherefore  all  their 
Produd^,  the  Terms,  are  Affirmative  (59). 

107.  Becaufe  *»-*=jr»  (XVI),  and  ;r— '»=s£^^ 

and;r^""S  zn  X  ^  &c»   the  form  of  x  ^  a]    in  Number 

x^ 

* 

100  may  be  changed  into  x   -{ —  x  a  -] x       "" 


—  I  —        I  2 

X 


aj^  +  «    X  ^""^  X  » — ^  *  afy  &c.  if  then  we  put 

7      I        2  J   j^ 

P  =  *,  and  0^=1,  fothatQJ  =!^,Qf=ll,  &c, 

X  X*  X^ 

n 

«nd  sr  +  tf  =  P  +  PQ,:  the  form  of  IT+^  will  be 

fT75jf  =  p'+  1  p"a+  1 X  ^^^=i  p'q!  + 

"  X  ^=i  X  ^^-^^  f^Qt>  &C-    Laftly,   if  we  put 
123 

P'  =:  A  s  and  the  2d,  3d,  &c.  Terms  of  this  laft  £x« 
F  preffion 
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pt«ffioa=.toB,  C,  D,  refpeaivclyj    then  J^TSf  =s. 


i 

tXlC  X  "^3  Q i)  +  lui Q,E,  3ic.  ah  txp^cffidb 
.•      "^     4-  —     5 

comprehending  all  Cafes. 

lOT.  J*sr^  Pofynome  may  be  imJolvM  to  ofi^  Pbv^  ^  £f» 
tinguijhing  it  into  two  Parts^  conjidering  it  as  a  Binam, 
tind  fiijb^  it  to  the  Power  require  J,  by  Nttmbir  107  ;  affd 
ty^h  by  ™  fami  in  the  Placet/ the  ^Po^uers of  tbufi compoltnd 
PariSy  p^  Jubjiituting  ihetr  f^alucs.     Th'ds  ^  4.  ^ -{i  ^^  tfc 

tfT+l  +  J^  =  T+t^  +  31:  X  ^+^*    +    S^    X 

10^.  /«  /A^  Power  x  +  af»  W^  J^bnr  5/^  dfejr  Tin»  iV 
gfedier  than  the  Prifdu^  of  the  two  Terms  ivhltk  at^s  a^aam 
»>i  i6d>  Side.  For  the  Square  of  the  Sfecie»  Pan  of  ft  is 
equal  to  the  Produd  of  the  adjacent  Species  (XIV.  71)  5 
but  the  Square  of  the  middle  Uncia  is  greater  than  the 
Produa  of  the  adjacent  one»  (32)  5  fo  «lat  the  Square 
of  the  whole  middle  Term  is  greater  than  the  Produdof 
the  a^iacent  Terms  :  Jl/ojf  each  fub/edUent  Term  be  di^ 
vided  by  the  next  antecedent  Term^  the  ^otes  will  grow  tejfi- 
continually  (32) ."  ^Ifo  in  the  Square  of  x'^ztbe  Square  of 
ihe  middle  Tehn  is  quadruple  the  Prdduil  rf  the  Extremes 
(33)  :  And ifi  the  Cube  of  ity  the  Square  of  either  middle 
Term  is  triple  the  Product  of  the  adjacent  Terms :  And  in 
the  Biquadrate  of  it^  the  Squares  ^  the  feioni  and  fomtb 
Terms^  are  J  0/  the  Product  of  Ihe  Terms  adjacent  to  them  ; 
and  the  Sou f  re  of  the  Third  is  '  of  the  Product  of  the  5r- 
xoiti  and  Fdurtby  &c. 

1 10.  In  the  Power  x  —  *!'  ^  if  n  be  odd,  the  loft  Term 
vHll  be  Negative  \if  even^  Affirmative.  Yhxn  is  the  Num-- 
her  of  negative  Fa£lor$,  and  according  as  that  Number 

IS  odd,  or  even  (87,  8?),  fo  the  Power  «  jOflaftTerm, 
is  Negative  or  Affirmative. 

111.  The  Terrtis  of  ever^  Product  by  binomial FitHors 
being  all  Affirmative  5  and  thofe  of  every  Produ^  of  rl- 

fidua!  Faiiors  being  alternately  Affirmative  and  Negativfe 

(59)* 


MULTIPLICATION.  67 

(59) »  *"^  ^^^  Nuriiber  of  Terms  in  each  being  «  +  r. 
One  more  than  the  Number  of  Fadors  {94) :  It  follows 
that  the  Number  of  SucceJJions  in  thi  former  ProduS^  and  of 
Mternatlons  in  the  latter^  Jhall  be  equal  to  n,  the  Number  of 
Faaors. 

1 1  !•  Let  any  Product  of  Binomes^  having  their  fecon^ 
^Members  numeral^  be  multiplied  by  a  Binome  whofe  fecond 
Member  is  alfo  numeral  \  then  i.  if  the  fecond  member  of 
the  Multiplier  is  lefs  than  the  ^ote^  which  arifes  by  dt- 
viding  anyTerm  of  the  Multiplicand  by  its  next  antecedent  Term^ 
the  correfponding  Term  of  the  Product  and  all  its  Terms  fub^ 
fequent  will  have  their  Signs  the  fame  with  the  Signs  of  the 
refpe^ive  Terms  of  the  Multiplicand;  2.  If  the  fecond  Mem^ 
ber  of  the  Multiplier  is  equal  to  that  ^ote^  the  correfponding 
Term  of  the  Product  will  vanijh^  and  the  Signs  of  we  Terms 
adjacent  on  each  Side  will  be  contrary ;  3.  If  the  fecond  Mem^- 
ber  of  the  Multiplier  is  greater  than  that  ^uote^  the  cor^ 
refponding  Term  of  the  Product  and  all  its  Terms  fuhfequent 
will  have  their  Signs  contrary  to  ihofe  of  the  refpeSlive  Terms 
of  the  MultipUamd. 

Let  the  Multiplier  be  a  Binomial :  The  Signs  of  the 
Terms  in  both  Series  of  Produfis  by  the  Members  of 
the  Multiplier  being  fucceffivefy  the  fame  with  thofe  of 
the  Multiplicand  (57}  4  ^nd  the  fecond  Term  and  all  the 
fubfequent  Terms  of  the  former  Series  being  to  be  added 
refpcfiively  to  the  firft  and  fubfequent  Terms  (except 
the  laft)  of  the  fecond  Series  (94)9  to  make  the  Sums 
or  Terms  of  the  Produ&;  in  thofe  Sums  the  Sign  of 
the  greater  Term  in  either  Series  muft  prevail,  when 
they  are  contrary  (XXlV)  j  and  they  muft  be  contrary, 
when  there  is  an  Alternation  of  Signs  in  the  Terms^of 
the  Multiplicand  (94)  :  An  Alternation  therefore  in  this 
Cafe  is  always  fuppofed.     Putting  then  the  fecond  Term. 

of  the  binomial  Multiplier  j     ^^^^^  X  than  that  Term 

of  the  Multiplicand  to  which  the  Alteration  is  made,  di- 
vided by  its  immediate  Antecedent  from  which^  the  Al- 

teration  begins,  it  (hall  alfo  be  <     ^rfater    I   ^^^  every 

fucceeding  Term  of  the  Multiplicand  divided  by  its  im« 

ipediate  Antecedent  (109)3  therefore  its  Products  Into 

\  that 
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that  Term  from  which  the  Alternation  begins,  and  into 
^vcry  fuccecdihg  Term  of  the  Multiplicand,  will  be 

I  greater  \  ^^^^  ^^^  fimilar  Terms  of  the  firft  Series, 
to  which  they  are  refpedtively  to  be  added  (94) ;  there- 
fore the  Signs  of  the  Sums  will  be  the  \        '"^     I  fuc- 
^  I  contrary  j 

ccffively  with  thofe  of  the  Terms  of  the  firft  Series 
(XXIV),  that  is,  with  thofe  of  the  Terms  of  the  Mul- 
tioiicand  (J7).  Putting  the  fecond  Member  of  the 
bmomial  Multiplier  equal  to  that'  Term  of  the  Multi- 
plicand ta  which  the  Alternation  is  made,  divided  by  its 
immediate  Antecedent  from  which  the  Alternation  be- 
gins, its  ProduS  into  that  antecedent  Term  will  be 
equal  to  the  fimilar  Term  of  the  firft  Series,  to  which  it 
is  added  (94.):  Therefore  their  Sum,  that  is  the  cor- 
refpond4ng  Term  of  the  Produfl,  vaniflies  (XXIV J: 
Now  the  fecond  Member,  being  equal  to  any  Term  di- 
vided by  the  preceding,  muft  be  left  than  every  one 
of  the  preceding  Terms  divided  by  its  immediate  Antece- 
jfcnt  ( 109)  5  wherefore  as  before  the  Signs  of  the  prcCe* 
fding  Terms  of  die  ProdtiA  are  the  fame  refpefti vely  with 
thofe  of  the  Multiplicand ;  aWb  it  muft  be  greater  than 
pvcry  one  of  the  fuccecding  Terms  of  the  Multiplicand 
divided  by  its  immediate  Antecedent  (109);  therefore 
2t  before  the  Signs  of  the  Sums  or  Terms  of  the  Pro- 
dud  will  be  the  fame  wi^  thofe  of  the  fecond  Series 
(XXIV);  that  is,  contrary  to  thofe  of  the  Multipli- 
cand (59).  Now  becaufe  when  a  Term  vanilhes,  the 
Signs  of  the  Terms  antecedent  to  it  are  the  fame  with 
thofe  of  the  Multiplicand,  and  the  Signs  of  the  Terms 
fubfequent  to  it  arethecoxttraty ;  and  that  there  i$  an  Al- 
ttrnation  in  the  Signs  of  the  Terms  of  the  Multiplicand 
(94)  $  it  follows,  that  the  Signs  of  the  adjacent  Terms 
muft  be  contrary.  Now  fet  the  Multiplier  be  a  Refidual  : 
The  Signs  of  the  Terms  in  the  firft  Series  are  the  fam6 
(57),  and  thofe  in  the  Second  the  contrary  rct^e<aively, 
to  the  Signs  of  the  Terms  of  the  Multiplicand  (58)1 
therefore  when  there  is  a  Succeffion  of  Signs  in  the  MuU 
tiplicand,  thccorrefpondine  Terms  in  each  StrieS,  which 
being  (imilar  are  to  be  added,  have  contrary  Sigiis,  &nd 

3  the 
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the  Sign  of  the  Sum  will  be  that  of  the  greater;  fup- 
pofing  therefore  a  Succeffion  of  Signs  in  the  Multipli* 
rand)  and  putting  the  fecond  Member  of  the  refidual 
Multiplier  equal  to  any>  Term  of  the  Multiplicand  to 
which  the  Succeffion  of  oigns  is  made  divided  by  its  An- 
tecedent from  which  the  Succeffion  of  Signs  begins,  its 
Produft  into  that  Antecedent  will  be  equal  to  the  Term 
of  the  iirft  Series  to  which  it  is  added ;  therefore  the  Sum 
it  =1  0;  and  being  equal  to  one  Quote,  it  will  be  lefs 
dian  all  the  antecedent  Quotes,  and  greater  than  all 
the  fubfcquent  Quotes  ( 109)  j  therefore  the  Signs  of  the 
former  Series  will  prevail  in  all  theTerms  antecedent,  and 
in  all  the  fubfequent,  the  Signs  of  the  latter ;  therefore 
when  there  is  a  Succeffion  of  Signs  in  the  Multiplicand, 
and  confequently  in  the  former  beries,  the  Signs  of  the 
rcfpedive  Terms  of  the  Produ<5t  will  be  contrary  to  thofe 
of  the  Multiplicand  ;  and  confequently  the  Signs  of  the 
Tcnns  adjacent  to  that  which  vanifhes  muft  be  contrary, 
the  Sign  of  the  fubfequent  Term  being  contrary  to  that 
<^  die  fubfequent  Term  of  the  Multiplicand ;  and  the 
Signs  in  the  Multiplicand  being  in  Succeffion  (94,  59). 

113.  If  any  given  PiroduR  of  Binomesy  whole  Jecond 
Members  are  Numeral^  is  multiplied  into  a  Binomtaly  whofe 
fitond  Member  is  affo  Numeral^  one  Succejfton  of  Signs ^  and 
«I/  w^,  will  be  added  to  th^  Terms  of  the  Produif^  the  Num^ 
her  efAltemations  remaining  the  fame  as  in  the  Midtiplieand  ; 
md  if  the  given  Produif  is  multiplied  into  a  Refidualy  one 
Alternation  of  Signs,  and  one  onfy^  will  he  added  tn  the  Pro- 
A5 ;  and  the  Number  of  SucceJJions  will  remain  the  fame  as 
ntbe  AfultipUcand.  Suppofe  the  Multiplier  a  Binomial, 
the  Signs  of  each  Series  are  the  fame  refpeftively  with 
tbfeof  the  Mutliplicand  (57)  ;  and  the  laft  Term  of 
the  ProduA  has  the  fame  Sign  with  the  laft  of  the  Mul- 
tiplicand, and  by  this  Term  alone  the  Nun^iber  of  Terms 
is  increafed  (94) ;  now  if  the  Signs  of  the  firft  Series,  or 
Multiplicand,  prevail  throughout,  there  is  one  Succeffion, 
vqA  one  only,  added  (the  Number  of  Alternations  remain- 
ing as  in  the  Multiplicand)  to  wit,  from  the  Penultimate 
tothe  laft  Term.  But  if  the  Signs  of  the  fecond  Series 
prevail  in  any  Sum,  they  muft  prevail  in  all  the  fubfe- 
quent Terms,  except  the  laft  ( 1 12) ;  and  an  Alternation 
h  the  Multif^icand  has  becpme  a  Succeffion  in  the  Pro-» 
F3  duft 
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du^  (na)>  wh«5cby  tlfte  Succeffion»  are  in^rf^q^  Vy 
One  only,  and  (be.  Alternations  din[iiniihed  by  Ope  only  ; 
Jbdt  the  LoTs  of  this  AUerjnation  is  refiored  by  an  Alter-r 
nation  from  the  Peni^Uttn«ce  to  the  Ultimate,  which  al* 
W9y9  ret^ns  tb^  Sign  of  (he  Multiplicand  :  And  if  ^fiy 
T^r^mof  the  Prqdudt  Vfini(bes,  b,ecau(e  the  Sig^s  of  the  a^- 
ji^ioing  Term?  miift  be  contrary  (iia))  by  puttit^  ^t)\ci: 
f$^Q  for  it,  there  will  b^qn^  Succe^iPP  and  one  Altfrnfir 
lio^n,  and  confe^u^^tly  Qhe  Su^efSon  only,  added  to  tl^ 
tjuflibp/iiii  tbcMMltiplicand,  theNymbcrof  Alt^rnajijj^p 
b^ingtbe  fame.  Suppofe  the  MnltipUer  to  be  a  Refiuc)»^  < 
The  Sign  of  tbf?  UftTerm  of  the  fecQpd  Scries,  tb^  i^  4ff 
the  i^rooufl  refn^inf  unalterably  t;he  contrary  to  ths^f  qf  t^f 
{aft  Term  Qf  the  Mukiplicajvl  (94,  58),  and  this  Tc^foi 
pt\\y  incre^fe^  the  Number  of  Terms  in  the  Prodi^  ; 
Hovf  the  Signs  of  the  firft  Seirie^  being  the  fiMne,  ai^^ 
ibof^  of  the  fecond  refpe£Uvel|r  cpnuary  to  cbo(<p  ^  tti^ 
M^l^ipU^^^^»  ^f  ^be  Signa  of  the  firft  Series  pr^Yfll, 
(here  is  90  Alternation,  9nd  one  only  from  the  Pisnuitir 
m^te  tP  tbe  laft  of  the  Produ^  added  1  the  Succ^ffiof^^ 
rcp^^^ing  as  in  the  Multiplicand  :  If  tbe  Signs  of  ^ 
iecofid  Series  prevail  in  any  Sum,  a  Succe0iofi  in  the 
MuUlplicand  is  become  an  Altern^ion  ii|  the  Pcod^i^ 
and  thfi  Signs  pf  tb^  fecp9cl  Series  prevaii  in  all  t;h^  C^bfi^- 
jqueAt  Terms  of  the  Prodnft  j  the  Alterqs^tions  tjiercf^r^ 
;irie  incre^fed,  and  the  Succeffioos  dimini&ed  by  o^jp  or4fg 
but  the  Lois  of  thit  SucceiBGion  is  compciifj^ted  bv  a  §ucr 
x;cAon  from  the  Penultimate  to  tb^e  laft.  And  i^  aay 
T%tm  of  the  Pradu<Sk  vaniAes^  b^aufe  the .  ^djaceo^ 
Terms  mud  have  contrary  Signs,  if  the  vaniQied  T^rqi 
^  fuppofcd  to  be  «fffiiSed  wit^b  either  Sign,  it  wiH 
add  both  ^  Alternition  and  a  Succeffiojo ;  cpnfequpiitljr 
one  Alternation,  «ndoneonly^  is  ^dded  19  tbcj^upibfi^ 
JA  tbfe  Mulxiplicand,  the  Number  of  Succeffipns  bieios 
Ib^  fjime. 

114.  Hence,  univer&Uy  in  every  Pr^if  of  Binm^ 
miaff  ficmd  Ai^mkers  are  numeral  *her€  me  as  mfiy  -^tMr 
9l4fh9nf  of  Signs  us  there  are  Ifjefiiml  Fa^UrSy  m4  as  mw 
fiticceffiaus  asBinmi^  Pilars ;  and  converf4y.  Supfio^  ^itff, 
MtAen  tmTerm  vanififes^  that  Term  is  affi^ei  mitb  ^itkf^ 
Sign,  TKuf,  to  iUuft^ate  Nfl.  i  j2  and  1 13  C0gptbffr,  if 
tk0  ^Uipm*  ±1^  nuitipiisd  kito  ^  ±3^  tbp«  .^iH 

emerge 
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t  thp  Pxq4u&  a:*  +  jat  4.  6  (59.^  i  and  if  tlj^fe 
be  multiplied  by  a*  jp  ^,  making  a  lefs  than  - ,  the  Signs 
yi  tb^  Produ£bs  will  be  the  fame  as  in  the  Multiplicand^ 
cycqpt  t]^^  o£  the  l^flb  Term,  which,  when  tb^  &lu)tir 
pKcr  is  jf  *-*  Jy  ihali  be  the  contrary.  Let  x '^  a  =:4r 
5: 1^,  ajnd  there  will  emerge  ;r  *  +  4  *  »  +  ;if  !p  6  j  but  if 
jr^as^jrljl-»  the  Penultimate  (haU  vanifli,  and  the 

Signs  of  the  adjacent  Terms  be  contrary,  as  ^r'  4I «^  x^ 

S  ^  :  Now  making  a  greater  than  - ,  aqd  lefa  than  5, 

as  x^  4,  the  Stg9  ^  thj?  f^cond  Terni  of  the  Prpdiii^ 
«ill  h&  the  (m^  with  ^e  Siga  of  the  fecoad  Term  ig 
tbeiMulupUcaud^  auil  tbp  Signs  of  (he  fu\)f^quent  Termii 
vill  be  contrary,  vi^  ^ '  +  ;r *  —  J4  *  ^-  24.  Let  x^± 
ex 4- 6  no^  be  multipUpd  into  ;i^  ^  5^  ^nd  tbf  2eqoo4 
Term  yiil  vanilbt  s^^d  thp  Signs  Qf  t)i<^  fubi^ueigt 
Tefm  wiU  be  contrary  t9  thofe  in  the  Mtujjciplicaft^,  vj»» 
;r '  -^  19  4r  4^  3P ;  Sii4  i/  4  bc  m^e  gre^t?r  thaa  5,  tbp 
Sign  oC  the  fecond  Tern»  wilUlfp  be  contr^cy  to  th^t  ig 
^he  MultifdiPSiid»  Ut  it  b^  x  ^  6,  and  we  Qi^U  (lave  ;r,' 
^  jr^  -^  24x4. 36^  in  ^1  which  C^fes,  tt}e  ^ufnber  of 
Akeraatiofis  ^^i  3ucc$ffiQns  are  i:?fpe<Siv6ly  ^qM^)  tp 
jtbe  Number  of  rq^dpal  and  binomigl  Fsu^r^, 

J 15.  /»  tfc^  Sjja^w^  ^tf«[y  Binome^  the  S^m  of  the  S^uarif 
rf  thelMemhers  u  greater  than  the  Sum  of  tfe  Produ^s  of 
the  Afi^ers.  For  each  Prod uft  is  a  geometrical  Mean 
betis^een  the  Squares  (Eucl.  VIIL  17):  Whence  tli^ 
Sum  of  the  Squares  is  greater  than  the  Sum  of  the  Prip^ 
duas  (Eucl.  V.  25.)' 

1 16.  If  the  Binome  v^a  +,  ^  b  expounded,  m  Nttmhers. 
/j/a  being  greater-  than  •  b^  be  invalided  to  a  Power  whoje 
Jiutex  is  n,  thf  Yerms  of  the  Power  can  be,  untte^  altaiiatfly  \ 
qgii  if  the  Sums  of  th^  alternate  Therms  be  conne^ed  \vitf>  thf 
Sign  of  the  fecgna  Memher  of  the  Rooty  the  Power  will  be  a  ^ 
J^inmfy  w^egrtatfr  ^^^^  contains  ]/z^  an^  tbf  ig/i  ^  b, 

'  F  4  Uf^fn 
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'when  n  is  odd  \  but  when  n  is  everiy  the  greater  Member 
will  be  ratiohal  (90))  and  the  lefs  will  contain  ^  a  b.  Let 
n  be  odd,  the  lirtt  Term  confills  folely  of  the  i»'^  Power 


of  ^  ay  that  is,  of  y^  <7  X  tf  '  ;  and  the  other  Terms  in 
the  odd  Places  confift  of  the  Powers  ol  t/ a^  whofe- Itidt*- 
ces  are  either  x-^  2  or»  lefs  a  Multiple  of  twO)  that  is» 
of  the  rational  Powers  of  ^  a  into  ^  tf,  and  of  the 
Powers  of  ^  b  whofe  Indices  are  even,  and  which  there- 
fore are  rational ;  therefore  the  Terms  in  the  odd  PJftsa 
confift  of  the  rational  Powers  of  ^  a  and  of  ^  b  multi* 
plied  into  t/  a  only;  that  is,  the  only  irrational  Part  of 
the  Terms  in  the  odd  Places  is  t/  j,  and  they  therefore 
will  be  entirely  rational  where  n  is  even  ;  they  are  there- 
fore fimilar  in  both  Cafes,  and  may  be  united ;  Now  the 
fecond  Term  confifts  of  the  Power  of  4/  n,  whbfe  Index  is 
n  —  I,  and  the  other  Terms  in  the  even  Places  contain 
the  Powers  of  ^  tf,  whofe  Indices  are  » lefs  the  odd  La- 
terals, multiplied  either  into  t/  &>  or,  into  the  Produds 
of  the  rational  Powers  of  t/  b  into  ^  b\  fo  that  the 
Powers  of  i/ tf  in  the  even  Places  are  rational,  and  the 
only  irrational  Parts  of  the  Terms  in  the  even  Places  is 
]^  b%  bat  if  n  is  even,  the  irrational  Part  of  the  Terms 
jn  the  even  Places  will  be  ^  0  ^  ;  becaufe  the  Powers  of 
;^  a  will  alfo  be  irrational  as  well  as  the  Powers  of  ^h\ 
confequently,  the  Terms  in  the  even  Places  alfo  are 
^milar,  and  agree  in  their  irrational  Part  4/  A,  when  n  is 
odd ;  oTitit/aby  when  n  is  even,  and  can  be  united  \ 
and  the  Sums^  conneded  as  above,  will  form  the  ,Bi« 
Dome  defchbed  above.  Hence,  n  being  oddy  if  ^  a  he 
tut  rational^  thefirft  M.ember  j  biai/^h^  the  fecond  Mem^ 
per  of  the  binome  rower ,  will  be  rational  \  and  n  being  even^ 
if  t/  2l  be  tut  raiionaly  the  irrational  Part  of  the  irrational 
Member  of  the  binome  Power  will  be  only  ^  b,  inftead  of 
V'a  b ;  andfo  if  ^)>is  put  rational^  it  will  be  only  ^  a  in* 
Jlead  of  ^zh. 

117.  Henc^  It  follows,  that  any  given  Binome  may  he 
taken  for  the  n***  Power  of  a  binotne  Root^  conceiving  the  . 
Members  of  the  given  Binome  to  be  the  Sums  of  the  Ternfs 
rftbe  n***  Power  united  alternately^  and  conneaed  with  the 
AJ'^  of  the  fecond  Member  of  the  Root ;  alfo  that  the  Di/^ 
Jerence  of  toe  Members  of  the  given  Binome  is  the  n***  Power 
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^  ibi  mffirtncififthe  Members  df  ih^  RMt :  And  that  cm^^ 
/equently  multiplying  the  Sum  into  the  bijference^  the  Differenci 
i£the  Squares  if  the  Members  ofthe^  gtuen  Binme  is  the  n'* 
Fbtver  of  the  Difference  of  the  Sqi^res  of  the  Mmkers  of 
the  Root.  For  univcrfalfy  let  the  Sum  or  Difference  of  the 
Quantities  X  end  z  be  raijei  to  the  rfi"  Power ^  and  let  tht. 
Sum  of  the  Terms  in  the  odd  Places  be  called  A,  and  the 
Sumaf  the  Terms  rff  the  eUH  Places  he  calUd^^  tbm  tbt 
Diferme  of  the  Squares  of  h  and  B  Jhall  be  equal  to  the 
n'^  Power  of  the  Difference  of  the  Squares  ofxandt^for 

A  +  B=F+lr)»ailclA---B=:x--aV  therefore  A+B 

X  r=^,   thttf$,   A*-.B*  (EucUlI.  5.)  =iT^* 

X  ;r— «1%  thatisj'T^TxT^*,  that  is  (EucLn.5.) 

118.  Jnj  hinome  Surd  in  Numbers,  both  Members  having 
the  fame  hdekl,  asx^±^    being  given,   let  m   be  the 
kaj  Intqer  which   i   w/V/  meafure^    then  Jhall   x 
-5:  X         » a      +  X        »  a        +  X  a       ,  fef^  ^ 

continued  to  —  terms,  be  a  compound  Surd,  which  multiplied 
by  the  propofed Surdj  gives  a  rational Produ^f  x»— a«^ 
cud  when-  isjodd,  the_  Product  x"  +  a".  For  by 
Numbers  59  and  112,  all  the  middle  Tcrma  M  the 
P^Klua  will  vaniih,  and  the  extreme  Terms  (80, 90)  will 
be  rational ;  and  if  the  Surd  is  the  Binomial  «ir  4.  i»i, 
and  -  odd,  the  laft  Term  of  the  compound  Surd  wi|l 
l)c  Affirmative ;  wherefore  the  Produft  will.bc  **  +  tf  • 
(59).    Thusif  *^  +  fl'^begivfiSthen^  =  ^i  there* 

fore 
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(ore  a  =  J»  and  —  =  H  =  4 ;   therefore  the  cirni- 

Kpw(l  Surd  is*^"'^-  jr'""f  tf^  +  f^"'^  a?  — 

illcfi!n»diia  is  (*^X;^.*S5  ^"^*5s)  *^  H«*  X^^ 
^  -^  a ^  =)  -r-  a  .  .  Anfl  by  the  fame  5^cafoning 

J-        \ 
di£€s  Uf^  givffis  as  x"  ±  a',  bt  m  Sf  ibi  le^  ^«^ 

in,  "  * 

wbi^  —  and  -x  will mfajun^  ibm  JhaU  i?""Hi(,-x!"~^ 

I  m-i     «1  _      m  — 1     3I    ,  ;  I  m 

a    +.  X       ''.a      +  X        "  a    ,  £9'^.    anttnuid  to  zt 

n 
T^rm  pve  a  compound  Surdy  %vhicb  multiplied  by  the  pro^ 

tfifUftiaU  give  a  rational  ProduSl  x^^^Z-a  "•    Thus  if 

It  I  I  JB  It 

^"^—  tf  "^"  be  given,  then  -  =  — ,  ^i  --  ;^  i  j  there- 
n       2  12 

fore  »1  =  35  and  x^"^  +  x^'^^  a^+ x^'^^ a^ ^ 

^'^^^a+x'-'iJ  +  x'^K^:=,xi+x\i4. 

X*  a^  +  xa  +  xia^  +  a^:  Whence  the Produft  is 

120.  -<f  Prodtt£i  of  even  Dimenftom^  all  whofe  Terms  nro 
tabo^aU  ma^  be  bad  from  tbe  Mdtiplication  ffl^tm^s^  wLfi 
Jffcond  Members  are  Radicals^  wbetber  tbe  RaeUcals  be  ell  real 
ior  as  imaginary,  orfome  real  and  fome  imaginary,  if  they  ho 
H^J3L  HH^  «f  ^W^-^S^  wtb  contrary  Si^ns  j  but  to  bays 
a  Proibiff  of  pdd  Dimenjionsy  all  whofe  Tfrms  JbaU  be  ra- 
^mi^  m.  ratimd'Fitfi9r  at  leaj  is  rejuijte.    For  wh^ 

the 


4ir  Pimjenfiopf  «f-«  i^^^  t^^  firft  T<f  19  «9<f  ^  tkf 
Ten^s  whofe  In4^f(j^  2\^<^  i^v^q  will  l^e  rational,  a^^  d|^ 
^«P^ns  whof^  tndi^ofi  ^r^  ^di^  whic^  oaly  can  h^  ^iFe£ted 
wi(b  t^C  Jra.4i94l  ^i&f^t  WJJt  Vanigi  Mpon  Account  of  th^ 
£oiij|ii^  of  t^olCe  |t>a4i?^  wjiicb  h^^v^  ccuitr^ry  Sigo^ 

e,  living  4  ra4icM  ]\}w*bftr,  tm$i  hive  3JI  i;^.  Ti^rj^i^ 


after  the  firft  ImdonaL    Thus  if^^d^  X  ;r  +  v'f^i  •* 

^.  _- V^^  X  *  T*r  ;/A»  X  AT  ?rti/i^.  X  ^4r  j^^*^> 
U**  Hj»  **  '^  ^^  **5.  ?nd  i-=^^  — V  X. 
>^  ^—a\  IS  ^"^  +  <»^  (9^)  5  and  a?  — j/-^  A»  x 
y+yT^»*,  is  ^+  f  (9.^)?  and  x  --  ^^^  ^>"  V 
^  -t-  V  -  ^*  }^.  ^'^^y^^Vf"  Xt»  +  i/  -f  ^^>    ^s 

'*  i  J*  *'  +  '^'  ^^  *— •/j^  X  *+v^* 

#  *^  i  %ii4  ^ny  Af  tfefi/g,  )Pqo4^^s  )urtp  f  +  f »  ^/Bl  give  ft 

rational  Produfi ;  but  into  x  ±^^,  or  into  x  iV  ^^  ^ 
•a  if  rations}  one.  .       ^ 

lai .  50^1?  j/&IV  Pt^^if^,  U^lf  V^'Afi^^  t^^  Multiplication 
£f  Bl^opf^f  ^bpfi  fix/f' ^mhr's  b^ve  Cg^ciem  dlprint 
fi^  TJttitj^  ofd  fvom  /Aj  MiiUlp^iicaUon  of  them  aper  thiy 
fX^  4iVided  bf,  tbfir  QofmcUi(iis^  i/,  tfyf.  fraifional  Coejf^ents 
sf  ^rn^  airi  tu^tntegrxd  h^  pfulflpljing  all  the  Terms 
if  tl^  ProduS  tf  thf  J?fHomin^f^s.     Thu^  bx  +  a  X 

dx—c=  bd^^  JL%  x—cai    and  A'-f-f.  x^  —  4 

HP  jffProdfi^  ofWmtnes^  which  fyis  all  its  Terms j  m^n 
kf/sH^^  ibus  :t^t  tb^  Indices  oftbe  Terms  hi  the  Laterals 
4ffcai^^  fr»m  doubU  t/if  M^K  of  the  bigbefiferni  of  the 

Product 


76  MULTIPLICATION. 

Troduif  (83) ;  then  to  find  the  CoeffitientSj  mubiply  into  each 
other  the  Coefficients  of  thofe  Terms  of  the  ProduHy  the  Sum  ef 
V)hofe  Indices  is  equal  to  the  Index  of  the  Term  in  the  Square  i 
alfiy  into  each  other ^  the  Coefficients  of  all  the  Pairs  of  the  in^ 
iermediate  equidiftant  Terms  \  then  the  ProduBs  doubled^  and 
added  to  the  Square ^  an  odd  intermediate  Coefficient^  are  the 
Coefficients  of  the  Terms  in  the  Square.  Thus  to  fquare 
♦**+  5 *  +  6  ;  thcJTcrms  will  be  x^^  jfS  &c.  the  Co- 
■efficient  of  x^  will,  be  i,  the  Square  of  that  of  x'^ ;  the 
Coefficient  of  jf  J  wilLbe  1x5  doubled,  viz.  10  5  the  Co- 
efficient of  x^  will  be  I'X  6  doubled,  more  the  Square  of  5, 
.▼i».  12  +  25  ^  37  },  the  Coefficicait  of.  x  will  be  5  x  6 
doubled,  viz.  60;  and  the  laft  Term  will  be  the  Square 
of  6  J  the*  Square  then  is  at*  -}-  10 *'  +  37 x^  '\'  box 
•4-  36.  For  the  ProduSs  of  the  fimilar  Parts  unite  in 
Pairs  (Eucl.  IL  4.},  and  theProduds  of  the  Coefficients 
of  the  Terms,  the  Sum  of  whofe  Indices  is  the  Index  of 
theT^rm  in  the  Square,  are  fimilar;  therefore,  when 
doubled,  will  make  its  Coefficient ;  and  the  Square  of  the 
Coefficient  of  any  odd  Term  being  double,  the  ProdUd  of 
equal  Coefficients  (Eucl.  IL  4.},  muft  not  be  doubled, 
i>ut  united  fingly  with  the  rrodufls  which  are  fimilar 
^itfa  it. 

123.  The  Coefficients  of  the  Terms  of  the  above-mentioned 
Square  J  in  the  odd  Places^  contain  a  Square  joined  with 
doubled  Products ;  thofe  in  the  even  Places  contain  doubled 
ProduSiSy  and  no  Square:  For  in  the  odd  Places  the  In- 
dices are  even,  therefore  the  N)^ mber  of  Coefficients  of 
the  Product,  compounding  thofe  Coefficients,  are  odd  ; 
and  therefore  there  is  then  a  Square  in  the  Compofition 
of  each  (122) ;  and  in  the  even  Places  the  Indices  are 
odd,  whence  the  Number  of  con4)Ounding  Coefficients 
is  even,  and  no  Square  enters  the  Compofition. 

124.  The  Number  of  Terms  in  the  Square  of  a  Produ^ 
as  above^  when  none  but  doubled  Products  are  united^  is  equal 
to  the  Produa  of  Half  the  Number  of  Terms  in  the  Prodts» 
multiplied  into  that  Number  more  Unity.  For  the  whole 
Number  is  the  Square  of  that  Number  (93) ;  from  which 
fubduding  its  Root,  viz.  the  Terms  containing  Squares, 
the  Difference  is  the  Number  of  Produfts,  therefore  Half 

•  this  Difference  (becaufe  they  unite  in  Pairs)  added  to  the 

Root^ 
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Rooty  that  is.  Half  the  Number  of  Terms  multipi^ed 
into  dieWhole  more  one,  is  the  Number  of  diftiott  Term» 
in  die  Square. 

125.  Hmce^  in  m  given  Square^  it  is  knoum  if  any  other 
Terms  than  tbofe  containing  doubled  Produffs  have  coakTced, 
For  putting  the  whple  Number  of  Terms   in  the  Koot 

n        . 
Hj  the  Number  in  the  Square  is  —X  w  +  1  (124)  5  fub- 

fiituting  therefore  for  »,  the  Laterals  2»  3»  4,  &c.  fuc- 
ceffivelj,  if  the  refulting  Produfi  is  not  the  Number  in 
the  given  Square,  feme  Terms  containing  Squares  are 
united;  therefore,  fubduding  the  given  Nnmber  of 
Terms  from  the  Number  refulting  next  greater  by  Sub* 
ftitution,  half  ibe  Difference  more  One  will  be  the 
Number  of  Terms  which  have  united  (36). 


Of  DIVISION. 

XXXIV,  Y\If^JSION  is  performed  in  Numbers^  hf 
mJ  feeking  bow  many  times  the  Divifor  is  con*- 
immd  in  the  Dividend^  as  often  fubtraSing^  and  writing  fo 
many  Units  in  the  Quotient ;  and  by  repeating  that  Operation 
Mpan  Occafion^  as  often  as  the  Divifor  can  be  fubtraSled. 

Thus,  to  divide  63  by  7,  feek  bow  many  times  7  is 
contained  in  63,  and  there  will  come  out  precifely  9  for 
the  Quotient ;  and  confequently  V  is  equal  to  9.  More- 
over, to  divide  371  by  7,  prefix  the  Divifor  7,  and  b^ 
ginning  at  the  iirft  Figures  of  the  Dividend, 
coming  as  near  them  as  poffible,  fay  how     7)  371  (53 
many  times  7  is  contained  in  37,  and  you  will         35 
find  5  J  then  writing  five  in  the  Quotient,        — - 
fubtra&ing  5  X  7f  or  35,  from  37,  and  21 

there  will  remain  2,  to  which  fet  the  laft  21 

Figure  of  the  Dividend,  vi%,  i ;  and  then  -^ 

21  will  be  the  remaining  Part  of  the  Divi-  o 

dend  for  the  next  Operation ;  fay  therefore 
as  before,  how  many  times  7  is  contained  in  21  ?  and 
the  Anfwer  will  be  3 ;  wherefore  writing  3  in  the  Qyo* 
tien^  take  3  X  7>  or  21,  from  2X,  and  there  will  remain 

o.  Whence 


^  DTVI&ION. 

d.  WHence  it  h  faJnifeft,  tM  5^  ii  pHcjftly  tte  Num- 
ber^ that  aHresfvom  the  Difiiion  of  371  by  7; 

And  thus  to  divide  4798 
fcy  23«  fif ft  feecmhini i*^im  the    i^ J I7S5  ( 2DS,6b84i  tTc^ 
ittitia!  Figures  4?,  lay,  h(i^V  4^ 

rfW^if  tMei  IS  1;^  eonUitttI        -^^^^^» 
in  47  ?     AnRRf  4,;  wliere-  19 

fore  writ'e  2  in  tfce  QicTtient,  00 

aifd  fMiji  47  fiibtftaft  ?i  5S:  ajv 
or  46^  «Md  chei^e  Will  j^ltlftin 
I,  to  IfrhJch  jbih  tte  wext 
Nuiftbcfr  of  the  DivMcttd) 
via:.  9,  aftd  you  ^il!  hftte  19 
to  i;^brk  tipbn  tiest^t;  Say 
therefore,  hd^.bariy  tifllfes  .  • 
is  23  contained  in  19?  An^» 
fwer  o;  wherefore  write  o 
in  the  Quotienl ;  dnfl  fl-obi 
19  fubtraft  o  X  23,  or  o, 
and  there  remains  19^  Id 
which  join  the  iaft  Number 
Si  zhA  you  will  hare  198 
to  work  bpoh  aext.  Where- 
fore ih  the  lift  Place  fay^  hb^  ttttny  tiAies  is  ^3  colltai^tcf  ^ 
iA  198  (which  may  be  guefted  at  iroiii  ttie  flrft  Fignres  of^ 
each)  2  and  19,  by  takiiig  notice  now  many  times  2  is 
centtihed  in  19)  ?  I  inf^er  6 ;  wherefore  write  8  ih 
the  Quotient^  and  from  198  hibtrtid  8  >e  23^  or  164^ 
and  there  will  rehiain  s4  to  be  farther  divided  by  23  | 
|ind  fo  the  Quotient  will  be  208  J4.  Aifd  if  this  Frafiion 
is  not  liked,  ybu  may  continue  the  Diviftotr  in  Decimal 
FraAiona  as  far  as  yo*i  pleafe^  by  adding  ahirslys  a  Cj^ 
pher  to  the  rehraining  Number.  Tnu9  to  ^  the  Remain* 
der  14  add  d^  ano  it  betdxfies  140.  Then  iity,  hei^ 
many  times  23  is  140  ?  Anfwfer  6  ;  Write  therdSoire  6 
in  the  Quotient  $  and  from  140  ftibtrad  6  x  23)  or  138^ 
and  there  will  remain  2  $  to  which  fet  a  Gyptier  (or  0^) 
ks  before.  And  thus  the  Work  bdng  continued  as  far 
as  ybtt  pleafe,.  there  will  at  length  comb  out  this  Qpd^ 
tient,-  vii.  20^086,  i^a  1  .  , 

XXXV- 


i»r  /iitf  decimal  Fraction  x^S2i%  3^2)7 

if  dmdid  hf  the  decimal  Fra£fion  *  "    "     ■. 

46,  i^  ia$dmri  eo^s  m  0,07639, 

&c.     ^bcn  nste^  that  there  muk 

he  fi  many  Figures  cut  off  in  the 

^iutient^  f^  Decimals^  as  there 

are  more  in  the  laji  Dividend  than 

in  the  Divkirt  As  in  this  Ex-»  ■> 

ample  5,  becaufc  there  are  6  in  437^ 

the  laftDividend,  viz,  0,004370,' 

and  I  in  the  Divifor  46,1  (a). 

We 


XXXV.  (a)  ia6.  In  the  Divifion  of  Integers^  of  De-^ 
dmdsy  dad  cfntixedlfitmifltrsj  the  Ekc^s  of  the  Indent  of 
the  iSifidend  Figure  aht^e  the  Index  of  the  dividing  Figure  is 
the  Index  of  the  Figure  ih  thb  ^ote.  For  the  Intf  ex  of  Itbfe 
IKvideAd  artd  Divifor  Figures  being  the  Number  of 
M dltipliesrtions,  or  Divifions,  of  Unity  by  Text  in  thte 
Dei^c^inator  df  each  ^13)9  to  divide^  or  to  multiply, 
Ae  Denominiitdr  of  the  Dividend  by  Ten,  is  io  fubduft 
tJtoity  ft-om,  or  to  add  Unity  to,  its  Exponent;  and  tb 
divide,  or  to  multiply,  the  Denominator  of  the  Dividend 
by  any  other  Denomihator,  is  to  fubduft  the  Index  of 
the  Divtferffom,  or  to  add  it  to,  the  Index  of  the  DJ- 
Tiiini'd ;  bikt  in  the  Divifion  of  Integers  by  Integers,  and 
of  Dteinials  by  Decimals,  the  Denominator  of  the  Di- 
vidinid  is  divided  by  the  DerfOnrtnator  of  the  Divifor; 
and  in  the  Divifion  of  Integers  bybecimals^  thl3  DenO- 
ihuliator  of  the  Integer  is  multiplied  by  the  DeAomitfator 
of  the  Decimal;  therefore,  in  the  fornifer  Caffe,  the  Dif- 
ference of  the  Indices^  and  in  the  latter,  the  Sum  of  the 
Indices,  Is  the  Index  of  the  Quotfe  $  now  the  Index  of  a 
Decimal  Divrfor  is  negative  (14],  and  muft  thirefofs. 
In  Addition,  be  fubdufted  (XXIV);  therefore,  tn  all 
Cafes,  the  Difference  of  the  Indices  c/f  Ae  Dividend  and 
iXviTcfr,  &  the  Index  of  the  ^ote. 

a  127.  The 


8o  .DIVISlOIf. 

We  have  here  fubjoined  more  Examples,,  for  Gleamed 
Sake,  viz» 

9043)  208441  IS  (2305  72,4)  ao99,6  (29 

18086  1448 

27581 
. 27129 ^ 


45215 
4S2iS 


SOiii 


1I7.  Tthe  Index  and  Place  ef  the  bi^he/i  Figure  in  any 
^uotej  is  the  Index  df  that  Figure  of  th  Dividend^  under 
which  the  Place  of  Units  in  the  Divifor  falls ^  when  firfi 
placed  under  the  Dividend.  For  the  Index  of  each  Figu):e 
in  the  Quote,  being  the  Excefs  of  the  Index  of  the  di^- 
vidend  Figure  above  that  of  the  dividing  Figure  (126)9 
And  the  Index  of  the  loweft  Figure  of  the  Divifor  being 
«Cypher,  the  Index,  and  Place,  and  Clafs,  of  each  Fi" 

fiire  in  the  Quote3  is  the  fame  with  that  of  the  lowed 
igure  in  each  particular  Dividend  \  therefore  the  Index 
of  the  higheft  Figure  in  the  Quote,  is  the  fame  with 
that  of  the  loweft  Figure  of  the  iirft  Dividend ;  that  is, 
the  (ame  with  that  of  the  Figure  of  the  whole  Dividend^ 
under  which  the  Place  of  Units  in  the  Divifor  falls, 
when  it  is  fubfcribed. 

128.  Hence,  there  nufft  he  as  many  Places  in  the  ^uete^ 
as  there  are  particular  Dividends ;  for  the  hieheft  Figure  ia 
the  Quote  being  of  the  fame  Place,  or  Clafs,  with  the 
loweft  Figure  of  the  firft  Dividend,  fa  many  Figures 
muft  follow  in  the  Quote,  as  there  are  Dividends  ^  that 
if,  as  Figures  follow  in  the  Dividend^  after  that  Figure  under 
which  the  Place  .of  Units  in  the  Divifir  falls. 

129.  Hence,  if  the  Divifor  is  not  contained  in  any  par^ 
ticuUnr  Dividend^  a  Cypher  muft  be  wrote  in  the  ^uete ;  to 

keep 
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XXXVL 

keep  up  the  Number  of  Places  equal  to  the  Number  of 
Dividends,  and  Figures  fuccceding  to  that  of  the  Divi- 
dend, under  wtiich  the  Place  of  Units  in  the  Divifor 
firft  fell. 

136.  Decif/fahy  in  Divtfion^  are  cmfidtred  as  Integers  ; 
the  only  Difference  between  them  being,  that  in  the 
former  the  Numerators  are  divided,  but  in  the  latter  they 
are  multiplied,  by  that  Power  of  Ten,  whofe  Index  is 
the  Number  of  Places  from  Unity  (13)  j  therefore  their 
Numerators  are  divided^  as  in  Integers*  As  to  the  Divifion 
of  their  Denominators,  in  all  Divifions  of  Decimals,  or 
of  ttiixcd  Numbers,  by  Decimals,  the  Exponent  of  the  firfi 
Figure  to  the  Lefi^hand^  that  is,  of  the  higheji  Figure  of  the 
^uatfj  is  the  Excefs  of  the  Index  of  the  hweft  Figure  of  the 
frft  particular  Dividend ^  above  the  Index  of  the  lowefl  Figure 
eftbe  Divifor  f  126^ ;  that  is,  the  Sum  of  the  Indices  of  the 
loft  Figures  to  the  Right  in  the  Divifor  and  ^uote,  is  equal 
to  the  Index  of  the  Iq/i  Figure  to  the  Right  inthe  Dividend  ^ 
that  is^  the  Number  of  decimal  Places  in  the  Divifor  and 
^uote  together^  is  the  Number  of  Places  Jn  the  Dividend^ 
however  they  may  have  been  increafed  by  the  Addition  of  Cy* 
pbers  in  the  Operation* 

G  131.  Hence, 


fo  DIVLSIQK. 

XXXVI.  In  jtlgehraick  TermSy  Diytfion  isperffipned  hf 
the  RifiJutiok  of  what  it  compounded  by  JmibifBcation.  Thus 

ab  di- 


131.  Hencei  if  the  Dividend  contaim  decimal  Places^  but 
the  Divifor  none^  the  Number  of  Places  of  Decimals  in  the 
^uffte  unll  be  tbefaTne  as  in  the  Dividend  i  and  if  the  Di» 
vifor  has  decimal  Places  y  but  the  Dividend  noncy  an  equal 
Is  umber  of  decimal  Cyphers  may  be  added  to  the  Dividend  ; 
whence  there  are  no  Decimals  in  the  Quote. 

132.  If  both  Divifor  and  Dividend  have  Cyphers  on  the 
Right-hand^  they  may  be  entirely  expun&ed^  provided  the 
Number  expunged  in  each  is  equal  (Eucl.  vll.  i8,)  j  and  if 
there  are  Cyphers  on  the  Right  of  the  Divifor^  and  none  on 
thai  oftbi  Dividend^  tic  Qiphezs.aad.asi  equal Numhir  of 
the  Right' band  Figures  may  be  cut  off  durinp-the  Operation  ; 
htd^  they  mifft  be  reforcd  to  the  R^Jidue^  if  there  is  any  i  an4 
if  there  is  none^  thefe  Figures  are  the  Rejidue.  For  the  In* 
qcx  of  the  highcrt,  or  firil.  Figure  to  the  Left  in  the 
Qiiote,  is  thelndex  of  the  lowcu,  or  laft,  to  th^  Rigbc 
of  the  firft  Dividend  leflened  by  the  Indc*  of  the  Iowrft9 
or  laft,  figiiificant  Figure  to  the  Right  of  the  Divifor  ; 
that  IS,  by  the  Nuipberpf  Cyphers  (i8) ;  therefore  the 
Cyphers  being  cut  off,  an  equal  Number  of  Figure» 
muft  be  cut  on  from  the  Right  of  the  Dividend  ;  and  M 
they  cannot  contain  theDiviTof,  which  confifts  of  more 
Places,  they  muft  be  either  the  Refidue,  or  a  Part  of  the 
RcCdue. 

133.  Hence,  an- Integer  is  divided  by  any  Power  ofTen^ 
by  cutting  off  from  the  Right-hand  fo  many  Places  for  Ded^ 
malsy  Of  there  are  Umts  in  the  Index  ofthePov^er:  For  the 
negative  Index  of  the  laft  Figure  in  this  Quote,  will  be 
equal  to  the  Index  of  the  only  fignificant  Figure,  of  the 
Divlfiir  (i3o)t  vyhcncc  their  Sum  is  Cypher,  that  is»  the 
Index  of  the  Right-hand  Figure  of  the  Dividend.  And 
a  mixed  Numhery  or  Decimafy  is  divided  by  any  Power  ff 
Ten  J  ly  nmoving  the  Scperatrix  fo  moMf  Places  to  the  X^ff% 
as  there  are  Units  in  ioe  Index  of  the  P^VL'cr.  For  Unity 
making  no  Dilterence  between  the  Figures  of  the  Divi- 
dend and  of  the  Quote,  it  will  fuffice,  in  order  Co  know 

<.  the 
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^i  iiivi4dd  ^i^  gives  for  the  Quotient  B^  6ab  divided 
if'Za  give»*  3:4  J  wi  divided  by  ««  212  gives  — 3^« 

•  —  6ab 


tbe  Qi^ote,  to  ditninifli  the  Index  of  the  Rieht-hapd  Fi- 
gure of  tbe  Dividend,  by  the  Index  of  the  Power ;  that 
is,  by  tbe  Number  of  Cyphers ;  that  16,  to  aus^ment  its 
negative  Value,  by  moving  tiie  Lioe  fo  iQany  Places  to 
tbe  Left,  as  the  negative  Indices  increafe  to  the  Right  ^ 
and  the  affirmative  Index  of  the  Divifoi:  being  added  to 
the  negative  Index  of  the  Right-hand  Figure  of  thia 
Qjiote,  will  reduce  it  (XXIV) ;  and  the  Sum  will  be 
the  Exponent  of  the  Right-hand  Figure  of  the  Dividend; 
Hence  is  deduced  the  Ruk  for  the  RtiiUlion  of  Stxageji^ 
mals  into  Deamals ;  to  wit,  dwide  the  Sexagejid/th  by  boi 
for  the  Divifion  by  60  not  only  divides  by  6,  but  ajfo 
move»  the  Line  one  Place  to  the  Lefc. 

f  34..  If  the  Divifor  is  not  an  aliquot  Part  of  the  Dividendi 
the  Dtvijion  may  be  terminated  by  annexing  the  Fradfion  men^' 
timed  /in  XXXV 11.  or  it  may  be  continued  until  either  <$ 
accurate  ^oie  is  hadj  or  that  it  runs  out  into  an  infinite  Se^^ 
ries.  It  IS  continued  by  joining  Cyphers  to  the  Right  Hand 
of  the  Refidue  (53)  ;  and  the  Figures  in  the  ^iote  refulting 
from  continuing  the  Divijiony  become  a  Deamal  Fra^ion^  pf 
fo  many  Places^  as  Cyphers  have  been  annoxed  to  theRefiiut^ 
For  thus,  both  Dividend  and  Divifor  are  multiplied  into 
the  fame  PDwer  of  Ten  (5-5),  and  confequently  the  Va^ 
lue  of  the  Quote  is  not  altered  (Eucl.  VII.  17). 

135.  An  accurate  S^iote  will  he  found  by  this  Continuation 
of  the  Divifton  ;  that  is^  the  vu^ar  Fra£tion  annexed  and 
reduced  to  its  Ivtvejl  Terms  will  be  reducible  to  an  accurate 
Decimal^  and  th:  Divifiyn  will  terminate^  if  the  Divifor  can 
be  meafured  by  the  Numbers  2  or  5.  For  2  anil  5  being  the 
ony  Meafurcsof  Ten,  if  they  meafurethe  Divifor,  the 
Di'ifor  will  alfo  me/fure  fome  Power  of  Ten,  and  fomc 
Multitile  of  fome  Power  of  Ten,  and  confequently  the 
Pro;!ud  of  the  Refidue  into,  fome  Power  of  Ten  (Bud* 
VI!.  32.)»  wherefore  the  Divifion  will  terminate»  and 
an  accurate  Quote  is  bad  in  Dctimals. 

G  2  '  136.  The 
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— ->  6  tf  A  dividcJ  hy%a  gives  —  3  i ;  and  divided  by  —  2 
gives  3*.  xbabc^  divided  by  lac  gives  SbcCn  —  84  j*jr*  i 

divided 


136.  The  ^uoU  will  run  into  an  infinite  Series  \  that  is^ 
tin  vulgar  Fraiticny  in  its  lowejl  Termsy  wilt  not  be  re^ . 
duciUe  to  an  accurate  Decimal^  when  the  Divifor  cannot  be  \ 
meafiired  by  %  or  $.     For  2  and  5  being  the  only  Meafure»  i 
of  Ten,  and  being  alfo  Prime  to  the  Divifor,  the  Divifor 
and  its  Powers  are  Prime  to  Ten  and  its  Powers  (EucK; 
VIII.  6.) ;  but  It  is  alfo  Prime  to  the  Dividend  (EuclJ 
Vll.  24.) ;  therefore   the  Divifor  and  its  Powers  are 
Prime  to  the  Multiples  of  Ten  and   its  Powers  j  and 
therefore  to  the  Produ^  of  the  Dividend  into  Ten,  ot 
into  any  P<:>wer  of  Ten  (Eucl.  VII.  26.) ;  and  thetefotfe 
cannot  divide  it  accurately  ;  for  if  it  could,  a  Number 
would  meafure  a  Number  to  which  it  is  Prime,  which  is 
impoffiblc  (Eucl.  VII.  21.). 

*  137.  When  the  ^uote  runs  into  an  infinite  Series^  ifthert 
happens  any  Refidue  equal  to  a  former  one^  the  fame  rigures 
mujl  return  and  circulate  in  the  ^ote.  For  Cyphers  ^ing 
always  added  to  the  Refidue,  that  is,  the  Dividend  being 
^ways  the  fame  Multiple  of  the  Refidue,  when  any  Re* 
Kidue  is  equal  to  a  former  one,  the  Dividend  muft  be 
equal  to  a  former  Dividend,  and  thence  the  Quote  equal 
alfo  to  a  former  one ;  and  confequently  the  fubfequent 
Refidue  equal  to  the  former  fubfequent  Refidue,  the  fub- 
fequent Dividend  equal  to  the  former  fubfequent  Divi« 
dend  5  and  fo  the  fCibfequent  Quote  equal  to  the  former 
fubfequent  Quote,  and  fo  on. 

138.  The  Numberof  periodical  Figures  will  never  bem$ra 
4han  the  Divifor  left  Unity  5  that  isj  the  Denominator  cf  th 
vulgar  FraQion  lejs  Unity.  For  the  Refidue  being  always 
lefs  than  the  Divifor,  it  may  be  any  Number  lefs  by 
'Unity  than  the  Divifor;  but  in  fo  many  Divifions  at 
moft,  as  there  are  Units  in  the  Divifor,  one  of  the  fdr« 
merRefidues  muft  return  again  ;  and  therefore  the  faAHi 
Quote  muft  alfo  return,  and  continue  the  Circuhi. 
tion. 
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divided  by  — I2«^*;r  gives  jaxif(l).    Likewife  — 

divided. 


139.  It  heing  generally  fufficient  to  have  an  a^rned  Num» 
ber  af  Dicimals  in  the  ^ete^  the  Divtfion  will  be  itfefulfy 
ahhreviated,  e/peciaify  when  the  Divifor  ts  an  Jndefinite  Num^ 
Arr,  by  keeping  only  finumyFi^ureSy  or  one  more,  totheLeft'^ 
i  of  both  Vividend  and  Dwifor,  as  the  required  Decimals 


and  Places  of  Integers  in  the  &uote  together  make ;  (\7Jb)  hut 
k  win  be  neeejfary  to  keep  one  Place  more  in  the  Dividend  tbanr 
in  the  Divifor y  if  the  Left-iand  Figure  rf  the  Dividend  be 
bfs  than  that  of  the  Divifor  (54)  ;  then  divide  the  Dividend^ 
and  the  Refidues  continually  unaugmented  by  fo  many  Figures 
of  th0  Divifor  to  the  Left,  as  are  found  to  be  emiained  in  each 
itejiduey  afways  writing  a  Cypher  before  the  ^otient  Figurr 
/or  every  Place  above  one,  that  the  Divifor  is  ^rteoiedfor  tie 
Divifiott  of  any  particular  Re/dut.  For  thefeCypbert,  if 
the  Divifor  is  fliortened  of  more  Places  than  one^  muft 
be  inferted  in  order  to  keep  the  true  Values,  and  Places, 
of  the  figniiicant  Figures  of  the  Quote  (18);  alio,  by 
lefiening  the  EMvifor  and  not  increafmg  the  Refidues» 
both  Dividend  and  Divifor  are  diminiwed  in  thefame 
Proportion ;  therefore  the  Quote  will  be  true,  except 
perhaps  in  the  loweft  Place  or  two  to  the  Right-hand. 

140.  In  every  Divifon,  whether  bj/  Figures  or  Species,  the 
ProduSf  of  the  ^ote  into  the  Divifor  is  equal  to  the  Divi^ 
Send*,  that  is,  the  Dividend  is  equal  to  the  Sum  of  all 
the  Produ£ls  of  the  whole  Divifor  into  all  the  Parts  of 
the  Quote  ',  but  the  Parts  of  the  Quote  are  an  Integ^ 
and  a  FraiEHon,  whofe  Numerator  is  the  Refidue  and 
Denominator  the  Divifor  \  therefore  the  Produ^  of  thtf 
Divifor  into  the  integral  and  Fra£Uonal  Parts  of  the 
Quote,  is  equal  to  the  Dividend. 

XXXVI.  [b)  141.  Becaufe  tb^t  which  ym  iconi- 
Dounded  by  Multiplication  is  refolved  by  Divifion,  the 
rrodu&  in  Multiplication  being  die  Dividend  in  Divi* 
£on ;  and  becaufe  in  Multiplication,  fimilar  Signs  gave 
an  s^rmative  Product,  and  diffimilar  Si^ns  a  negative 
^ae  i  ^therefore  in  Divifion,  famUtr  Signs  m  the  Dividend 
O  3  ana 
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dividei  by  —   gives  -  -     rj  divided  by  r     gi^es 


•. 


2  6  ^ ' 

vided  by  3  gives   r-j  and  reciprocally  —  divided  by  —  j 

3                 30/7«  z    ,..,,.                    I5<»»«J 
gives  ^,  or  3.       '  '■'■  r  divided  by  «^  giV453 r-rj| 

IC  tf  JZ  J 

and  reciprocally  divided  by -^ — ^^   gives   2  a.     Likc^ 

wife  </i5  divided  by  ^  3  gWe^  ^  $.  ij ahti  dtvidel^ 
by  ^ ci  gives  ^ ab  (c).  ^^'f  by  ^/^^  gives  ^ aa^ 
Or  tf.    iv/^3Sa^/z  divided  by  ij^  S^yy  give^  y''  7*/* 

a/ — r-  divided  by  —  gives  4/ — •    ■  * 

^     €C  '        J   c   ^        ^    t  yoaee 

divided  by  — »— --—^ —  gives    a  /^  V — .    And li^ 


andt)iyij^y  ^iU  make  the  ^ote  affirmative  ^  lut  di^mikr 
onesy* nggadve  ;    that  is,  -f  <?)  4.  47A  (-f  *,  4-  ^)  —  «i 

(f )  Powers  and  Radkab  muft  be  brought  t§  tbf  Jam 
Kame  hjore  they  can  be  divided^  oiherwife  the  Quo^C 
eould  hsve  no  certain  Index. 

14.2.  The  ^ote  of  Power i  and  of  Radicahy  of  thefomf 
penomtnaiionlut  of  different  ^uantitiesy  has  the  fame  Index 
vjiib  the  t>ivid€nd  and  Divifor  \  to  that  the  Quote  of  fuch 
.powers  is  the  fame  Power  of  the  Quote  of  their  Rbots^ 
and  the  Quote  of  fuch  Roots  is  the  f^me  Root  of  theic 

Qiiotfc.    Thus  «*)  **  (l|*;  for 4*)  bm  ^'Z-'W 

For  the  Divifion  of  Powers  and* Radicals  of  the  £unll 
Quantity,  fee  Numbecs  Si  and  S2;  and  for  the  Dtvit 
fion  by  a  compound  Sum!,  fee  Number  159. 
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tf  -f"  ^  ^^^  divided  ly  «  -j*  ^  g^^^'  ^^*l  ^^^  f^ci« 
procaJTy  divided  by  ^ax  gives  «  +  *.    And  7-37^  ^ajf 

divided  by  ■,  gives  a  ^a  ;r,  or  divided  by  a  gives 

j^  •  tf  *,  or  ^J  and  reciprocally  divided  by  J~ 

gives  41.  ;8«/  in  Divipdns  of  this  Sort  you  are  to  take  cari^ 
that  the  Quantities  divided  by  one  another  be  of  the  fame  Kind^ 
viz.  that^umbers  be  divided  by  NiMnbers,  And  Species 
by  Species»  Radical  Quantities  by  Radical  Quantities» 
Numerators  of  Fractions  by  Numerators,  and  Denomi* 
natdrs  by  Denominators ;  aUo  in  Numerators,  Denomi- 
nators, and, Radical  Quantities,  the  Quantities  of  each 
Kind  mud  be  divided  by  faokndgeneoud  odes,  or  Qyan* 
tides  of  the  fam^  Kind  (d). 

XXXVII.  Now  if  the  ^antity  to  he  £vided  eamnt  ha 
thus  refohed  by  the  Divifor  pr^ofedj  it  is  fiMcient^  when 
hth  the  Quantities  are  Integers^  to  write  the  Diinjor  under^ 
math^  «^  a  Line  hnween  them  (e).    Thus  to  lUvide  ah 

G4  bf 


.  (3)  For  the  Dividend,  is  an  Aggregate  of  tfa^  Diviibr 
alone  (21). 

XXXVII.  (/)  143.  This  Fronton  trufy  ixprefes  tb* 
^uote*  For  the  Numerator  being  fome  of  the  ecjual 
Parts  into  which  an  Unit  is  divided,  and  the  Denomi-» 
nacor,  ;ili  thofe  equal  Parts,  or  the  Unit  itfelf^  (.7}  the 
Fra£kion  is  to  Unity,  as  the  Numerator  to  the  Den^'* 
minator  j  but  the  Dividend  is  to  the  Divifor»  as  tht 
Q^e  is  tp  Unity  (21} ;  wherefore  the  Fradibn  «nd  ^e 
Quole  have  the  iame  Ratio  to  Unity,  and  are  eciual 
(EocL  V.  9.) 

Uence  we  have  the  Origin  of  the  Notation  of  Vulgar 
FraiSions,  in  which  the  Numerator,  or  Number  above 
the  Line,  is  placed  there  to  fliew,  'that  it  is  a  Dividend 
Ipfs  thM  the  Diviibr^  or  Denominator  {laced  below ;  fo 

Q  4  that 
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by  Cy  write  —  j  and  to  divide  J-jTJ  /<:;r  by  tf,  write 


vidcd  hj  ,/cx  gives  x — ,  or  ^ .     And 

^  ex  ex 

€^a  -f-  ah  tj aa  —  0.x x  divided  by  tf  —  A  4/tftf  —  jrjr 

crives -2--—  V •    And  124/5  divided  by 

4^7  g»v«  34/f 

XXXVIII. 


thataFraAion  is  called  an  improper  one,  if  theNume* 
rater  is  equal  to^  or  greater  than  the  Denominator ;  be-r 
caufe  it  ought  to  exprefs  fome  only  of  the  equal  Parts* 
whofe  whole  Number  is  fubfcribed  ;  and  if  the  Divifioo 
was  made,  the  Quote  would  not  be  fradional,  but  inte^r 
gral,  or  mixed* 

144.  NifWy  becaufe  the  Ratio  of  the  Numerator  to  the  Do-» 
jtominator  will  continue  unvariedy  if  they  aro  both  multiplied 
or  both  £vided  by  the  fame  Number ^  itfollowt,  that  the  fame 
FraSiion  may  be  expreffei  an  infinite  Number  of  tVays^  by 
equal  Multiplication;  but  the  moft  commodious  Form  is 
that  which  coniifts  of  the  loweft  Terms,  and  it  is  foun4 
by  an  equal  DiviHon  of  them  both;  hence  alfo  it  appears, 
that  the  Terms  of  equal  PraHions  are  proportional  (Eucl. 
VII.  1 8. )  J  o^J  converjely^  that  if  the  Terms  are  proportional^ 
the  Fractions  are  equal. 

145.  jts  a  Fra&ion  is  to  Umt^  fo  is  Unit  to  the  veciproeat 
Fra£iion.  For  the  Fradion  is  to  Unit,  as  its  Numerator 
to  its  Denominator;  but  Unit  is  to  the  reciprocal  Frac- 
tion, as  the  Numerator  to  the  Denominator ;  whence, 
as  the  Fra£bio0  is  to  Unit,  fo  is  Unit  to  the  reciprocal 
Fraction.  Hence,  a  Mubiplier  may  be  founds  when  a  Di^ 
vifor  is  given ;  and  alfo  a  Divifor^  when  a  Multiplier  is 
given  :  By  which  Method  a  Variety  of  ufeful  Rules  are 
derived,  for  Eafe  and  Expedition^  in  common  and  mer-r 
cantile  AccompU, 

XXXVIII, 
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JCXXVm.  Bta  wbem  tbeje  ^uamities  are  FraSfisms^ 
nuJtiplj  the  Nfimirator  of  the  Dividend  into  the  Dtmnunator 
^ihe  DtrnfirTy  wii  the  Venamaator  into  the  Numerator^  and 
the  firft  ProduS  will  be  the  Numerator,  and  the  latter  the 

a        c 
Deaominator  of  the  Quotient  (/).   Thus  to  divide  "T"  by  -^ 

write 


XXXVIIL  {/)  146.  As  the  Divifor  is  to  Unity,  fo 
js  the  Dividend  10  the  Quote  (21);  but  as  a  Fradion  is 
to  Unrty,    fo  is  its  Numerator  to  its  Denominator ; 
I  therefore,  as  the  Ntinaerator  of  the  dividing  Fradion   is 

to  its  Denominator,  fo  is  the  Dividend,  whether  Integer 
or  Fra^ion,  to  the  Quote  ;  and  therefore,  in  all  Cafes  of 
Divijim  by  a  Fra&im^  the  Dividend  is  td  be  multiplied  by 
the  DenominetOTy  and  divided  by  the  Numerator  of  the  di- 
'  "biding  Fra^ion^  as  in  Number  126. 

147.  Hence,  aFraSfion  is  divided  by  an  Integer  (which 

I  is  a  ^  raftion  whofe  Denominator  is  Unitj )  either  by  di- 

I  tfidim  the  Numerator,  or  by  multiplying  the  Denominator  of 

'  the  rraBion  by  the  Integer,     For  it  is   the  fame  thing  to 

diminift  any  given  Number  of  Parts  in  any  given  Ratio, 

the  Magnitude  of  the  Parts  being  unchanged  ;  or,  to  di- 

!  jniniih '  the  Magnitude  of  the  Parts  in  the  fame  Ratio, 

fteir  Number  being  unchanged  ;  but  their  Magnitude 

js  always  diminiihed  in  any  Ratio,  by  incrcafing  the  Di- 

I  vifor  or  Denominator  in  that  Ratio  (60)  j  therefore,  by 

multiplying   the   Integer   into   the  Denominator,    that 

Magnitude  of  the  Parti?  is  dimini(hed  in  the  Ratio  of  the 

Integer  to  Unity,  their  Number  being  unchaiiged  :  And 

I  by  dividing  the  Numerator  by  it,  the  Number  of  the 

Parts  IS  diminifbed  in  the  fame  Ratio,  their  Magnitude 

being  unchanged. 

148.  ^e  ^ote  of  two  FraSfions  is  found  [there  being 

always  a  Di\'ihon  by  the  Numerator  of  the  Divifor,  and 

a  MultipKcation  by  the  Denominator  of  the  Divifor  ( 146, 

147).]     Fir/i  by  dividing  the  Numerator  of  the  Dividend  by 

the  Numerator  of  the  Divifor,  and  the  Denominator  of  the 

I  Dividend  by  the  Denominator  of  the  Divifor.     For  the  Di- 

I  fidend  i;  .multiplied  by  the  Denominator  of  the  Divifor. 

i  ^  '  in 
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vfAt  j^  fbtt  {s,  multiply  <  by  i  i^nd  t  by  i.    In  ]>k:e 


fiianner. 


in'having  its  own  Denominator  divided  by  it;  (146,  J47) 
and  the  Dividend  is  diredtly  divided  by  the  Numerator. 

X49.  SuanSfy  by  multiply ing  thi  Nunuraiw  of  the  Divi^ 
iend  by  thi  Numerator ^  and  the  Demmnator  of  the  Dividend 
bv  the  Denominator  of  the  Reciprocal  of  the  Divifor  (145). 
For  thus  the  Dividend  is  multiplied  diredly  by  the  De* 
nominator  of  the  Divifor,  and  it  is  divided  by  the  Nu- 
nierator^  becaufe  its  own  Denominator  is  multiplied  by 

it  ri47). 

Now  it  is  evident,  that  this  Method  of  Divifion  is 
equivalent  to  a  Divijicn  of  the  Numerators  (after  the 
Fra&ions  have  been  reduced  to  one  common  Denomina- 
tion) and  expunging  the  common  Denomination,  or  ra« 
tber  an*  Abbreviation  of  this  Operation ;  (LIX.)  and  that 
the  Rule  commonly  given  yir  dividingFra£iion$  which  have 
the  fome  Denominator^  dire^ing  the  Divifion  to  be  made  by 
the  NumeratorSy  and  to  expunge  the  common  Denominator^  is 
a  further  Abbreviation  of  this,  and  faves  the  Trouble  of 
reducing  the  Quote  to  lower  Terms,  by  dividing  its 
Terms  by  this  common  Denominator  (i44}.  In  like 
Manner,  the  Rule  for  Multiplication,  Number  65,  is  an 
Abbreviation  of  a  Multiplication  by  the  Numerators, 
(after  the  Fractions  have  been  reduced  to  a  common  De- 
nominator) and  fubfcribing  the  common  Denominator ; 
and  the  DireAion  to  fubfcribe  the  common  Denomina» 
tor,  when  the  given  Fa<Stors  have  one,  to  the  Product  of 
ibeir  Numerators,  is  a  further  Abbreviation. 

1^0.  Thirdly^  by  multiplying  the  ^ote  of  the  Denomina^' 
Ur$f  by  the  Numerator  of  toe  Divifor:  For  thus  the  Divi« 
dend  is  multiplied  by  the  Denominator  of  the  Divifor, 
becaufe  its  own  Denominator  is  divided  by  it  (147) ',  and 
it  is  divided  by  the  Numerator  of  the  Divifor,  becaufe  its 
own  Denominator,  in  the  Quote  of  the  Denominators, 
is  multiplied  by  it. 

I  CI.  La/Ily^  by  mtdtiMn^  the  ^te  of  the  Numeratorry 
by  the  Denominator  (f  the  Divipr ;  fof  thus  the  Dividend 
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manna,  f-  W f  *»" S'    "^  H  ^^"  ^'*^  ^ 

eves  After  the  lame  manner,  -^ 

(c\  c  d  /      c 

or  ty  -jy  8'»^  J7'  Ana  c  \;or  -;  di- 
vided by  ^  gives  ^  And  |  divided  by  5  gives—. 
And3<Kvidedby^givcs^*  And  ~^  ^rjr  divided 
by  a  gives  ■  ^r^r.    And  tf  +  A  v^r*  divided  bf 

^  tfr  +  Ac  »      J  tf  JTJIf 

—  gives  ' ^ ex.    And  2  ^  —    divided   by 

i^cd  gives  J^TTJi  ^n^  ^»vided  by  3  ^^^  give» 

J  ^772-    And  i-^f^  divided  by  i.^1  gives  I 

^— ,  and  fo  in  cAhers, 

XXXIX-  A  '^'antlty  compounded  of  fevend  TermSy  is 
^^/idcd  hj  dividing  each  of  its  Terms  by  the  Divifir.      i  hits 

XX. 

^^4.3»*--*;^  divided  by  ff  giyes  tf '-f  34: .    But 

vAen  the  Divifor  (onftfts  alfo  of  feverdTerms^  the  Divifim 

is 


is  multiplied  by  the  Denominator  of  the  Divifor,  becaufe 
I  the  Quote  of  the  Numeratoi?s  is  mvltiplied  by  it ;  and  it 

I  is  diredly  divided  by  the  Numerator  of  the  Divifor.  The 

I  fecond  Method  is  moft  -ufeful,  being  free  from  compound. 

fradioo?. 


f^  DIVISION- 

is  performid  as  in  Numbers.  Thus,  to  divide  ^  -f-  2  ^  ^  ^ 
—  aab  —  ^abc  +  **^  by  tf  —  i,  fay,  how  many 
Times  is  a  contained  in  tf',  viz.  the  firft  Term  of  the 
Divifor  in  the  firft  Term  of  the  Dividend  ?  Anfwer  a  a. 
Wherefore  y^rite  a  a  in  the  Quotient ;  and  having  fub- 
tra£ted  a  —  ^  multiplied  into  aa^  or  a^-^  aab  from  the 
Dividend,  there  will  remain  2aac ^ — 3abc  +  bbc  yet 
to  be  divided.  Then  fay  again,  how  many  Times  a  in 
7.aaci  Anfwer  2a c.  Wherefore  write  alio  2a€  in  the 
Quotient,  and  having  fubtra£led  a '^  b  into  2^^,  or 
2aac*^  2ab£  from  the  aforefaid  Remainder,  there  will 
yet  remain  — iiiAtf  +  *^-  Wherefore  fay  again,  how 
many  Times  a  in  ^^abci  Anfwer  —  ^^,  and  then  write 
— -  ^  c  in  the  Quotient ;  and  having,  in  the  kift  Place^ 
fubtraSed  +  ^  —  *  '^^^  '^bc^  viz;  —  abc  J^  bbc  from 
the  laft  Remainder,  there  will  remain  nothing ;  which 
frews  that  the  Divifion  is  at  an  end,  and  the  Quotient 
coming  out  a.a  •\'  2ac  '^  be. 

XL.  But  that  tbife  Operations  may  be  duly  reduced  to  the 
Form  which  we  u/e  in  the  Divifion  of  Numbersj  the  Terms 
both  of  the  Dividend  and  the  Vivifor  muft  be  difpofed  in 
Order^  according  to  the  Dimenfions  of  that  Letter  which  is 
judged  mofi  proper  for  the  Operation  5  fo  that  thofe  Terms 
may  ftand  firft,  in  which  that  Letter  is  of  moft  Dimen- 
fions, and  thofe  in  the  fecond  Place  whofe  Dimenfions 
are  next  higheft ;  and  fo  on  to  thofe  wherein  that  Letter 
is  not  at  a]l  involved,  or  into  which  it  is  not  at  all  mul* 
tiplied,  which  ought  to  ftand  in  the  laft  Place.  Thus  in 
the  Example  we  juft  now  brought,  if  the  Terms  are  dif- 
pofed according  to  the  Dimenfions  of  the  Letter  «,  the 
following  Diagrai9  will  (hew  the  Form  of  the  Work» 

VIZ, 

a  —  b)fi*^^^/^l^2abc  +  bbc{aa+2ac^b€ 


z 

0 

+ 

aab 
2aac 
2aac 

— 

2abc 
2abe 

0 

.^ 

abc  4*  bbc 
abc  +  bbc 

Whwe 
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Where  may  be  fecn,  that  the  Term  a^jora  of  diree 
Dimcnfions,  ftands  in  the  firft  Place  of  the  Dividend,' 
and  the  Terms    ^^^^    {n  which  j  is  of  two  Dimen- 

•—  OHO 

fions,  ftand  in  the  fecond  Place,  and  fo  on.    The  Dlvi-?  ' 
dead  might  alfo  have  been  writ  thus ; 

Where  the  Term»  that  ftand  in  the  fecond  Place  ara 
united,  by  collecHng  together  the  Fadors  of  the  Letter, 
according  to  which  the  Order  is  made  j[  g).  And  thus  if 
the  Terms  were  to  be  difpofcd  according  to  the  Dimen- 
fions  of  the  Letter  ^,  the  Buiinefs  nuift  be  performed  aa 
in  the  following  Diagram,  the  Explication  whereof  we 
IhaU  here  fubjoin. 

->+-)'"z^:>t»'»-.(-"j:":- 

ebb'-'  a  c  b 

—  2ac  ^+  a^ 


aa    +  %aac 
—  7.ac  t  +  ^aac 


Say, 


XL.  (jf )  By  ranging  both  Dividend  and  Divifor  ac- 
cording to  the  Dimenfions  of  the  fame  Letter,  •  it  will 
readily  be  found,  how  often  the  firft  Term  of  the  Di- 
vifor is  contained  in  the  firft  Term  of  the  Dividend  ; 
alfo,  the  Produfts  of  the  Terms  of  the  Divifor  into  eadi 
particular  Term  of  the  Quote,  as,they  are  found,  will 
come  readily  under  the  fimilar  Terms  of  the  Dividend, 
in  order  to  be  fubduded  from  themt 

The  Number  of  Terms  in  the  Quote  of  a  compound 
algebraic  Quantity,  divided  by  another,  is  the  Number 
of  Terms  of  the  Dividend  divided  by  the  Number  of 
Terms  in  the  Divifor,  provided  that  none  of  the  Terms 
have  been  united,  or.  deftroyed  by  contrary  Signs ;  for 
the  Number  of  Terms  in  the  Dividend,  is  the  ProduA 
of  the  Numbers  in  the  Divifor  and  Quote, 


94.  PIV  I  S  ION; 

Sftf)  How  many Timo^ie  ^^t  contaiacd  in  clb 7  An«* 
fwer  —  ct.  Whergfafe  having  writ  —  i:  A  in  tb^  Q^« 
ticnt,  fttbtrad  —  *  +  «  %  —  ^*>    tft  kbc  —  abcy   and 


J 


there  wiH  rcmaiij  ip.  the  £beo»d  Place  .  _.  i.    Ta 

this  Remainder  add'»  if*  yo«  pleafe,  the  QuandtiiB  tkaa 
fiand  in  the  iafir  Plate,  viz.  ^       ,  and  fay  again,  how 

jnany Times  is  —  ^  contained  in  "^  ^^^  J?  Anftrer 

^  ^  ^ .   Thefc  therefore  being  writ  in  the  Quotient^ 

fubtraA  —  *  +  ^  multiplied  by  t  ^^  or  3^1^^^  * 

j^    3  ^^>  and  there  will  remain  nothing.   Whence  it  is 

manifeft^  that  the  Divifion  is  at  an  End,  the-  Qyotieni; 
coming  out  '^  c  b  +  2ac  -{-  aa,  as  before.  ^ 

And  thus,  if  you  were  to  divide  a  ay*  ^^  aac*'\- yyc^ 
+  ^*  •—  2j?*rf  *—  ^z*  —  za^cc"^  a^yy  by  yy  -^^aa 
'^  cc.  I  order  or  place  the  Quantitte«- according  to  the 
Dimenfions  of  the  Letter  y^  thus  : 

TTien  I  divide  as  in  the  following  Diagram.  Here  are 
added  other  Examples,  in  which  you  are  to  take  Notice, 
that  where  the  Dimenfions  of  the  Letter,  which  this 
Method  of  ordering  ranges,  does  not  always  proceed  in 
the  fame  Arithmetical  Progreffion,  but  fomctimes  iiucr^ 
rupted,  in  the  defedive  Places  this  Mark       is  put. 

m 


—  aa\  ^«4-     aa    ,  —  a^ 

—  aac 


,6  —  ^tf    .4.  /    V*   +   '^^^    V*+   "^ 


—  2  a* 


D  I  V  I  S  I  O  K. 


«± 

2aa 
cc 

0 

a  +  V)  ad  -¥  —  hh  {a  — i 
aa  ^  ab 


O — ab 
^ab  —  Bb 


o    {h). 

yj'-iay 


(A)  152.  Bccaufe  Divifion  refolvcs  what  Multiplica- 
tMHi  has  compoiifHkd,  therefore  if  any  Quantity  is  divi^ 
fibk  by  anathsr^  whether  Jimple^  or  binome^  or  trinonuy  ^e. 
that  Divifir  was  a  FaHor^  or  Rooty  in  its  Compojition. 

153.  if  a  ^antity^  having  all  its  Terms  rationaL  is  di* 
vifiUi  by  a  Binomiy  one  of  whofe  M^ntbers  is  irrat^mtily  k 
fbaU  be  di^^fibk.alfr  by  the  fame  Binome  having  its  irrational 
Membor  affe^d  with  the  contrary  Ssg^\  ana  according  as 
that  Member  is  real  or  imaginary^  fi  m^fl  the  Member  of  the 
contrary  Binome  be  (120). 

154.  Iftbehigheji  Term  of  a  Dividend  has  no  Coefficient 
but  Unity  J  and  no  fraQionalT^rm^^  none  of  its  binome  Divi^ 
firf  cam  bav*  Cujficients  different  from  Unsty^  or  their  ficond 
Members  fraSlional  \  hut  tf  the  highejl  Term  has  a  Coefficient 
different  from  Unity ^  either  one^  %r  all  ftub  JOivifors  have 
Coefficients  differing  fromUniiy  \  or  one  ^  orallofthem^  have 
their fecond  members  fra£fionab  (  r2J  ). 

155.  If  algebraic  Divijion  is  not  terminated  by  a  FraSlion, 
as  in  Art,  XXXVIL  //  will  run  int9  an  infinite  Series ;  and 
by  ohferving  the  firfi  three  or  four  Terms  ^  the  LaWy  which  the 
Termxobferve^  will  he  knowm-^  bywIutb-Means^  without  any 
more  Divijion^  the  ^ote  or  Series  may  be  continued  on  \  and 

iheC^ 
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jy  _  %ay  +  aa)  {yy  +  %a)  -^^aa 

O'^'^ay^  —  ^^aayy 
4-'atf/  — 4    aayy  +  2a^ y 

■  o    —   i^^yy  +  ^^y 

.0  o  o 


<*^  Series  beings  in  general  Symbols  or  Species y  are  univerfat 
Rules  for  exprejfwg  all  ^antitiesby  infinite  Series^  an  infi^ 
nitelSumheroflVays.,    Thus^  •  -^ 

A.  *— I)  ^  C*'+**+^+I+*-r+*-^«4-;p-3,  &c.  = 

j;;—  the  Series  dcfccnds, 

orjifcends,  according  as 
X  is  greater  or  l^fs  than 
Unity  i  the  common 
Divifor  or  Multiplier 
being  x. 

3.  *+i)  **  (*'-^4-^-.i+^-j_:r-»,  &c.  the.Cuns 
^^+^^  the  Terms  being  alternate* 

—  x^ — X*  ij  affirmative  and  ncga* 

4-^^+^  tive. 

—  Xj  &c. 

C.^-i)*(— +-  +  — +  — ,&C.=.ra-^i-|, 


A* 


^  — ii!  &c.  the  Terms  all  pofitive. 

a         a^  k 

" -^^  the  common  Multiplier  — 

~  D.  a^b) 


D1VI5  10K  vt 

o  o  O 

Some 


the  fame,  the  Terms  alternately  af- 
firmative and  negative. 

156.  ffinT)  Wi  put  the  Numerator  of  any  FraeHm  for  x^ 
mid  its  Denominator  kfs  Unity  for  a,  and  Unity  for  b,  wi 
have  0II  vu^  Fra&iom^  except  ^,  exprejfed  fy  an  infiniu 

Series.    For  i  s:  pqr—  =±  i  +  i  +  i,  &(> 
Thu»,4=s^  =  4— i  +  T-i^  +  i^— irr^  &c. 
Thi«>4  =  j|7  =  ^-t  +  I-tV+^-A»  &c. 

—  I — T +  :r"^TT^TT  —  T«* 

—  '■"'TTT       TT  +  fT  — TTT» 

157.  If  in  C  wtf  fujjfiitiiti  for  x  the  Numerator  of  a 
vulgar  FraSfion'y  and  for  a  the  Denominator  more  Unity y  and 

H  for 


9«  DIVISION. 

Some  begin  Divifion  from  the  laft  Terms,  but  it  comes 
to  the  fame  Thing,  if,  inverting  the  Order  of  the  Terms» 

you 


fur  b  17» i/y,  v)i  have  another  Law  fir  ixprejjmg  all  vulgar 
FraHions. 

Thus,i  =  j^=4  +  f  +  ^  +  ^  &c.  therefore 
4  =  i=:;+|  +  ^  +  t\,  &c. 

Thus,  I  =  7^^  =T  +  -ry  +  i^  + wi&c.  therefore 
.5.=  i=|  +  ^  +  A  +  Tfr,&c. 

Thus,|  =  j^  =  4  +  ,V  +  TlT  +  Tfn  &c.  there- 
forc$=:i=|  +  /^+,4T+Tfr»&c. 

I  j8.  Whence  it  appears,  that  if  ;ir  be  put  oniverlally 
for  any  Integer,  then 


which  gives  an  univirfid  RuUfir  ixfreffing  aU  bttegers  if 

infiniti  Series  j  an  infinite  Number  ofWajs. 

But  all  thefi  Series  are  at  emce  derhedfrem  the  hirnndal 
Theorem:  For  all  Fra£bions . may  be  confidered  as  com- 
pounded of  Radicals,  multiplied  either  into  rational  or 

furd  Quantittes  j  thus  JIETJ  =?;rx«'+-*'"':  and 
r=^  ss^Xtf  —  ^pTi  wherefore  having  a  general 
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yott  bfegih  from  die  firft.    There  are  alfo  other  Methods 

of 


Expreffion  in  Number  107,  to  which  particular  Cafes 
majr  be  compared^  we  may  thence  derive  the  particular 
Series  refulting  from  Divifion*    Thus  (fee  C  and  D  ia 

Q.B,  &c.  =*— ;  4:tfjp-^77^,  &c.  (103)  sixa—t 
+  jritf— *  + jp*»tf— 3,  &c.  (155). 

159.  IFben  a  binomt  Surd  is  to  be  £vided  by  amibery  the 
^uoU  wtU  biix^effed  in  the  mofiJimpU  Forniy  by  multiply'* 
i^g  bitlf  Numeratorand  DetwrnnatcTy  by  that  Surd  which 
multiplied  into  the  Denominator  pves  a  rationaJ  Produff  (ii8}« 

^ioo+ii^6o  +  6      16  + 2^60 

I j^:^^ = =  8  +  a  v^is- 

And  in  generaiy  when  any  Quantity  it  divided  by  a  bincme 
Surd  as  x"  +  a^  ivhere  n  and  1  reprefent  any  Fractions 
whatfiever^  take  m  the  lea/i  integer  Number^  which  is  mea^' 

jurei  by  n  and  -j*»  multiffy  both  Numerator  and  Denominator 

i^x«— +  x"""*'*a'  +  x"*-30a**,  bfe.  and  the 
Denominator  of  the  ProduH  will  become  rational  (119}$  and 

epud  fd  x"  —  a  n  5  then  divide  all  the  Members  of  the  Nu^ 
meratoTy  by  this  rational  Quantity  ^  and  the  ^uote  arijing  will 
be  that  of  the  propofed  Quantity  divided  by  tbo  binome  Surd% 
in  its  kqft  Terms. 


Ha  Thus, 


loo  EXT^AC7;iQN 

of  dlvidmg*  but  it  is  fufficieAt  to  know  the  moft  eafv  and 


Commodious 


O/  EXTRACTION   e^  ROOTS. 

XLI.  T/fZff^  N  '*'  Sjt^are  Root  of  any  Number  is  to^be 
Ify  extra^ed^  it  isfirji  to  be  noted  with  Pi)int$  in  every 
^tberPhce^  beginning  from  Unity  \  then  you  are  to  write^ 
ipumfucb  a  Figure  for  the  ^otitnt^  or  Root^  ivhofe  Square 
/hall  be  equal  to^  or  neareji^  left  than  the  Figure  or  Figures 
to  the  firji  Point,  And  then  fubtraning  thatSquare^  the  other ^ 
Figures  of  the  Root  will  be  found  one  by  one,'  by  divi£ng  the 
Remainder  by  the  double  oftlje  Ragt  as  far  as^esc^aBei,  and 
each  Time  taking  from  that  Remainder  the  Square  of  the  Fi^ 
^ure  that  lafl  came  out^  and  the  Decuple  of  the  aforefaid  Di^ 
vtfor  augmented  by  that  Figure, 

Thus  to  cxtraft  the  Root  out  of  q9856,  firft  point  it 

after  this  Manner,  99856 ;  then  feek  a  Number  whofe 

Square  (hall  equal  the  firft  Figure  9,  viz.  3^ 

•    J.  1^-16     ^"^  write  it  in  the  Quotient  i  and  thcit 

99»S^  13^°      having  fubtraacd  from  9, 3 X3,  or  9,  there 

.  will  remain  0  j  to  which  (et  down  the  Fi- 

^  cures  to  the  next  Point,  viz.  98  for  the 

^?  following  Operation.     Then,  taking  no 

^^  Notice  of  the  Uft  Figure  8>  fay^  Ho«ir 

,  w^ny  times  is  the  Double  of  2,  or  6,  con- 

375  tallied  in  :he  firft  Figure  9?  Anfwer  1  5 

375  wherefore  hiving  v/rit  i  in  the  Quotient, 

fubtradt  the  Product  of  i  X  61,  or  61,-  from 

^  98,  and  there  will  remain  37,  to  which 

CQnne£b 


J  hUS,  -J  —  ==  -^  r-  X  -1  3      =5 

V^4  — v/i       v^4  — \/2      ^16+2  +  ^4 

3  3  3  1  3  S 

^aO  2^2+24-^4  _  2  v/40  +  2  v/20  +  ^Sa 

i  J       X         3  3       —  o  ""*" 

V^4.rrv^2       2^2  +  2  +  v^4 

3  3,3 

=  2  ^5  +  y^20  +  v^IO. 


O  F     R  O  O  T  S.  ioi 

connc<^  tEe  lafl  Figures  56,  and  you  will  have  the  jTum- 
hcT  3756,  in  which  the  Work  is  next  to  be  carried  on. 
Wherefore  alfo  rieglefling  the  latt  Figure  of  this,  vi?s.  6, 
fiy.  How  many  times  is  the  Double  of  31  ^  or  62,  con- 
tained in  375,  (which  is  to  begueiTed  at  from  the  initial 
Figures  6  and  37,  by  taking  Notice  how  many  times  6 
is  contained  in  37?)  Anfwer6;  and  writing  6  in  the 
Quotient,  tubtraA  6  X  626,  or  3756,  and  there  will  re- 
main o ;  whence  it  appears  that  the  Bufmefs  is  done  i 
the  Root  coming  out  31 6. 

And  fo  if  you  were  to  extrafl:  thcRoot  out  of  22178791, 
firft  having,  pointed  it,  feek  a  Number,  whofe  Square 
(if  It  cannot  be  exaflly  equalled)  fhall  be  the  next  lefs 
Square  to  22,  tbq  Figures  to  the  firft. Point,  and  you  wirf 
find  it  to  be  4.    For  5x5, 


22178791  (4709,43637,  &c. 
16 

617 
609 


88791 
84681 


or  25,  is  greater  than  22; 
arid  4X4,  or  i6,lcfsj  where- 
fore 4  will  -be  the  firft  Fi- 
gure of  the  Root.  .This, 
Sierefore,  being  writ  in  the 
Quotient,  from  22  take  the 
Square  4X4,  or  16,  and 
to  the  Remainder  6  adjoin 
firofeovcf  the  next  Figures 
17,  and  you  will  have  617, 
from  whofe  Divifion  by  the 
Double  of  4  you  are  to  ob- 
tain the  feCrond  Figure  of 
the  Root,  viz.  ncgleding 
the  laft  Figure  7,  fay,  how 
many  tidies  is  8  contained 
in  61?  Anrwer7i  where- 
fore write  7  in  the  Quoti- 
ent and  from  617  take  the 
Product  of  7  into  87,  or 
609,  and  there  will  remain 
8  i  to  which  join  the  two 
next  Figures  87,  and  you 
will  have  887,  by  the  Di- 
yifion  whereof  by  the  Double  of  47,  or  94,  you  arc  to 
obtain  the  third  Figure  i  as  fay.  How  many  times  is  94' 
.contained  In  88?  Anfwcr  cj  wherefore  write  0  in  the 
H  3  Q«oi 


41 1000 
376736 

3426400 
2825649 

60075100 
56513196 
■  >'  ■   » 
356190400 
282566169 


736x4231 
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Quotient,  ind  adjoin  the  two  laft  Figures  gr.  and  you 
will  have  8879I9  bywhofc  Divifion  by  the  Double  of 
470,  or  940,  you  are  to  obtain  the  laft  Figure,  viz.  fay^ 
How  many  times  940  in  8879  ?  Anfwer  9 ;  wherefore 
write  9  in  the  Quotient,  and  you  Will  hkvc  the  Jloot 

4709- 

£ut  fince  the  Produft  9  X  9409*  or  8468  r  fubtraded 
from  88791,  leaves  41 10,  that  is  a  Sign  that  the  Number 
4709  is  not  the  Root  of  the  Number  22178791  precifefyy  but 
that  it  is  a  little  lefs.  And  in  this  Cafe^  and  in  otiiers  like 
ity  if  you  ieftre  the  Root  Jhould  approach  nearer  j  you  mujl 
carry  on  the  Operation  in  Decimals^  by  adding  to  the  Re» 
maihder  two  Cyphers  in  each  Operation.  Thus  the  Re- 
mainder 41 16  having  two  Cyphers  added  to  it,  becomes 
411000;  by  the  Divifion  whereof  by  the  Double  of 
4709,  or  9418,  you  will  have  the  firft  Decimal  Figure  4. 
Then  having  wrjt  4  in  the  Quotient,  fubtrad  4X94184, 
or'376736  from  411000^  and  there  will  remain  34264, 
And  fo  having  added  two  more  Cyphers,  the  Work  ma^ 
be  carried  on  at  Pleafure,  the  Root  at  length  coming 
out  4709,43637,  &c. 

XLIL  But  when  *  the  Root  is  carried  on  hatf^tt^%  «r 
ahovey  the  reji  of  the  Figures  may  be  obtained  by  Divifim 
alone.  As  in  this  Example,  if  you  had  a  mind  to  ex- 
tfaa  the  Root  to  nine  Figures,  after  the  five  former 
4709,4  are  extrafied,  the  four  latter  may  be  had,  by  di- 
viding' the  Remainder  by  the  Double  of  4709,4  {a). 

Adc| 


XLII.  {a)  The  Divifion  by  the  Double  of  the  Rpot 
found  to  Half  the  Number  of  Places,  differs  from  the 
whole  Operation  of  Extraflion  in  this  ohiy,  that  the 
Square  of  each  Figure''  added  to  the  Root  is  not  now 
fubduiSled  from  the  Jlefol vend  j  now,  as  in  both  Opera- 
tions, the  additional  Figure  is  always  determined  By  the; 
£fft  Figures  tx>  (he  Left  of  the  Rcfolvend  arid  ot  the 
doubled  Root,  the  fame  Figures  will  be  determined  both 
ways  for  fo  many  Places  as  there  were  Figures  rightly 
determined  before,  but  no  further;  for  after  juft  fo  many 
fubfcquent  Diviflons,  thofe  Figures  of  the  Refolvend, 

:.  .  .........  ..  ;  j.^^^. 
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And  after  this  Manner,  if  the  Root  of  32976  «as  to 
be  eatraAed  to  five  Places  in  Numbers :  After  the  Fi* 
gures  are  pointed,  write  i  in  the  Quotient,  as  being  the 
rigure  wbofe  Square  i  X  i,  or  i,  is  the  greaceft  that  is 
contained  in  3  the  Figure  to  the  firft 
Point;  and  having  taken  the  Square  'lA  /,0.  ^^ 
of  I  from  3,  there  will  remain  2  ;  3^976  (i8i,S9 
then  having  fet  the  tv/o  next  Fi- 
gures, viz.  29  to  it,  (viz.  to  2)  feek  ^ 

how  many  tioaes  the  Double  of  i,      ^ 

or  2,  is  contained  in  22,  and  you  '     '  ^^ 

will  find  indeed  diat  it  is  contained  ^  ^* 

more  than  ten  times ;  but  you  are        . .        ^ 

never  to  take  your  Divifor  ten  times,      3^^    57 

no,  nor  nine  times  in  this  Cafe;  be-  3^^ 

caufe  the  Product  of  9  x  20,  or  261,        ,   v         ,^^  m,^ 

is  greater  than  229,  from  which  it     3^2)  215  (59»  «<^- 

would  be  to  be  taken.    Wherefore 

fay  only  8 :  And  then  having  writ  8  in  the  Quotient, 

and  fubtnuScd  8  X  28,  or  224»  therf  wiU  remain  5 ;  and 

having  fet  down  to  this  the  Figures  76,  feek  how  many 

times  the  Double  of  18,  or  36,  is  contained  in  57,  and 

Ea  will  find  x,  and  fo  wr(te  i  in  the  Quotient ;  and 
ving  fubtraded  i  x  361,  or  361  from  $76,  there  will 
remain  215.  Laflly,  to  obtain  the  remaining  Figures, 
divide  this  Number  215  by  the  Double  of  181,  or  ^62, 
and  you  will  have  the  rigut-e^  5^,  which  being  writ  lit 
the  Quotient,  you  will  have  the  Root  181,59^    . 

After  the  fame  way  |loot^  are  alfo  (extrafte^  oytof 
Decimal  Numbers^  ThHs  the  Root  of  329>76  is  18^1^9; 
and  the  'Root  of  3,2976  is  1,8152;  and.tbcRooj  pf 
0,032976  is.  0,18159,  and  fo  on*.  But  ^he  l^oot  of 
3297,6  is  57,4247  i  apd  the  Root  of  35^,976  is  s»74^47{ 
fl  4  And 


firom  which  the  Squaups  of  the  ^ded  Figure  were  not 
iiibdujled,  will  become  the  firft  toward  the  {!yeft-haod  pi 
the  Refolvend,  and  being  too  great  will  (when  divide^ 
by  the  doubled  Root)  detefmine  jthe  facceieding  Figures 
^thipRQOt<99|re9t« 


io6  EXTRACTION. 

Power y  fjfe.  and  thenfuch  a  Figure  is  to  be  writ  in  the  ^jm^ 
tisnt^  njohofe  greaUft  Power  (i.  e.  whofe  Cube^  if  it  be  a 
cubic  Power^  or  whoje  ^adrato-Cube^  if  it  be  the' fifth- 
Power  ^  (3  c,)  /hall  either  be  equal  to  the  Figure  or  Figurei 
before  lAefir-fi  Pointy  or  the  next  lefs  ;  and  then  having  jub^ 
trailed  that  Power  y  the  next  Figure  will  be  found  by  dividing 
the  Remainder  augmented  by  the  next  Figure  of  the  RefoheMy 
by  the  next  greai^  Power  of  the  ^olienty  muitiplied  bj  tba 
Indek  of  the  Power ^  iv  be  extradied;  that  isy  by  the  trifU 
Square  of  the  patient ^  if  the  Root  be  a  cube  one  ;  or  by  th^ 
fuhUupU  Biquadrate^  i.  e.  five  times  the  Bifuadrate^  if  the 
Root  be  of  the  fifth  Power ^  ifc.  And  having  again  fub^ 
traced  the  greatefi  Power  of  the  whole  Quotient  from  thefirfi 
Refolvend,  the  third  Figure  will  be  found  by  dividing  thai 
Remainder  angmented  by  the  next  Figure  of  the  Refolvend^  bf 
the  next  greatejl  Power  of  the  whole  Quotient  multiplied  by 
the  Index  of  the  Power  to  be  extrai^edi  and  fo  on^  in  infi^ 
Mum* 

Thus  to  extraft  the  Cube  Root  of  13312053,  the 
Number  is  firft  to  be  pointed  after  this  Manner,  viz* 
13312053.  Then  you  are  to  write  in  the  Quotient  the 
Figure  2,  whofe  Cube  8  is  the  next  lefs  Cube  to  the 
Figures  13  (which  is  not  a  perfeft  Cube  Number),  or 
to  the  firft  Point ;  and  having  fubtradied  that  Cube, 
there  will  remain  5  ;  which  being  augmented  by  the 
next  Figure  of  the  Refolvend   3,  and  divided   by  the 

triple 

commenfurahle.  But  though  they  are  incommenfurablcj 
with  Unity,  they  are  commenfurahle  in  Power  with  it  j 
bccaufe  their  Powers  are  Integers,  i.  e.  Multiples  of  aa 
Unit  ;  they  may  alfo  be  fometimes  commenfurate  one  to 
another,  when  they  have  a  common  Meafure,  by  which 
being  divided  they  have  rational  Coe£5cients  combined 
With  the  Root  of  that  common  Meafure  j  for  their  Ratio 
is  then  efFable  by  Numbers,  to  wit,  by  thofe  Coeffi- 
cients. 

1^63.  The  Difference  between  an  irrational  Root,  and  thi 
next  greater  and  next  lefs  rational  RjootSy  of  the  fame  Namt 
with  tti^  is  lefs.  than  Unity  :  For  the  rational  Roots  of  the 
fame  Name,  which  are  the  next  greater  and  lefs,  areLaf*  . 
terals  (161),  and  differ  but  by  Unity. 
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triple  Square  of  the  Quotient  2,  by  feeking  how  many 
times  3  X  4»  or  12»  is  contained  in  53,  it  gives  4  for  the 
fecond  Figure  of  the 

QuQtient.    But  fince  ,1^,1/n/-. /o^- 

2-eCubcoftheau,^    Subt«a  the  Cube 'r^"'^^''' 

tlCOt  24»   V136.    13824  _ 

would  come  out  too  %  / 

great  to  be  fubtraft.  12)  rem,  53  (4  or  3 

ed    from  the  Figures  Subtrad  Cube  12167 

13^12    that  precede  ^^»^^  v."*^  i^iwy 

thelecondPoint,there  1587)  rem.  1 1450  (7 

thcQuotient23being  ^^'^^'^'  ^ 

in  a  feparate  Paper  or 

Place  multiplied  by  23  gives  the  Square  529,  which 
again  multiplied  by  23  gives  the  Cube  12167,  and  this 
taken  from  133 12,  will  leave  1 145;  which  augmented 
by  the  next  i  igure  of  the  Refolvend  O9  and  divided  by 
the  triple  Square  of  the  Quotient  2^y  viz.  by  feeking 
how  ipany  times  3  x  529,  or  1587,  is  contained  11450» 
it  gives  7  for  the  third  Figure  of  the  Quotient.  Then 
the  (Rodent  237,  multiplied  bv  237,  gives  the  Souare 
^6 169,  which  again  multiplied  by  237  gives  the  Cube 
1 331 2053,  ^^^  ^^'^  taken  from  the  Refolvend  leaves  0« 
Whence  it  is  evident,  that  the  Root  fought  is  237. 

And  fo  to  extrad   the  Quadrato-Cubical  Ropt  of 

J6430820,  it  muft  be  pointed  over  every  fifth  Figure» 
and  the  Figure  3,  whofe  Quadrato-Cube  (or  fifth  Power) 
04^  is  the  next  iefs  to  364,  viz*  to  the-firft  Point  muft  be 
"wnt  in  the  Quotient.  Thep 

iS^^SPt^let  364308^(3^5 

t^ere    remains   121,  which 
augmented  by  the  next  Fi-  ^^^^  7^;^ 

gwrepf  theRefqlvend,vi2. 3,  4^V  ^  l^ 

and  divided  by  five*  times  the 

iimes  5  X  81»  or  405,  is  con- 

^oed  in  1213,  it  gives  2  for  the  fecond  Figure.     That 
'    '  jl  Quotie^it 
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(^btient  32  being  thrice  multipli^  by  itlelf,  mikes  the 
Biquadr^te  1048576 ;  and  this  again  multiplied  by  32^ 
makes*  the  QHadrato-Cube  33554432^  which  being  fub-. 
9z&bd  frofti  the  Refolvcnd  leaves  287638S.  Therefore 
32  is  the  Integer  Part  of  the  ftoot.  But  not  the  exa£k 
Root ;  wherefore,  if  you  have  a  mind  to  profecute  the 
Work  in  Decimals,  the  Remainder,  augmented  by  a 
Cypher,  muft  be  divided  by  five  times  the  aforefaid  fii- 
quadrate  of  the  Quotient,  by  feeking  how  many  times 
5  X  16485^^6,  6t  5242880,  is  contained  in  2876388,0. 
and  there  will  come  out  the  third  Figure,  or  the  nri 
Decimal  5,  And  fo  by  fubtraSing  the  Quadrato-Cube 
of  the  Quotient  32,5  from  the  Refolvcnd,  and  dividing 
the  Remainder  by  five  times  its  Biquadrate,  the  fourth 
Figure  may  be  obtained.     And  fo  on  in  infinitum. 

XLIV.  iHiH  thB  Biquadratic  Root  is  to  be  exiraSfed^  you 
tnay  extract  twice  the  Square  Rodt,  beca&fe  ^4  is  as  inuch  as 
^i  X  2.  And  'dbben  the  Cubo-Cublc  Root  is  to  be  ektraStei^ 
you  fnayfirji  eiUltaSi  the  Cube  Rooty  and  then  the  Square  Itoot 
if  that  Cube  Rooty  becaufe  ^6  is  t^e  fame  as  -/*  x  3  ; 
"C^heilce  fomc  hav6  called  tnefe  Roots  not  Cdbo-Cubi^ 
ones,  but  Quadrato-Cubes,  and  the  fame  is  to  be  ob- 
ferved  in  other  Roots,  ^hofe  indexes  are  not  prime 
Nurribers. 

XLV.    TTfe  Extraction  of  Roots  out  of  Jimple  Algebraic 

^uantitiesy  is  evident,  even  from  ihe  Notation  iifelf^  as  that 

i/aa  is  tf,  and  ^2!t  ^ aacc  is  ac,  and  tYizt  t^^aace 

js  j^ac,  and  that^49^7^xx  is  ^aax.     And  alfo,  that 

fl*  v^fl*     ,    aa         ,    ,         ^  ^*  *^     .    ^^^ 

a/ — ,   of  -7—,  IS  — 5  and  that  J^ \    is  — ' — ; 

^  cc*  ^cc*         c  ^      cc    ^  c 

Qaazz        %a% 
and  that »/  ^—^rj  >  is  ^-r-  ;  and  that  ^  ^\%\i  and 

%b^          %bb 
that  4/' :,  i^ ;   and  that  L/^aabb,  is  i/ah. 

Moreover,  that  b  ^aacc^  or  b  into  t^/aaec^  is  b  into 

.    •  *^  <^oa%%    .  %m% 

acy  QX  abc.    And  that  3^  ^   iTbT^  *^  ^^  ^  TT  *  ^' 

qaex 

IF' 
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f--7-.    And   that    ^^  ^     i/^V^^ — 5    »  '' ^  ^-  X 

r i  or  .,  ^.    .  . :: .     (/I) 

XJLVL  I  &7»  tbclb  are  all  evident,  bA:attfeit  will  af^ 
year»  at  iirft  Sight,  that  the  propofed  Quantities  ace  pro* 
tkic^  by  multiplying  the  Rooyts  'into  themfelves  (as  aa 
fomi  aycoj  aacc  from  ac  into  ac^  gaacc  from  3^^ 
into  ^acy  &&)  But  fc;^«;»  Quantities  cmfijl  cf  ftfuer^i 
%€rws^  tbf  Btifoicfi  is  pirffrmtd  ai  in  Numbers.  Thu^,  to 
cxcia^  the  Square  &OQt  out 

«£  a/z-{r  aai -fi  &&,  in  the    «a -f-^^^  +  ^^  (^ +  * 
firft  Place,  write  the  Root  of    a  a 
the  firft  Term  aoy  vi^.  0  in    *-* 
the  Quotient,  and  having  fub-    o 
tia^d  its  Square  a.  X  n,  there         '^aab  -^  6h 
«in  remain  zai  -f-  ib  to  find        ■ 
the  Remainder  of   the  Root  o         o 

by»  Say,  therefore.  How  many 

times  is  the  Double  of  the  Quotient,  or  2  ^ ,  contained 
in  the  firftTermof  the  Remainder  2abl  lanfwer^; 
tb^refiore  write  b  in  the  Quotient,  and  having  fubtra£le4 
the  Produft  of  b  into  2/7  -|"^>  or  2ab  +  bb^  there  will 
remain  nothing.  Which  (hews  that  the  Work  is  finifhed, 
the  Root  coming  out  a  +  b  (e). 

And 


XLV.  (J)  The  Roots  of  fingle  Quantities  are  ex- 
tra<3ed  by  dividing  their  Indices  by  th^  Number  deno- 
xninating  their  ^oot  (85).  If  the  Inde;c.of  the  Root  be 
apivifor  of  the  Index  of  the  Power,  the  Root  will  be 
rational ;  otherwife,  irrational  (86).  If  the  Index  of 
the  Root  be  even,  the  Root  may  be  pofitive  or  negative, 
if  the  PeweJ^  is  pofitive  (8^.  If  the  Power  is  negative, 
no  Root  with  an  even  Index  can  be  affigned  (89).  If  the 
Ibde^  of  the  Root  l^p  od<jt  the  Root  \vill  have  the  fame 
Sign  with  the  Power  or  given  Quantity  (88J. 

aLVI.  (e)  The  general  Theorem^  Number  lojy  fir  the 
hvolutieu  efBiifmialf^  unU  ferve  ajfii  for  their  Evolution  ; 

becauio 


no  EXTRACTION 

And  thus»  to  extraft  the  Root  out  of^^-f-  60^6  + 
ca^bb  -^  I2ab^  +  4^%  firft,  fet  in  the  Quotient  the 
Koot  of  the  iirftTenn  a\  viz.  00,  and  having  fub- 
traded  its  Square  aaxaa^  or  «%  there  will  remaia 
601^  -|-  jiaabb — iiab^ -^-  4*^  to  find  the  Re- 
mainder of  the  Root.    Saf,  therefore,  How  many  times 
18  2a a  contained   in  ba^bi  Anfwer  ^abi  wherefore 
write  30^  in  the  Quotient,  and  having  fubcraded  the 
Produd  of  30^  into  2aa  +  30^,  or  60'^  -|-  ^aaii"^ 
there  will  yet  remain  ^^  ^a^bb*^  i2ab^  -|-  ^b^  ta 
carry  on  the  Work.    Therefore  fay  again,  How  manjr 
times  is  the  Double  of  the  Quotient,  viz.  200  -f-  6«^ 
contained  in  —40 aii  — 120  AS  or,  which  is  the  fanae 
Thing,  fay.  How  many  times  is  the  Double  of  the  firflr 
Term  of  the  Quotient,  or  200,  contained  in  the  firft 
Term  of  the  Remainder  — ^.aabbi  Anfwdr  —  a*i» 
Then  having  writ  *^  ibb  in  the  Quotient,  and  fub* 
tra£ted  the  Frodu£i:  —  2bb  into  200  -|^  6ab  «^  2^^, 
or  —  ^aabb  —  120*  *  -|-  4**,  there  will  remain  no- 
thing.   Whence  it  follows,  diat  the  Root  is  00  -|-  3^^ 

^2bb. 

c^^(^a}b'\^Saabb^^i2€i^'\'/^tl^  {4ta^^ah'^2ht' 

0» 

o. 

O       '^^aabb 

—  ^aabb  —  I208»4"4*i 
O  O  o^ 

And  thus  the  Root  of  the  Quantity  xx-^ax  -{-  ^^aa 
IS  X  —  4  0  J  and  the  Root  of  the  Quantity  jr4  -|-  4^1  -«. 
8^  +  4  is  j^jT  +  27  —  2;  and  the  Root  of  the  Quan- 
tity 


becaufe  to  extrad  any  Root  of  a  given  Quantity,  is  the 
fame  Thing  as  to  raife  that  Quantity  to  a  Power,  whofe 
Exponent  is  a  Fra£lion  which  has  its  Denominator  equal 
to  the  Number  which  cxprcffcs  the  Nan^e  of  the  Root  to 
be  cxtraaed  (78), 


1.1^ 


O  F     R  O  O  T  S.  in 

ttty  i64»*  —  24««**  +  9*4  +  M*ijr#  _  t6eaH 
+  4*4  is  3«,  _4tf«  ^  2^3,  as  nay  appear  by  the 
ViMffttiu  underneath: 


xx^ax  +  ^aa{x^i 

XX 

'  o 

~ax  +  iaa 

« 

o         o 

,  —  4«« 

o              o 

0    —4/7 

-4;'/-87+4 
0        o        o 

2jr  — 2 

XLVII.  If  you  would  cxtxwBt  the  Cube  Root  of 
a^  +  3aai  '^  'i^abb  ^  i^y  the  Operation  is  perform- 
ed thus: 

«s  +  ^aab  -f  30»»  +  »1  (tf  4-  * 

3««)  o4-3^^*(* 

CO  CO 

Extna  firft  the  Cube  Root  of  the  firft  Term  « % 
viz.  n,  and  fet  it  down  in  the  Quotient :  Then,  fub- 
trading  its  Cube  «'»  fay,  HownaAy  times  is  its  triple 
Square,  or  301?,  contained  in  the  next  Term  of  the  Re- 
mainder J0tf»?    and  there  oomes  out  »3    whetefore 

write 


«2  REDUCTION 

write  6  iu  the  Quptitnt»  and  fubtrafUog  the  Cube  of 
the  Quoftieiit^  sbf^ti^  WiQ  remaiA  o.  Therefore  a-f*  ^ 
is  the  Root.  i 

After  the  fame  maon^iF,  if  the  Cube  Root  is  to  be         | 
cxtrafted  out  of  z^  +  62^  -^  402^  +  96a  —  64»   it 
will  come  out  z  z  -{-  2  z  -^  4»     And  fo  in  higher  Roots. 


Ofibf  REDUCTION  0/  FRACTIONS,  and 
RADICAL    QUANTITIES. 

THE  Redu£lion  of  FraSipns-and  Radical  Quantities 
is  of  Ufe  in  the  preceding  Operations,  and  that 
cither  to  the  Icaft  Terms,  or  to  the  fame  Denomination. 

Of  the  Reduction  o/FhAcrioss  to  the  bajl  Terms. 

XLVIII.   pRACTIONS  are  reduced  t(^  the  leqftTermSy 
•^    by  dividing  the  Numerators  and  Dimmnators 

auc 

iy  the  greateft  Divifor.    Thus  the  Fraflion  -j-  is  re- 

aa 

duced  to  a  more  Simple  one  -^  hy.  dividing  both  aac 

and  he  by  r  j  and  tjt"  is  reduced  to  a  more  iimple  one 

—  by  dividing  both  203  and  667'by  29 ;  and    >/,— 

v  a  a 
is    reduced    to  - — r    by   dividing    by    29  c.     And    (m 

6a^  ^^  qacc   '  2^^  — 3^^,     ,.  ...      , 

-T i becomes    —■ ; by  di viamg  by  3  a. 

oaa  +  2^^  2tf-f-^ 

ai^^  aah  4i  ahh  -^B-*'  aa-^bh^      ,. 

And — c become  *    "         by  di- 

Viding  by^*-*  j.  (<?). 

And 


XLVm,  {a)  EucI.Vn.3s. 


OP    F  RAC  T  I  O  NS.  113 

And  after  this  Method,  the  Terms  after  Multiplica-^ 
lion  or  Divifioiiy  may  be  for  the  moft  part  abridged.     As 

^ab^       oacc 
if  you  were  to  multiply -v  ^YfTlf  or  divide  it  by 

«J 
hdd  i%aab^cc 
lh)y  thcr6  will  come  out  — 7 — j— ,  and  by  Rc- 

daabb 
du6tion        ,^      .    Biit  in  thefe  Cafes,  it  is  better  to  ab^ 

hreviate  the  Terms  before  the  Operation^  by  dividing  thofe 
TTermsfirft  ^  the  greateji  common  Divifor^  which  you  would 
he  obliged  to  do  afterwards  (^);  Thus,  in  the  Example 
before  us,  if  I  divide  %ah^  and  hd d  hy  the  common 
Divifor  ij  and  ^ccd  and  gacc  by  the  common  Divifor 

2abb 
2ccy  there  will  come  out  the  Fraftion  —t —  to  be  mul- 

3^}  dd 

tiplied  by  j^^  or  to  be  divided  by  —,  there  coming  out 

— 77—  as  above.    And  fo  —  into  r  becomes  —  into 
di  c  b  I 

I         ac  an  b 

Tj  or-T--     And  —  divided  by  -  becomes  tf/?  divided 

by  b^  or  -7- .     And  ■  into  r~  becomes 

'  b  ^x  aa  +  ax 

a  — -  X     '       c         0  c  7    ' 

•■      f  into  -,  or  —  -^  ^ .    And  28  divided  by  ^  be- 

comes  4  divided  by  - ,  or  li. 

Of 

^b)  Number  145  and  149. 

{c)  Hence  the  Rule,  Multiflicatio  comparat  heterologos 
TermimSf  et  multiplicat  homokgos :  Divifio  comparat  homo* 
logos  Temdnosy  et  multiplicat  heterologos.  That  is,  the  hete- 
rologous Terms  before  Multiplication,  and  the  homolo^ 
«w»  Tenw  before  Divifion,  are  to  be  reduce*  to  their 
loweil  ExpreiBoas. 

1 
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XLIX.  'TPO  this  Head  may  be  referred  the  Invention 
JL  x>f  Divifbrs,  by  which  any  Quantity  may  be 
divided.  If  it  he  ajimple  ^antity^  dhide  it  iy  its  leafi  Z>i^ 
vifor^  and  the  patient  by  its  leajf  Divifor^  till  there  remain 
0H  indiviJiMe  ^otienL,  end  you  will  have  aU  ihe  prime  £)i^ 
vifors  of  that  Quantity.  Then  multiply  together  each  Pair  of 
tiefe  Divijhrsy  each  Ternary  or  three  of  ihem^  each  ^uctlet^ 
naryy  Vc.  and  you  will  alfo  have  all  the  compotmded'Divifors» 
As,  if  all  the  Divifors  of  the  Number  60  are  required» 
divide  it  by  2^  and  the  Quotient  30  by  2,  and  the  Quo- 
tient  15  b)r3,  and  there-will  rcmaiii  the  indivifible  Quo- 
tient 5.  Thwefore  the  prime  Divifors  are  i,  2, 2, 3, 5  j 
thofe  compofcd  of  the  Pairs  4,  6,  10,  15 ;  of  the  Ter- 
naries 12,  20,  30 ;  and  of  all  of  them  60.  Again,  If  all 
the  Divifors  of  the  Quantity  ^labh  arc  defined,  divide 
it  by  3,  and  the  Quotient  j  abbbyj,  and  the  Quotient 
ahbhy  a^  and  the  Quotient  ib  by  bj  and  th^ae  will  J^e-- 
main  the  prime  Quotient  b.  Therefore  the  prime  Di- 
vifors are  i,  3»  7»  tf >  ^9  ^ ;  and  thofe  eompofed  of  Ae  Pairs 
21»  3  ^>  3  *j  7  ^9'jby  ab^  bb;  thofe  compofed  of  the  Ter- 
naries 21  tf,  21  A,  3^*,  3*^,  Jjaby  ybbi  abk^  and  thofe 
of  the  Quaternaries  ziab^  iibbf  3*^*»  7tfW ;  ttoir  of 
the  Quinaries  it  abb.  After  the  fame  Way  all  the  Di- 
vifors of  2a bi  -^fyaai  arc  x, a»  «, ^b  —  3«fi  ^Oj-aM 
-^6aCi  abb  — ^aac^iabh  '-^  baac  {a). 

/  .  i^^  If 

II  I  I     1  ■    I  ill  II 

XLIX.  {a)  For  the  Produft.qf  all  thoic  prime  Divifoci 
"being  equal  to  the  Dividend,  and  prime  Qtiantities  being 
prime  to  each  other  (Eucl.  VIL  31),  dvecy  other  prime 
Quantity  will  be  Prime  tp  each  of  thofe  Ditflcrs,  and 
confequcntly  Prime  to  their  Produii  (Ettd.  VIL  30% 
that  is,  to  the  Dividend,  and  therefoie  camoi  tscafam 
it )  that  is,  the  Dividend  wiil  admit  ik>  other  prime  Di* 
viforsy  and  therefore  jio  other  compound  DanforSy  kit 
fuch  as  are  compounded  of  its  own  priou  Diviibrs* 
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.    t,  j/i^  a  ^aatity  is  £vi4e4  h  ^  i^finpk  tOvifori^ 
it  r$moins  JiiU  c9mpoim4idy  and  you  fufpeQ  it  b^ijm^  f9mr 

rf  the  Lftttrs  in  /V,  W  inthe  Roam  rfthi  iMUrfybflittiti 
fmtffivdy  thne  tn- JMrtTmns  of  this  4ritbm£Um  Pr^^f^ 
fion^  viz.  3, 2, 1,  o,  -^  I,  -*-  2,  and  let  the  rffi^ing  Termt 
together  vHih  all  th^ir  Divifors,  by  the  correfpimding  Terms 
of  the  Prttgreffiisn^  fating  down  alfo  the  iigns  of  the  Divi/irsy 
htb  cffirmattve  and  negative.  Then  Jet  alfo  iown  the  Aritbs» 
m£ti<al  ProgreffioHs  which  run  througi  the  Divifors  of  all  the 
Numbers  frocetding  from  the  greater  Terms  to  the  lejs^  in  the 
Order  that  the  T^rmsof  the  Progteffion  3,  2>  i»  0,  -^  I,  —  2 
proceed^  and  whofe  Terms  fiffer  either  by  Unity  ^  or  by  fom^ 
Nwnher  which  divides  the  hi£heji  Term  of  the  Quantity  pro^ 
pofed.  Vttny  Progreffton  of  this  Kind  occurs^  that  Term  of  it 
whieb  pands  in  the  fame  Line  with  the  Term  0  of  the  firfi 
Progreffion^  divided  by  the  Difference  of  theTerms^  and  joined 
with  its  Sign  to  the  aforefaia  Letter,  will  compofe  the  ^an^ 
tity  by  which  you  are  to  attempt  the  Divijion  ( j)« 

I  2  As 

*  I  I     »  i"  II  nil    ■    ]i  ■     1  III  ir .UN         I       I       J    II      III  I    Ml 

L.  {h)  B7  Supj>o&tion  the  Diviror(when  found)  mea^ 
fures  the  Dividend;  if,  therefore,  the  f;aAe  Number  is 
fubftituted  in  both,  the  Number  refulting  frdb  rhe  Sub-^ 
ftitutiotY  in  the  Divifor  will  itieafure  the  Number  refult- 
ing from  the  Subftitution  in  the  Dividend  :  But  the  Di- 
TXior  being  fuppofed  to  be  of  one  Dimenfion,  and  r  Bi-^ 
home»  tbat  is,  of  the  Form  « *•  ±  tf,  the  Numbers  re- 
fulting from  the  fucceffive  Subftitution  of  the  Laterals  iit 
its  firft  Member  in  the  Place  of  x,  will  form  an  arith<» 
metical  Progreffion,  whofe  common  Difference  will  be  H^ 
the  Coefficient  of  the  firft  Member  (46)  j  and  they  aie 
alfo  Divifors  of  the  Numbers  refulting  from  the  Subfti- 
tution of  the  fame  Laterals  in  the  Dividend :  But  when 
Cypher  is  fubftituted  for  x  in  the  Divifor,  (its  firft  Mem» 
ber  being  deftrojred  by  the  Multiplication  with  0)  the 
Nuidber  refulting  muft  be  ^,  its  fecond  Member;  there- 
fore that  arithmetical  Progreffion,  whofe  common  Dif- 
ference is  the  Coefficient  of  the  firft  Member  of  the  Dii» 
▼ifoTi  and  whofe  Term^  which  is  placed  over-againft 

Cypher^ 
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•  As  if  the  Quaittitybc  jr'  —  jrar  —  lo*  +  6,  by  fub- 
ftitttting^  one  by  one,  the  Terms  of  this  Progrcflion 
I.  o.  —  I,  for  X,  there  will  arifc  the  Numbers  —  4,  6, 
4.  14,  which,  together  with  all  their  Divifors,  I  place 
right  agajnft  the  Terms  of  the  Progrcffion  1.0.  —  i .  after 
this  Manner. 


I 

4      I.  a.  4- 

+  4- 

0 

6      I.  2.  3.  6 

+  3. 

—  I 

14      I.  2.  7.  14 

+  2. 

Then,  becaufc  the  higheft  Term  x^  is  divifible  by  no 
Number  but  Unity,  1  feek  among  the  Divifors  a  Pro- 
grcflion whofe  Terms  differ  by  Unity,  and  (proceeding 
from  the  higheft  to  the  lowcft)  deer  cafe  as  the  Terms  of 
the  lateral  ProgreflTion  i.  o.  —  i.  And  I  find  only  one 
Progreflion  of  this  Sort,  viz.  4.  3.  2*  whofe  Term  there- 
fore 


Cypher,  is  the  fccond  Member  of  the  Divifor,  muft  run 
through  the  Divifors  of  the  Numbers  refulting  from  the 
Subftitution  of  the  fame  Laterals  for  x  in  the  Dividend. 
.  Now  the  firft  Member  of  the  Divifor  is  to  meafure  the 
firft  Termof  the  Dividend,  and  the  common  Difference 
of  the  Progreflion  is  to  be  the  Coefficient  of  the  firft 
Member  of  the  Divifor  >  therefore  that  Progreffion,  run- 
ning through  the  Divifors  of  the  Numbers  refulting  frora 
the  Subftitution  of  the  Laterals  in  the  Dividend,  is  to  be 
chofen,  whofe  common  Difference  meafurcs  the  Coeffi- 
cient of  the  firft  Term  of  the  Dividend.  But  as  it  often 
"happens  that  the  Coefficient  of  the  firft  Term  of  the  Di- 
JVJdend  will  admit  various  Divifors,  and  confequentiy  the 
Progreflions,  whofe  common  Differences  wiil  all  meafure 
it,  will  be  various  ;  fo  among  the  Divifors  to  be  formed 
according  to  this  Rule,  Trial  muft  be  made  to  diftin^uifli 
the  true  one.  It  is  evident,  however,  that  if  the  Divi- 
dend admits  a  Divifor  of  this  Form,  it  will  be  found 
among  the  Divifors  framed  according  to  this  Rule  ;  cono 
fequently  if  no  Divifor  of  this  Form  can  be  found  bv  the 
"kule,  or  none  which  will  divide  the  Dividend»  the  l3ivi« 
'dend  admits  hot  a  Divifor  of  this  Form. 
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fort  4*  3  I  chufe,  which  ftands  in  the  fame  Line  with 
file  Term  o  of  the  firft  Progreffion  i.  o.  —  I-  and  I  at- 
tempt the  Divifion  hj  x  +  2^  ^^^  ^^  ^^  fucceeds,  there 
coming  out  jtjt  —  4*  -f-  2.. 

Again»  if  the  Quantity  be  6y^  —  j'J  —  21  yy  -(-  3jf 
-|-  ao»  for  y  I  fubltitute  fucceiSvely  2.  i.  o.  •-*  i.  —  2. 
and  the  refulting  Numbers  30.  7.  20.  3.  34.  with  all 
their  Divifors,  I  place  by  them  as  follows* 


2 

30 

I.  2.  3.  5.  6. 10.  15.  30 

+  10 

I 

7 

1.7. 

t  7 

0 

20 

I.  2.  4-  5.  10.  20 

+  4 

I 

3« 

»•3- 

+  I 

s  1 

34 

I.  2. 17.  34 

—  2 

And  among  the  Divifors  I  perceive  there  is  this  decreafing 
arithmetical  Progreffion  +  ^o*  +  7-  +  4«  +  !•  —  2. 
The  Difference  of  the  Terms  of  this  Progreffion,  viz.  3, 
divides  the  higheft  Term  of  the  Quantity  6y^.  Where- . 
fore  I  adjoin  to  the  Letter  y  the  Term  -|-  4,  which 
ftands  in  the  Row  oppoGte  to  the  Term  o,  divided  by 
die  Difference  of  the  Terms,  viz.  3,  and  I  attempt  the 
Divifion.  by  y  +  -f .  or,  which  is  the  fame  Thing,  by 
3/+4f  ^^^  theBufinefs  fucceeds,  there  coming  out 

^j'  —  syy-^zy  +  S' 

♦ 
And  fo,  if  the  Quantity  be  24«'  —  50  tf*  +  49^' 
—  140«*  +  64^  -|-  30  ;  the  Operation  will  be  as  fol- 
lowa» 


2' 

4« 

I.  2.  3.  6.  7.  14.  21.  42 

+  3-+  3-+  7- 

I 

23 

1.23       ■        •' 

+  1.—  I.+  1. 

0 

30 

I.  2.  3.  5.  6.  10.  15.  30 

--» — s—  s. 

I 

297  1 

I.  3.  9.  H.  27.  33.  99.  297 

—  3— 9— "• 

Here  are  three  Progreffions,  whofe  Terms  —  i .  —  5«  —  5> 
divided  by  the  Differences  of  the  Terms  2,  4,  6,  give 
three  Divifors  to  be  tried  ^?  —  ^,  tf_|,  and  tf— |.  And 
the  Divifion  by  the  lafl  Divifor  tf  —  4,  or  6  <j  —  5,  fuc- 
cceds^  there  coming  out  4^i*— 5/2'  +  4<rj— 20<5r— 6. 


LI.  If 
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LT,  If  nd  DiVifor  dccur  by  this  Method,  o^  nont  tlmt 
divides  the  Quantity  pfopofisd,  we  arr  to  conclqde,  tbaf; 
tfiat  Qaancity  does  A^  admit  a  Divifor  of  one  Dimen- 
6on.^  But  perhaps  it  may,  if  it  be  a  Quantity  of  more 
^m  three Dimenfions  (r),. admit  a  Divifor  of  twoDi- 
Itienfions.  And  if  fo,  that  Divifor  will  be  found  by 
this  Method.  Subjlitute  in  that  ^antitfjbr  the  Lhut  or 
species  as  hifirty  /bur  dr  men  firfns  tf  Ms  ProgreffbH 
3,  2,  I,  o.rrrt.  —  1.  —  3.  Let  dU  ih  Dhifirs  tf  the 
lumbers  that  refub  be  faigly  aided  to  and  JubtraSed  from  the 
Squares  of  the  correfp^ndent  Terms,  of  thatrrogreKon,^  mubi- 
plied  into  fotne  Numeral  Divifor  of  the  higheft  Term  of  the 
Quantity  propofed^  and  right  agoinjt  the  Progrkjlidn  let  be 
placed  the  pufns  and  Differences.  Then  neie  all  the  collateral 
Progrejjions  which  run  through  thoji  Sums  and  Differences. 
Then  fuppofe  J^C  to  be  aTerm  ofjuch  like  Progrejjions  that 
Jlands  agatnji  the  Term  o  of  the  prjl  Progreffionj  and  4I  ^ 
the  Difference  which  arifes  by  fubduifing  +  X^from  the  mtci 
fuperior  Term  which  Jlands  againft  the  Term  I  of  the  frjl 
Prorreffion^  and  A  to  he  the  aforefaid  numeral  Diwfor  of 
the  TnghfftTermj  and  I  to  ^  the  Letter  which  is  the  propfjed 
Suantity^  then  All  ±Bl  ±;  C  wUl  be  the  Divifor  to  be 
tried  {!). 

Thus 

LI,  (f )  164.  ff'a  compound  ^uantitj  of  three  Dimenfions 
pimits  not  a  Divtfor  of  one  Dimenjion,  it  luill  not  admit  one 
pftwo ;  and  uni^erfa^^  a^uanitty  which  etdmits  not  DM" 
firs,  whofe  Indices  are  Ufs  than  Half  its  own  Index ,  will  mt 
fdndt  Btvifors  whofe  lieliees  are  greater  them  haU'  its  mm 
IndeXf  and  wbkb  would  be  the  Indices  of  the  C^tes,  if 
it  was  diviiible  by  fuch  Divifon ;  for  being  indiviiible  by 
(he  Divifbrr,  it  will  be  fo  by  the  Quotes. 

(d)  If  th)e  fame  Nufnber  t>e  fubftituted  in  both  Divt^ 
for  and  Dividend,  the  Number  refuking  from  the  Subfti* 
tution  in  the  Divjfor  will  divide  the  Number  refultlng 
from  the  Subftitution  in  the  Dividend  :  But  the  £>iviror 
being  of  two  Dimenfions,  that  is,  a  Trinomc  A/*  + 
B/  +  C,  Its  firft  Term  is  the  Square  of  the  Quantity  re- 
preftnted  by  /,  multiplied  into  fome  Submultiple  A  of 

the 
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*  Thus  fiippofi:  the  psopofed  QiM^^^  to  be  4r4  -«  « 3  .^ 
S  Jr  *  +  12  jf  —  6,  for  *  I  wriu  fucccffivcly  3,  2,  i,  o. 
—  I,  —  2s  and  the  Numbers  that  come  out  39«  6«  i. 
— «  6.  -—  21.  «—  26.  I  difpoTe  or  place  together  with 

1 4  their 


the  Coefficient  of  the  highcfi  Term  of  the  Dividend  ; 
and   if   the  whole  Divifor   was  fubduded  from  its  fir  ft 
Term,  the  Refidue  would  be  its  fecoiid  and  third  Terms 
with  contrary  Signs  4!  B/  X  C  (XXVII)  ;  and  if  the 
Laterals  2,  i>  o,  —  I,  —  2,  &c.  were  iucceffiveljr  fubfti- 
tuted  for  /,  in  the  firft  Member  tp  B  /  of  this  Refidue, 
the  refulting  Members  would  defcend  in  an  arithmetical 
Promffioh,  wbofe  common  Difference  is  the  Coefficient 
of  the  firft  Member  of  the  Refidue  ;  and  confequentty, 
if,  in  order  to  find  this  comm9n  Difference,  each  Term 
of  this  Progreffion  was  fubduded  from  the  next  Supefior, 
the  Refidue  would  be  the  Coeffkient  of  the  fecond  Mem- 
ber of  the  Divifor  with  a  contrary  Sign  (46) ;  and  when 
O  were  fubftituted,  the  refulting  Number  would  be  the 
Number  right  a^ainft  Cypher  in  the  lateral  Progreffion, 
to  wit,  the  laft  Memberof  the  Divifor,  with  a  contrary 
Sign.    Therefore  if  the  fame  Laterals  2,  i,  0,  — ',  —  a, 
be  fuccefively  fubftituted  for  /  in  the  Dividend  ;  and  if 
all  the  Divi(ors  of  the  refulting  Numbers  be  feveraliy 
fubduded  from  the  Squares  of  the  fubftituted  Laterals, 
multiplied  into  the  Coefficient  of  the  firft  Term  of  the 
Divifor,  to  wit,  the  Submuhiple  of  the  Coefficient  of  the 
higheft  Term  of  the  Dividend  ;  there  will  be  an  arith- 
metical Progreffion  in  thole  Refidues,  whofe  common 
Difference   being  fpund  by  fubduifting  any  Term  of  it 
from  the  next  Superior  (confequently  by  fubdufiing  the 
Term  right  againft  Cypher  in  the  lateral  Progreffion 
from  its  next  Superior)  will  be  the  Coefficient  of  the 
fecond  Term  of  the  Divifor  with  a  contrary  Sign  ;  and 
vhofe  Term,  which  is  right  againft  Cypher  in  the  Pro- 
greffion of  Laterals,  is  the  laft  Term  of  the  DivifcM*  with 
a  contrary  Sign.    Now  becaufe  from  the  Subftitution  of 
a  Lateral  for  /,  a  negative  Number  might  emerge ;  and 
that  to  fubdud  a  Negative  is  equivalent  to  adding  it  affir- 
matively J 
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their  Divifors  in  the  fame  Line  -with  them,  and  I  ad4 
and  fiAtraa  the  Divifors  to  and  from  the  Squares  of  the 
Terms  of  the  firft  Progreffion,  multiplied  by  the  Nu«^ 
meral  Divifor  of  theTerm^jr+,  which  is  Unity,  viz, 
to  and  from  the  Terms  9.  4.  i.  o.  i.  4,  and  1  dif- 
pofe  Hkewife  the  Sums  and  Differences  on  the  Side. 
Then  I  write,  as  follows,  the  Progrcffions  which  ocr 
cur  apiong  the  fame.     Then  I  pake  ufc  pf  tfee  Terms 

of 


natively 3  therefore  .the  affirmative  Divifors  of  the  rcr 
fulting  Numbers  are  not  only  to  be  fubdufted  from  the 
Squares  of  the  fubftituted  Laterals  multiplied  into  the 
Submultiple  of  the  Coefficient  of  the  higheft  Term  of  the 
Dividend,  but  alfo  to  be  added  to  theip,  that  by  this  Me- 
thod the  negative  Divifors  may  alfo  be  fubdufied  from 
them.  Now  becaufe  it  piay  be,  that  the  common  Dif- 
ference of  the  Progreffion,  which  runjs  through  the  Re- 
fiducs,  may  not  be  thp  Coefficient  of  the  feco;id  Term  of 
the  Divifor  (as  in  Art.  L),  with  its  Sign  changed;  and 
jnoreover,  becaufe  the  Coefficient  of  the  higheftTcrm  of 
the  Dividend  may  admit  various  Divifors ;  and  becaufp 
thp  afTumed  Subqiultiple  pf  it  may  not  be  th'e  Coefficient 
of  the  firft  Term  of  the  Divifor  ^  therefore  Trial  is  to 
diftinguifh  among  the  Divifors,  formed  by  the  Rule,  this 
true  ones.  However,  the  more  Laterals  there  arc  fub- 
ftituted for  the  Letter  in  the  Dividend,  the  fewer  are  the 
Divifors  which  are  to  be  tried  ;  for  tjio*  various  Progref- 
iions  may  occur,  yet  they  will  all  be  at  laft  broken  off, 
thofe  only  excepted,  from  which  the  true  Divifors  can 
be  formed,  by  the  preceding  Rules,  Becaufe  any  Pro- 
greffion being  indefinitely  continu^^d,  and  a  Divifor  being 
thereby  formed,  ^tis  plain  that  any  Number  being  fub- 
ftituted in  the  Divifor,  the  Number  refuUing  would 
meafure  the  Nu^nber  refulting  from  the  Subftitution  of 
the  fame  Number  in  the  Dividend  ;  and  that  therefore 
the  Divifor  is  a  true  one.  Hence  it  follows,  that  if  no 
Divifor  can  be  found  by  this  Method,  the  Quantity  pro- 
pofed  will  be  indiviuble  by  a  Divifor  of  two  Dimenr 
^ons. 
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of  thcfc  Progreffions  2  and  —  3,  which  ftands  op- 
«ofiee  to  the  Term  o  in  that  Progreffion  which  is 
in  the  firft  Column,  fucceffively  foi:  ^T  C,  and  I  make 
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life  of  the  Differences  that  arife  by  fubtrafling  thefc 
Terms  from  the  fuperior  Terms  o  and  o,  viz.  —  2 
and  4-3  rcfpeaively  for  4I  B.  Alfo  Unity  for  A  ;  and 
X  for  /.  And  fo  in  the  room  of  A  //  +  B  /  +  C,  I 
have  thcfe  two  Divifors  to  try,  viz.  xx  +  ix — '2, 
and  Jf  Jf  —  3*"  +  3,  by  both  of  which  the  Bufinefs  fuc- 
ceeds. 

Again,  If  the  Quantity  2y^  —  Sy^-^-y^ — 8yy  — 
14 jf  4"  H  ^  propofed,  the  Operation  will  be  as  foU 
^ws.  Firft  I  attempt  the  BuHnefs  by  adding  and  fub- 
trading  the  Divifors  to  and  from  the  Squares  of  the 
Terms  of  the  Progreffion  2.  i.  o,  —  i,  making  ufe  of 
I  for  A,  but  the  Bufinefs  does  not  fucceed.     Wherc- 
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fore  in  the  room  of  A,  I  make  ufe  of  3,  the  other  nu- 
meral Divifor  of  the  higheft  Term  3)r*;  and  thcfe 
Squares  being  multiplied  by^,  I  add  and  fubtra£b  the 
Divifors  to  and  from  the  ProduiRs^  viz.  12.  j.  o.  3,  and 
I  find   thefe  two  Progreffions  in  the  refultmg  Terms, 

—  V  "^Z*  "^7'  — 7*  ^"^  ^''^"  —  '•  •^7*  For  Ex- 
pedition oake,  I  neglected  the  Divifors  of  the  outermofl 
Terms  170  and  190.  Wherefore,  the  Progreffions  being 
iron^inued  upwards  and  downwards,   I  take  the  next 

Terms, 
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Terras,  vix,  —  7  and  17  at  the  Top,  and  —7»  and  —  i  j 
at  Bottom,  and  I  try  if  thefe  being  fubdu£l«d  from  the 
Numbers  27  and  12,  which  ftand  a^ainft  them  in  tbf 
fourth  Column,  their  Differences  divide  thofe  Numbers 
170  and  190,  which  ftand  againft  them  in  tbe^  fecond 
Column.  And  the  Difference  between  27  and  —  7, 
that  is,  34,  divides  170;  and  the  Difference  of  12  and 
—  7,  that  is,  19,  divides  190.  Alfo  the  Difference  be- 
tween 27  and  17,  that  is,  10,  divides  170  ^  but  the 
Difference  between  12  and  —  13,  that  is,  2<j,  does  nQt 
divide  190.  Wherefore  I  rejeft  the  latter  rrogreffion. 
According  to  the  former.  If  C  is  —  7,  and  If  B  is  no- 
thing 5  the  Terms  of  the  Progreffion  having  no  Differ- 
ence. Wherefore  the  Di vifor  to  be  tried  A  //  +  B  /  +  C 
will  be  iyy  -{-  7«  And  the  Diviiion  fucceeds,  there 
coming  out  jr '  —  2yy  —  2jr  -|-  2. 

If  after  this  way,  there  can  be  found  no  Divifor  which 
fucceeds,  we  are  to  conclude,  that  the  propofed  Quantity 
will  not  admit  of  a  Divifor  of  two  Dimenfions.  The 
fame  Method  may  be  extended  to  the  Invention  of  Divi- 
fors  of  more  Dimenfions,  by  feeking  in  the  aforefaid 
Sums  and  Differences  not  arithmetical  ProgreiSons,  but 
fome  others,  the  firft,  fecond,  and  third*  &c.  Differ- 
ences of  whofe  Terms  are  in  aritbmetical  Progrefion: 
$at  the  Learner  ought  not  to  be  detained  about  them. 

UL  ffTfiVi  there  are  two  Letters  in  the  propofed  ^uem^ 
tltyy  and  all  its  Terms  afeend  4o  epsalfy  high  Dimenji^ns^  put 
Unity  fir  one  of  thofe  Letters  ;  then^  by  the  preceding  Rules y 
feek  a  Diinfor^  and  compleat  the  deficient  Dimenfions  of  this 
Diviforl  by  rejioring  that  Letter forVnity. 

As  if  th^gQuantity  be  6y4  -^  ryS  -«-  21  ccyy  -f-  3c*jp 
4-  3iO  ^S  where  all  the  Terms  are  of  four  Dimenfions ; 
for  ^  I  put  I,  and  the  Quantity  becomes  6jj4  —  yj  — 
%iyy  +  37  4" ^^»  whofe  Divifor,  as  above,  m  3y  4'4 » 
and  having  coropleated  the  deficient  Dimenfioa  of  the 
]oSt  Term  by  a  correfpondent  Dimenfion  of  r^  you  have 
37  +  4-  ^  for  the  Divifor  fought.  So,  if  the  Quantity  be 
jr4  —  hx^^r-  ^bb XX  ^12 b^x  —  6**;  putting  I  for  *, 
.  ^nd  having  found  jrjr4*2^  —  2Uie  Divifi>r  of  the  rc- 
fuiting Quantity  y4-^jf}—  5jrjr  4- I2«r*»»6,  Icom- 
pleat    its   deficient  Ditnenfiontt  by   refpedive  Dimen-r 


O  F    D  I V  I  S  O  R  S-  xti 

Itoitt  of  ^5  and  h  I  bavo  atjit  +  2^jr  -f  2bi^  the  Divifbr 
fought. 

LlIL  ^PJ«j  there  are  three  «r  ^^^  lufters  in  the  ^uart'* 
thy  prepojedy  and  all  its  Tfrmt  afcend  to  the  fame  Dimenjims^ 
the  Divtfir  may  be  found  by  the  precedent  Rules  j  but  more 
pcfeditiou/ly  after  this  Way  :  Seek  aU  the  Dknfors  of  all  the 
Terms  in  which  Jhfne  one  Of  the  Letters  is  rtot^  andalfo  of  aB 
the  Terms  in  which  feme  other  of  the  Letters  is  not  ;  as  alfo  of 
all  the  Terms  in  which  a  thirds  fourth^  and  fifth  Letter  tt 
noty  if  there  are  fo  many  Letters  j  and  fo  run  ever  all  the 
Letters:  And  in  the  fame  Line  with  thofe  Letters  place  the 
Divifors  refpeHively.  Thenfee^  if  in  any  Series  of  Divifors 
g^ng  through  all  the  Letters^  all  the  Parts  involving  only  one 
Letter  can  be  as  ofien  found  as  there  are  Letters  (excepting 
only  one)  in  the  Quantity  propofed  \  and  Hkewife  if  the  Parts 
iDiTDlving  two  Letters  me^  be  found  as  often  as  there  are 
Letters  (excepting  two)  in  the  Quantity  propofed.  Iffo  5  cdl 
^fe  Parts  taken  together  under  their  proper  Signs  will  be  the 
t>kfifor  fiugbt. 

As  if  there  were  propofed  the  Quantity  I2jr«  —  i4*;fjp 
+  ^cxxr^llbhxr^bbcx  -^-  iccx  Ht;  83' — iibhe 
f— 4i^tf+6c5;  the  Divifors  of  one  Dimenfion  of  the 
Terms  8**  —  i2bbc> — ^bcc  +  6c',  in  which  x  is 
act,  will  be  found  by  the  preceding  Rules  to  be  l3  —  3^9 
and  4^  —  6<:  i  and  of  the  Terms  12  x'  +  9cxx  -|* 
Sccx  ^  6c^^  in  which  b  is  not,  there  will  be  only  one 
Divifor  4Af  +  3^5  ^uid  of  the  Terms  jix^  —  ii^bxx 
v^  j^hbx  ^ib^j  \n  which  there  is  not  Cy  there  will 
be  the  Divifors  ^x  —  b  and  ^x  —  lb,  I  difpofe  thefe 
Divifors  in  the  fame  Lines  with  the  Letters  jr,  b^  c^  a$ 
yoa  here  fee; 

X      2  b  -^  2c,  /^b  '^  6c, 

h       4jr  +  3^. 

f         %X  —  4.    4Jf  —  2^. 

Since  there  are  three  Letters,  and  each  of  the  Parts  of 
the  Divifors  only  involve  one  of  the  Letters,  thofe  Parts 
ought  to  be  found  twice  in  the  Series  of  Divifors.  But 
the  Parts  4  (,  6  ^,  2  ;ir,  f  of  the  Divifors  4  5  •—  6  r  and 
2  *•  —  i,  only  occur  once,  and  are  not  found  any  where 
out  of  thofe  toivifojrs  whereof  they  are  Parts.  Where- 
fore 
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fore  I  ncglefl  thofc  Divifors.  There  remain  only  three 
Divifors  23  —  3c,  4*  +  3^,  and  4.x  —  2 3.  Thefe 
9re  in  the  Series  going  through  all  the  Letters  «■,  by  r, 
and  each  of  the  Parts  2  3,  34*,  44?,  are  found  in  thena 
twice,  as  ought  to  be,  and  that  with  the  fame  Signs, 
provided  the  Signs  of  the  Divifor  26  —  3^  be  changed, 
and  in  its  Place  you  write  —  23  +  3^-  For  you  may 
change  the  Signs  of  any  Divifor.  I  take  therefore  all  the 
Parts  of  thefe,  viz.  2  3,  3^,  4;^,  once  apiece  under  their 
proper  Signs,  and  the  Aggregate  — 23  +  3^  +  4* 
will  be  the  Divifor  which  was  to  be  found.  For  if  by 
this  you  divide  the  propofed  Quantity,  there  will  come 
out  3*-*  —  2ix  +  2CC  —  433. 

Again,  if  the  Quantity  be  i2Jif5  —  loax^  —  gix* 
—  26tf*jr5+  i2abx^-{'  bbhx*  +  2/^a^xx —  Saabxx 
*^Sabbxx  —  243';irjr  —  j^a'^bx  ^  bdabbx  —  I2ab'ix 
+  183**  +  12^434.  32^^33— 123' j  I  place  the  Di- 
vifors of  the  Terms  in  which  x  is  not,  by  *■ ;  and  thofc 
Terms  in  which.  ^7  is  not,  by  ^i^  and  thofe  in  which  B 
is  not,  by  3,  as  you  here  fee.     Then  I  perceive  that  all 

3«  2  3.  4i.  aa  ^  ^bb.  2aa  ^  6bb,  ^aa  -{^  12  33. 

bb  —  2aa,  233  —  6^7«.  433  —  i2aa. 
\xx  —  33*+233.  I2xx  '^  (^bx  -^bbb. 
X.  2x,  ^x — 4^.  6x — 2a.  3JfAr— 4tfjr.  bxx-^Sax» 

2Jf* -j- tf  *  —  3tf<7.  4.XX  ^  2ax  —  6aa. 

thofe  that  are  but  of  one  Dimenfion  are  to  be  rejeded, 
becaufe  the  Simple  ones,  3.  23.  43.  x.  2Xy  and  the  Parts 
of  the  compounded  ones,  ^X"^  \a.  6x  —  8^,  arc  found 
but  once  in  all  the  Divifors ;  but  there  are  three  Letters 
in  the  propofed  Quantity,  and  thofe  Parts  involve  but 
one,  and  fo  ought  to  be  found  twice.  Jn  like  manner, 
the  Divifors  of  two  Dimenfions  aa'\-'^bb.  2^0^633. 
\aa  +  1233.  bb  —  3«^.  and  433  —  ilaa  I  rcjed, 
becaufe  their  Parts  aa*  2  a  a.  4.  a  a.  bb.  and  433*  in-, 
volving  only  one  Letter  a  or  3,  are  not  found  more 
than  once.  But  the  Parts  2  33  and  6aa  of  the  Divifor 
233-— 6tftf,  which  is  the  only  remaining  one  in  the 
Xine  with  jr,  and  which  like  wife  involve  only  one  Letter, 
are  found  again,  or  twice,  viz.  the  Part  2  33  in  theDi- 
wfor  4;r*  —  33*  -f  233,  and  the  Part  6aa  in  the  Di- 
vifor 
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vifor  /^.X'X'l^^ax  —  baa*  Moreover,  thcfc  three Di- 
vifors  are  in  a  Series  ft^nding  in  the  fame  Lines  with  the 
three  Letters  x^a^b^  and  all  their  Parts  2^3,  6aay  ^xxj 
which  involve  only  one  Letter,  are  found  twice  in 
them,  and  tha(  under  their  proper  Signs ;  but  the  Parts 
^hxy  2ax^  which  involve  two  Letters,  occur  but  once 
m  them.  Wherefore,  all  the  divers  Parts  of  thcfe  three 
Divifors,  2bt^  baa,  ^xxy  ^ix,  2 ax,  conneded  under 
their  proper  Signs,  will  make  the  Divifors  fought,  viz. 
2bb  —  ()aa-\'  /^xx  ^^^bx  '\-2ax.  I  therefore  d if 
vide  the  Quantity  propofed  by  this  Divifor,  and  there 
arifes  34r'  —  /^axx'^2aah  —  63». 

LIV.  If  cU  the  Terms  of  any  ^anilty  are  not  e^uaUy 
higb^  the  deficient  Dimenfumi  muft  be  filled  up  by  the  Dtmeh- 
fions  of  any  ajjumed  Letter ;  then  having  found  a  Divifor  by 
the  precedent  Rules,  the  ajfumed  Letter  ts  to  be  blotted  cut. 
As  if  the  Quantity  he  la***'  —  bxx  -|-  9;^*—  J2  bbx 

—  6bx  +  8x  +  83  J —  123»  —  Ab  -^  6  J  affume  any 
Letter,  as  c,  and  fill  up  the  Dimenhons  of  the  Quantity 
propofed  by  lis  Dimenfions,  after  this  Manner,  i2a'3  — 
i^bxx  +  gc^x  —  I233;ir  — (ybcx  +  Sccx  -|-  833 

—  1233c  —  ^bcc  -{-  6^^  Then  having  found  out  its 
Divifor  ^x  —  23-|-30  hlot  out  V'j  and  you  will  have 
the  Divifor  required,  viz.  j^x  —  2  3  -f-  3»    • 

Sometimes  Divifors  may  be  foupd  more  eafily  than  by 
thefe  Rules»  As  iffome  Letter  in  the  propofed  ^ahtity  be 
rf  only  one  Dimenfion ;  you  may  feek  for  the  greateji  common 
Divifor  of  the. Terms  in  which  that  Letter  is  found,  and  of 
the  remaining  Terms  in  which  it  is  not  found ;  for  that  Dt-  . 
wfvr  will  divide  the  whole*  Jnd  if  there  /;  no  fuch  common 
Vivifor,  there  will  be  no  Divifor  of  the  whole.  For  Ex- 
ample, if  there  be  propofed  the  Quantity  x^  —  3  ^j  ;»r  3  — . 
%aaxx  -^-  l%a^x  4-  cx^  "^  acxx  —  i  aacx-^-  6a^c 

—  8«4> ;  let  there  be  fought  the  common  Divifor  of  the 
Terms  +  c»?  —  acxx  —  ^aac^-^-*  ba^c,  in  which  c 
is  only  of  one  Dimenfion,  and  of  the  remaining  Terms 
^4^^^axi  —  iaaxx  +  tia^x  —  Sa*,  and  that  Di- 
.yifor,  vir.  xx  *{-  2ax  —  2  a  a,  will  divide  the  whole 
Quantity, 

LV.  But 
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LV-  But  the  greate/i  common  Dwifiroftwo  NmAtn^  if 
h  is  not  known^  or  does  not  appear  at  firjt  Sights  it  it  /oumd 
by  a  perpetual  Subtra&ion  of  the  lefs  from  the  greaUr^  and  of 
tbe  Remainder  from  the  laji  Quantity  fubtraSfea.  Fortked 
wilt  be  the  fought  Dtvifor^  which  at  length  leaves  nothing. 
Thus,  to  find  the  greateft  coannon  Divifor  of  tke  Nuoi- 
bcrs  203  and  667,  fubtrafi  thrice  203  from  667,  and  the 
Remainder  58  thrice  from  203,  tnd  the  Remainder  29 
twice  from  58,  and  there  will  remain  nothing  $  which 
Ihews,  that  29  is  the  Divifor  fought  {#}. 

LVI,  Jfter  tbe  fame  Manner  the  common  Divifor  in  Spe» 
wSj  when  it  is  con^ounded^  is  founds  by  fubtrahing  either 
Quantity  ^  or  its  J^ltipie,  from  tbe  other }  provided  both 
toofe  Quantities  and  the  Remainder  he  raffed  accord jr  to  the 
Dtmmtons  of  any  Letter^  as  is  Jhewn  in  Divifon^  and  be 
ea^h  Vlme  managed  by  dividing  them  aU  by  their  Divifor s^ 
which  are  either  Jimple^  or  divide  each  (f  its  Terms  as  if  it 
were  afmpU  one.  Thus,  to  find  th^  greateft  common 
Divifor  of  the  Numerator  and  Denominator  of  this 
^    ^.       ;r*— 3fl;rJ  — 8tftf;fjr4.l8fl3;r  — 8** 

^'"^"  .i^axn^Uax^tas «^ 

iiplj  the  Denominator  by  ;cy  that  its  nrft  Term  may  be« 
come  the  fame  with  the  firft  Term  of  the  Numerator. 
Then  fubtrad  it,  and  there  will  remain  —«  2^4*3  -f* 
tXa^  X  —  %a^^  which  being  rightly  ordered  by  dividing 
by  —  2  tf,  it  becomes  x^  —  6  tf**-  -j-  4  a».  SubtraiSt  thi« 
from  the  Denominator,  and  there  will  remain  —  axx^^ 
2aax'^2a^  i  which  again  divided  by  —  a^  becomes  x  x 
+  2tf;if  —  2  a  a.  Mul  tiply  this  bv  *,  that  Its  firft  Term 
may  become  the  fame  with  the  firft  Term  of  the  laft  fub- 
traaed  Quantity  x^'^  taax  +  4«'»  from  which  it  is 
to  be  likewife  fubtraAed,  and  there  will  remain  ^^^axx 
—  4«  tf  X  -(-  4 tf',  which  divided  by  —  la^  becomes  alio 
XX  '^2ax'r'2aa.  Andiincethis  tsthefame  with  the 
former  Remainder,  and  confequently  being  fubcraAed 
from  it»  will  leave  nothing,  it  will  be  the  Divifor  foughtj 

•>/ 
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^«iMck  thr  piopofiMl  Fradion,  bjdwiiing  hotk  Che 
NuiAfiraapF^nid  Dsnomioator  by  it,  may  bt  reduced  to  a 

more  Simple  ope,  y».  to^» *  Anoio,  if 

its  Terms  m^ifi  be  6itt  abbroyiated,  by  dividiog  tht  N^ 
merator  by  «a,  and  tbe  Denominator  by  3^ :  Theyi  iub- 
tra&if\g  twice  3^'  -—  94ia£  -—  a^^^  -^  6^^  fwm 
64'  4-  iS^^A^  —  40^r  —  lo^^i^    thece  will  remain 

+  lit  "^*  Zlafj''-  ^^'^"^^  ^'^  ordered,  Tiy  ^^. 
viding  each  Term  ^  ci  -^  6^  after  the  fame  Way  si$  iF 
c^  -f  6^  was  a  fimple  Quantity,  it  liecQmes  3  aa  •-<-.  244* 
This  being  multiplied  by  n,  fuhtra£l  it  from  ^ai^^gtac 
-*-.2 MC€  ^Ac^  and  tthei e  wiU  wmakt  — -^«^r^ ^  "6^ a, 
which  being  again  ordered  by  a  Diviiion  by  —  3  r,  be- 
comn aHb  3 «» ^^^ t  re»  as  before.  Wherefore  ^aa^-^ 
ICC  is  the lliviror  iiou^.  Which  being  fiMiod»  4iv«fe 
by  it  the  Parts  of  the  propofed  Fraction,  and  you  will 

LVBL  -Miw,  ifAcmman  Divifer^aimt  ht  fimd 4fier 

it  may  arife  out  rf  theTerwu  that  abbrruiate  the  Numerator 
ami  Dnminattr  ^  the  FraBim.     As,    if  you  hatre  the 

^    ^.       aadd'^  ccdi-^  aacc^  c^         ,   r    ^r   ^ 
FraAiop   "  ■    .  ,  ,       «>  and  fo  difeofe 


LVI.  (/")  If  all  the  Terms  of  both  Quantities  have  a 
common  Divifor,  divide  them  by  it,  and  by  it  multiply 
the  common  Divifor,  when  found  ^  fo  (ball  the  Product 
be  the  greateft  common  Divifor  :  But  no  Quantity,  by 
which  the  Terms  of  one  Quantity  only  have  been  ab- 
%Kviated,  can  enter  the  Compoixtion  of  a  Divifor,  which 
IS  to  be  common  to  both. 
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its  TerteS).  according  to  the  Dimenfions  of  the  Letter  dy 

that  the  Numerator  may  become  ^^^  dd  ~  ^4  ^',  aiid 

the  Denominator       V'^T^^J^^     Thefe  muft  firft 

be  abbreviated  by  dividing  each  Term  of  the  Numerator 
hy  aa  ^^cc,  ana  each  of  the  Denominator  hy  2  a  —  2  r, 
juft  zsif  aa  —  cc  and  2a  —  zc  were  fimple  Quantities. 
And  fo,  in  Room  of  the  Numerator  there  will  come  out 
dd  '^  cc,  and  in  Room  of  the  Denominator  zad-^cc, 
from  which,  thus  prepared,  no  common  Divifor  can  be 
obtained.  But,  out  of  the  Terms  aa^^cc  and  2<7— 2r, 
by  which  both  the  Numerator  and  Denominator  are 
abbreviated,  there  comes'  out  a  Divifor,  viz.  a  —  c^ 
by  which    the  FraSion  •  may  be  reduced  to  .this,  viz. 

add  ^  cdd-^  ace  —  c"^  .  ,    '    ,     ^ 

■  ■; ^  '  .     Now,  if  neither  the  Terms 

/La a   ■• '  2 c c 

aa'^ic  and  2  a  —  2c  had  not  had  axommon  Divifor^ 

the  pro{>ofed  FraSion  would  have  been  irreducible. 

LVIII.  And  this  is  a  general  Method  of  finding  com«- 
mon  Divifors :  But  moji  commonly  they  are  more  expeditiiujiy 
found  by  feeking  all  the  prime  Divifor s  of  either  of  the  Suan^ 
titles,  tMt  is^fuch  as  cannot  be  divided  by  others,  and  then  by 
trying  if  any  of  them  will  divide  the  other  without  a  Remainder. 

^.  ,         a^-^aab+abb  — 3*  ,      .     ^ 

Thus,  to  reduce  • — j-i to  the  Icaft 

aa  —  at 

Terms,,  you  muft  find  the  Divifors  of  the  Quantity 
aa  ^^  ab,  viz,  a  and  a  -^  £  ;  then  you  muft  try  whe- 
ther either  a,  ot  a  — b,  will  alfo  divide  a^  —  aab  -^ 
abb^^i^  without  any  Remainder, 


qr 
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Of  itt  REDUCTION  of  FRACTIOi^S  u 
o  €§tntMfi  iJtwnmnotoTm 

LlX.  J^RACTIO  N  S  an  reduced  ta  a  emmwn  Denomi'- 
naitt  Ij  nuiltiplylng  the  Terms  of  each  by  theDenci^ 
wmuttdT  df  the  other  [a)^ 

a  c 

Thus,  having  t-  and  -r  multiply  the  Tcnni  of  one 

tf  c 

T-  by  4^  and  alfo  the  Terms  of  the  other  t-  by  *,  an4 

ad         he 
they  will  become  r^  and  -r^,  whereof  the  common  Dc» 

ah       .a  ah 

nominator  \»  hd.    And  thus  a  and  — ,  or  —  and  — 

ac         oh      A. 
bccomcT — and  — •.    out  where  the  Demminators  havf 

c  c 

a  common  Divtfor^    it  is  fufficient  to  ^multipfy  them  4iU 

temately   hy  the  Quotients.     Thus  the  Fraflion  -r-  anl 

tfi  Hi  4  a^c 

j^  arc  reduced  to  thcfe  r— j,  and  t--^  by  multiplying 

alternately  by  the  Quotients  c  and  dy  arifing  by  the  Di- 
vifion  of  the  Denominators  by  the  common  Divifor  3,   ' 

This  ReduHion  is  mojily  of  Ufi  in  the  Addition  and  Sfch'- 
traction  of  FraSfionty  whichy,  if  they  have  different  Deno-^ 
mnatoriy  mufl  hi  firji  reduced  to  the  Jfime  Denominator  her-* 
fore  they  can  hi  added  (^}. 

K  Thus 


LIX.  {a)  EucLVII.  17.         C*)  Art.  XVIII.  Note  {i). 
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at  "'l      **' 

Thus  7-  +  7  '*y  ReduAion  becomes  J^  +  J^»  *' 

iidbif,  «Id  «  +  ii  becomes  fiili*.  And  ll - 
-  become.  — j;-j--,  or  j^  «I.  And  ^^^:^j^ 
«.,£_**  becomes  j^----jj.    And  fo  j  +  -  be- 

comes  ^  +  j;»  o' — J7 — >  that  w,  — .    And  -g 

S-becomesg— ^.ori|.    And  i  -  ^  becomes  ;^ 

-n'*»'^'*^'^!-    And3l,orf+^  be- 
ar     4-         25      .    ,       I   ,  51 
comes  y+ 7  »  «""J-    ■'^°<'  25  -becomes^. 

X^^«  tbert  art  rmt  fraSHtm  then  twt,  ibty  are  te  Be 
atlde4  groMiaUy. 

aa  ■    2*x        ax  aa 

Thus,  havmg  —  —  «  +  —  — --— ^;  from  — , 

take  J,  and  there  will  remain  — — — ,  to  this  add 

* ,  and  there  will  come  out  \ » 

from  whence,  laftly>  take  away  ^-^ — ,  and  tfiere  will 

oa^^^Sa^x  +  2ax^ — 7,x^       a    «  v   .^ 
remain  '      ^  And  10  if  you 

^aax-^^axx  ^ 

4.        2 
have  3  ^  — •"">  fifft»  you  are  to  find  the  Aggregate  ojf 


OF     R  A  D  I  C  A  L  1  13I 

«  —  ^  viz*  — ,    and  then  to  take  from  it  —  and  there 
^7  1  3 


will  remain  —  (^ ) 


(y/A/REDUCTION  e^ RADICAL  QUANTITIEff 

to  their,  kqji  Terms. 

Li.     A  Radical  ^antityy    where  the  Root  of  the  whole 
•"    canmt  be  extraSlei^  k>  reduced,  by. extr offing  the. 
Root  offome  Divifor  of  it  [a). 

Thus  ^aabcy  by  fextra£Kng  the  Root" of  the  Divi- 

for  e^eif  becomes  a^hc.    And  ^ 48,; by  extradting  thc; 

Root  of  the  Divifor  16,  becomes  4  •j.    And  ^/48  aabc^ 

by  extrading  the  Root  of  the  Dhrifor  16  0^^  becomes 

K  2  ,      I        4<»v'3*^j 


{f)  A  Fraifion  is:  reduced  to  its  Eqtdvedent  whiA  Jball^ 
have  a  given  Denominatirj  by  midtiplying  the  given  Denomi» 
nator  by  the  Niemerator^^and  by  dividing  emFrodu£l  JfySbo. 
Denomnator  of  the  F(a£lion  5  forjbis^Qte  will  be  the  Nu-^ 
meratoroftbe  equivalent  Pralhon  i  for  it  will  tiave  the  fame 
Ratio  to  the  given  Denominator,  zh  the  Niimerator'bf 
the  Fra£lion  had  to  its  Denohiinator^  Apd  this  is  an 
Abbreviation  of  the  ReduS^io^  to  a  6oli)hiQn  Deriomr^ 
nator,  and  of  a  fubfequent  ReduSion  into  the  loweft 
Terms,  by  dividing  them,  by  the  former  Denominator. 
Alfo  a  Fra^ion  is  reduced  to  its  Equivalent  which  JhaU  have 
a  given  Numerator^  by  multiplying  the  given  Numerator  into 
the  DenomiHaiory  and"by  dividing  the  rr^h£f  by  the^N^e^ 
rotor  of  the  Fraction  yfor  this  ^uote  will  be -the  Denominator 
of  the  equivalent  Fraetiom  Thi*^  i^^Qris  an  Abbf^iW^n 
of  the  two  Reductions,  into  *)i  commoxi  Denominator^ 
and  into  thc  loweft  Terms.  .     ,         .^  . 

LX.  {a)  For  the  Radical  is  the  fame^  being, ftill  theJro- 
dufi  of  the  Divifoc  into  the  Quote;  but  the  Divifor  is 
now  rational. 


1^^         REDUCTION 

4.d  ^i  b^.    And  ^ ^^    ^   ,  by  cxtraa- 

ing  the  Root  of  its  Divifor — ^^ ,  become» 

di-^o,b  /aaoomm  .  ±aammm    , 

—r-^"^'  And  v-TT^+^-T^F-»  ^y**' 

traalog  the  Root  of  the  Divifor  ,   becomes  — 

/THFTIS?.    And  6  ^p,  by  extraainj  the  Root 

of  the  Divifor  -J,  becomes  ^  ^  j,  or  =^  v' J»»* 

by  farther  extniding  the  Root  of  the  Denominator,  it 

f  r  b'  cb 

becomes  -^  ^6  (*).    And  fo  «•jj.or  «v^—j  by 

extrafiing  the  Root  of  the  Denominator,  becomes  ^at 

(().  And  i/ST^T+ibTs  by  extraaing  the  Cube  Root 

of  its  Divifor  8«»,  becomes  2  a  ^/T^fTa.    After  the- 

fame  manner  i/ni  ;r»  by  extra^ng  the  Square  Root  of 

its  Divifor  aa^  becomes  •«  into  t^ax  [d)^  or  by  ex- 

tra^ag  the  Biquadratic  Root  of  the  Divifor  aS  it  be* 

^x  •  .  * 

^mes  a^'^CO*  And  fo  ^a'f  x^  is  changed  into a^ax^ 

(/),  or 

[d)  For  ^aasz^ a. 

(0^  For  ^fl»;r  ^  1/7  ^  =  ^  /i • 
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(/),  or  into  n*  ^-  (f),  or  into  ^ax  X  i/«tf  x  (A). 

Moreover,  l£tf  Rtim&m  is  n§t  mffy  •f  Ufi  fir  aUrm^ 
^&^rfRa£ad^mmiAla^hut^§firtbehrAMtimtmdSwb^ 
troQimij  if^hef  agnt  in  their  Rt^  when  ibiy  an  reduni  U 
tie  nmft  finpU  Fmrm  j  fir  then  d>ij  may  he  addid^  which 
eAervnfc  they  caatut  (ij. 

Thus,  4/48  +  ^75  hf  Redudion  becomes  44/3 
4-5^^3,  that  b  9  ^3.    And  ^48  —  i/j- by Rc- 

diifiion  becomes  4  •  3  —  ^  •  3»  *»^  ^s,   ^  •  3. 
And  thus,  •^  +  •^.^*--^";**  +  ^"^  by 

cxtniding  wbat  is  Rational  in  it^  biecoi»^  —  ^^i  + 

a^'^ih  41  *         , 

■    '         ^g^»  that  is,  -  9/ ah.   And  ^8tf  J*  +  16«* 


•»-4/A*+2tf*ibccottijM  Jt«  V'A+  2fl  — *v^^  +  afl> 


dut  it,  2tf  —  ^  V^^  4- 2a. 

K3  <y 


0  6  6 

(/)  For  ^fl«  =  4r,  therefore  ^a^  z=.a  ^ a. 

6  •  *•  *    il 

J^  Yor  ^ af  x^  z^  ^ af  ^  z=i  ax  ^ - . 

6  6  6  6 

(A)  For  v^fl7*'  =  v^fl'^-s  X  v^tf*;r*jbut^tf3;r^=:; 

6  3  6 

^4?jr;    and  ^q^x^=,  ^<^o?f\    therefore  /^7;^.$  — 
yaxX^aax. 


(1)  Art.XYlIL  Notc(i), 
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O/  the  REDUCTION  of  RADICAL  QUANTITIES 
to  the  Jime  Denomkutioh. 

LXL  TjrrHEN  you  are  to  multiply  or  divide  Radicab  of 
'^  a  different  Denominatimy  you  mufi  firjl  reduce 
them  to  {d\  the  tame  Denomination y  by  prefixing  that  radical 
Sign  whole  Index  is  the  lea/l  Number^  which  their  Indices 
divide  without  a  Remainder ^  and  by  multiplying  the  ^uanti- 
tiis  under  the  Signs  fi  mmy  TimiSy  ^exoepting  one^  as  wtt  In-^ 
dex  is  become  greater  (A). 

For  fo  t/ax  into  ^aax  becomes  ^a^x^  into  0/a^xx^ 
that  is,  t/af  x^*  And  ^a  into  ^ax  becomes  t/aa  into 
%<axj  that  is,  ^/a » x.  And  •  6  into  •4  become^  1/  36 

into  i/-7,  that  is,  1/30.    By  the  fame  Reafoo»  ai/bt 

becomes  ^aa  into  t/bc^  that  is,  ^aabc.  And  4a  y^^ 
becomes  tjibaa  into  4/3^^,  that  is,  ^ifiaabc.    And 


2tf  -/*  +  21«  becomes  i/fiflJ  into  \^b  4-  za^  that  is. 


LXL  {a)  For  in  all  Comparifons  and  RelatioM^  th« 
Quantities  are  underftood  to  be  homogeneoMS,  or  of  the 
fame  Kind.     Art.  XXX VL  .    . 

{Jbi)  For  to  reduce  Radicals  to  the  fame  Denomination, 
is  to  reduce  their  Indices  to  the  fame  Denomination,  and 
at  the  fame  time  to  involve  the  Quantities  according,  to 
the  Number  of  Units  by  which  the  Indices  are  refpec- 
tively  increafed  ;  but  this  Involution  is  made  always  by 
one  Multiplication  lefs  than  that  Number  (Art.  XIVj. 
That  is,  the  Radicals  are  to  be  involved  by  tbe  alternate 
Indices,  and  the  Indices  reduced  to  the  fame  Denomina* 
cion  ;  whence  their  Values  are  not  altered. 
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i/8tfi^  +16  «4.  And  fa  ^^j—  becomes  ^-rr»  or  v^tt  • 

^  ^99  bb 

in  others  (f). 

Of  lA^  REDUCTION  sfRADlCALS  /^  w^e 
^^fi^i^  RaiicaU^  by  the  Bxtra£iion  if  Roots  (a). 

LXU.  nr^HE  Roots  of  Quantities,  which  are  com- 
X     pofed  of  Integers  and  Radical  Quadraticks, 
extrad  diiis: 

let  A  dffioU  the  greaiirPsrt  of  att^  Quantity,  and  B  th^ 

,sr  ^  ,  A  +  i/AA  — BB      ...  ,     ,    ^ 

hJirPart'^  and  ^  Will  bi  the  Square  of 

the  greater  Part  of  the  Root',  ^^^^  V^  A  A~  BB  ^^ 

fc  ti»  Square  of  the  lejfer  Part^  which  is  to  be  joined  to  the 
greater  Part  with  the  Sign  of  B  (*}. 

K  4  As 


(r)  Rationals  are  reduced  to  the  Form  of  Irrationals  of  a 
given  Index,  by  involving  them  according  to  that  Index,  and 
effecting  the  Power  with  the  Sign  of  Irrationality. 

LXIL  (a)  For  this  Redaaion  of  compound  Radicals^ 
fee  Number  159. 

(i)  Simple  Sutds  are  commenfurabk  in  Power  (162)* 
When  the  Square  Root  of  a  Radical  is  required,  it  may  be 
found  nearly  by  extracting  the  Root  of  a  rational  Quantity, 
tuhich  approximates  to  its  Value  (Art.  XLL  Numb,  163). 
Thui  to  find  the  Square  Root  of3-f^8  =  3+2v'2| 
wcfirft  calculate  the  Value  of  ^2  =  1,41421  (Art,  XLI)  j 
whence  3  -|-  2  V'  2  =^  5,82842  ',    and  ^  5,82842  = 
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As  if  the  Quanyity  fee  3  +  ^  8,  ty  wrfting  3  for  ^^ 
and  v'S  for  B,  v' A  A  —  B  B  =  i,  and  thence  the  S(|uare 

3+  I 

of  the  greater  Part  of  the  Root  -       .  ,  that  is,  ^,  and 

the  Square  of  the  Icfs  ^ ,  that  is,  i.    Therefore  the 

Jloot  is,  1  +  4/2  (*)•    Again,  if  you  are  to  extrad  the 

Root 


16 ?•  S^metmes  we  an  Me  id  exfrefs  the  Roots  ofRadtcaU 
§xa£fiy  by  dther  Radicals,  as  in  this' Example,  j/;  3  +  2  ^z 
=  i+i/2 :  for  I  +  v^2  X  I  +  4/2  =  I  +  2  v^2  +  2 
^  3  +  2  i/^\  ^<y^  ^^'  ^^»  ^  ^»^9  firft,  tc/i^Mi  /Af 
Quantity  propofed,  being  partly  rational^  and  called  A,  and 
partly  irrational,  and  called  B,  the  Square  Root  £/"  A»  -^  B  ^ 
can  be  extra^ed.  For  then  the  Members  of  the  Root  arc 
«quadratic  Radicals,  the  Sum  of  whofe  Squares  being  ra* 
tional  are  united,  and  greater  than  their  double  irrational 
Produ<a  (115,  116);  accordingly  A  being  the  Sum  of 
their  Squares,  and  B  the  Sum  of  their  Prpdii<3s,  A  A  will 
contain  the  Sum  of  their  Biquadrates,  together  with 
double  the  Produ£b  of  their  Squares ;  and  B  B  will  be 
quadruple  the  Produd  of  their  Squares  (EucK  II.  4.)-5 
whence  A*  —  B  *  will  be  the  Sum  of  their  Biquadrates 
lefs  by  double  the  Produft  of  their  Squares ;  coniequently 
i/ A  A  —  BB  will  be  the  DifFerence  of  their  Squares 
(Eucl.  II.  7. ) ;  and  therefore  A  +  v/AA  —  BB,  to  wit, 
the  Sum  of  thi^ir  Square*  added  to  the  Difference  of  their 
Squares  is  double  the  Square  of  the  greater  (22)  ;  and 
A  —  ^  AA— B'B,  isdouWe  the  Square  of  the  lefs  (36)5 

A4-\/AA  — BB  .     ^   ^ 
^whence  .  m    -   .: —  is  the  Squ^rp  pt  the  greater^ 

^  A  —  y^AA  —  BB  ,     .     ^  r   ..    .  r 

and  — ^ ■'   "•  IS  the  Square  of  the  lefs  5  and 

2 

,.»>■.,    ^    r,            A  +  ^/TA  —  bti 
the  Radicals  tbemfelves  arp  y  _ . 
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lUwt  of  ^3»  — i-  v'^  •>/  putting  ^  j2  for  A,  and 
^24  farBj  V^AA— BB  will  be  =  ^8,  and  thence 

^  ^    ^^    ,    and       ^  ,    that  is,  3  ^^  2    and 

z  ^ 

^2  will  be  die  Squares  of  the  Parts  of  the  Root.    The 

4.  4. 

Root  tkerefore  is  ^  1 8  —  i/z.    After  the  fame  Manner, 

if  out  of  aa  +  ix  ^  aa' —  jr jr  you  arc  to  extrad  the 
Root,  for  A  write  aa^  and  for  B  write  ix'^aa  —  xx^ 
and  A  A  —  BB  will  be  :=:  « 4 — j^^axx  ^  4*S  the 
Root  whereof  is  a  a  — >  2  4r  x.  Whence  the  Square  of  one 
Part  of  tbe  Root  will  \^aa—fxx^  and  that  of  the  other 
xx%  and  fo  the  Root  will  be  ;r-|.  ^/ aa-r-xx[cy  Agajn, 
if  you  have  aa  -^-^ax^T.a  \/tf*-|-  4«*,  by  writing 
«a-^5tf;rfor  A,  and  za'^qx-^-^xx  forB,  AA— BB 
will  be  =  a*  +  6i?3  ;r  +  goaxxy  whofe  Root  is  aa  + 

2ax. 

^^■^— 1^— ■— — I  ■  I       ■  III  «nil  I  '       I    II  'L. 

{e)  166.  Again,  Radicals  will  be  reducible  tQ  morejtmple 
RadUalsy  if  tbe  Members  of  tbe  Rooty  though  not  quadratic 
Surds  J  or  Roots  of  Integer Sy  are  yet  the  Roots  of  like  Surds ; 
which  is  known  by  extrading  the  Roots  of  (ome  Diviibrs 
of  tbe  given  Radicals ;  if  they  agree  in  their  irrational 
Part  (A^.  LX.) :  For  then  the  greater  A  is  the  Sum  of 
the  rational  CodSicients  of  the  Roots  multiplied  into  their 
irrational  Part.  Thus  ^/32  —  v'24  being  given,  ^^3^ 
=  4  v^2,  and  ^24  =  2  v'  3  X  \/2  5  whence  ^  32  = 
4  ^/2  =  A  J  and  A*  —  B*  =  32  —  24  =  8  ;  whence 


4\/2  +  2v^2_.  64/2                      .  A-\/A»-B* 
5 =  ~^  =  3^2i  and = 

'•       5t  T  ~v  2}  whencetheRoot/:3v'a-v'a 
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2a  :r.  Whence  the  Square  of  the  greater  Part  of  the 
Root  will  tftf  4-  4^  X,  and  that  of  the  lefler  Part  a  jr,  and 
the  Root  Vflf +  4J4f  —  ^ax  (d).  Laftly,  If  you 
have  6  +  ^8— i/i2  — v'24,  putting  6  +  ^ 8  =  A, 
and  —  i/x2  — v^24  =  B,  AA.— BB  willbe  =  8i 
whence  the  greater  Part  of  the  Root  is  v/  3  +  ^^8, 
that  is,  as  above  x  +  v^2,  and  the  lefler  Part  y/  3,  and 
confequcntly  the  Root  itfclf  i  +  \/2  —  -/3  {e). 

LXIII.  But  where  there  are  mare  of  this  Sort  of  re£cai 
Termsy  the  Parts  of  the  Root  may  he  fo$rur  founds  hy  di^ 
viJing  the  ProduSf  of  any  two  of  the  Radicals  hyfome  third 
Radical^  which /hall  produee  a  rational  and  integer  ^tutierU. 
For  the  Root  of  twice  that  Quotient  will  be  double  of  the  Part 

ef  the  Root  fought.    As  m  the  laft  Example,  ■ 

^9  X  ^24  _  ^  ,^12X^/24^^      ^ 

-  2,  — j^j—  =  4t  and —^ =  6.   There. 

fore 


167.  (d)  Again,  If  after  extroGing  the  Sfuare  Root  of 
a  Divifor  of  each  Part  of  the  given  Radical,  the  irrational 
Parts  are  different,  and  are  net  Multiples  one  of  the  ether ^ 
or  of  fome  Number  which  meafures  them  both  by  a  fquare 
KunAer  ;  then  the  ^antity  given  muji  he  a  Trinome^  and  /a 
frfceed  by  this  RukfA  \tfelfmujl  he  made  a  Binome. 

168.  {e)  Laftly,  If  a  ^uadrinome  be  given^  having  enet 
rationalTerm,  the  Root  mu/l  beaTrinome  (x2a,  125),  and 
the  Sum  of  the  Squares  of  all  the  Terms  of  the  RoOt'  is 
the  rational  Term  ;  wherefore  this  Term  added  to  any 
other  Term  of  the  giyen  Quantity^  will  contain  the  com*, 
pleat  Square  of  two  Terms  of  th^  Root  taken  as  a  Bi- 
nome,  together  with  the  Square  of  the  third  Term  (EucK 
11.  4.),  and  are  the  greater  Part  of  the  Quadrinomej  and 
being  denoted  by  A,  the  Root  may  be  extraAed  by  this 
Rule ;  though  it  will  lejid4nto  perplexed  Calculations, 
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fore  die  Farts  of  the  Rqst  are  i,  ^  2,  i/  3»  as  above 

There  is  alfo  a  Rule  of  extra£l:ing  higher  Roots  out  of 
numeral  Quantities  confiftlng  of  two  Parts,  whofe  Squares 
are  commeDfurable. 

LXIV.  Let  there  be  the  Quantity  A  + B.  And  its  greater 
fart  A.  And  the  Index  oftEe  Root  to  he  extraBted  c. .  Sedt 
the  Uaft  Number  n,  wbeje  Power  n^  may  be  divided  by  AA. 
«^  B  B  without  any  Remainder^  and  let  the  Quotient  be  Q. 

c  — 

Compute  V^A  +  B  X  ^  Q./»  the  nearejl  integer  Numbers. 

Let  it  be  r.    Divide  A^Q^by  the greaUji  rational Divifor. 

r  J.& 
Lei  the  ^otient  be  s,  and  let  — -p  in  the  next  greateJUn^ 

«  ,         ^  ,  ts  +  V^ttss  i—  n      ...  ,     ,    ^ 
tegers  be  called  t.    And      "  \c  ^*  ^  the  Root 

Jought  if  the  Root  eon  be  extraOid  (g)* 

As 


LXIlI.i69,  (/)  For  each  Term  of  the  propbfed,  which 
is  not  entirely  rationa],is  the  doubleProdud  oif  twoTerms 
of  the  Root }  the  Produdi  therefore  of  two  Terms  of  the 
propofed  is  quadruple  the  Produd  of  four  Terms  of  the 
Root,  or  elfe,  if  the  fame  Term  of  the  Root  be  in  both 
Fa^flors,  double  the  Square  of  one  multiplied  into  double 
the  Pr^ud  of  two  other  Terms  of  the  Root :  Ify  there* 
fore,  the  Produ^  of  two  Terms  of  the  propofed  divided  by  a 
third  gives  a  rational  and  integer,  ^ote^  that  Divifor  muft 
Ik  the  double  Product  of  two  Terms  of  the  Root ;  and 
that  Quote  muft  be  the  double  Square  of  one  Term  of 
the  Root ;  which  were  all  contained  in  the  Produ6i : 
Therefore  double  of  the  Quote  will  be  quadruple  the 
Square  of  that  Term  of  the  Root ;  and  therefore  the  Root 
efthi  dmbli  ^uote  will  be  double  that  Term  of  the  Root. 

LXIV.  {g)  Becanfe  by  Goaftru^ioR  ^  ^ j^  ^  r= 

Q^  therefore  A  AQ,—  BBQ^=»* :  Let*^;f  +  ^^k 

be 


Ut  REDUCTION 

As  if  tbe   Cube  Root   t>e   to  be  extraaed   out  <£ 
V  968  +  25}  A  A  -  B  B  will  be  =  343}  and  7,  7,  7, 

____^  will 

— „ — * . , 

be  the  Root  c  of  A  y/ CLh  B  ^  Q.,  and  let  *  ^'^  be 
the  greater  Member ;  then  becaufe  **^  —  »*  =  AAQ 
«-BBQ,(i,7),  and  AAQ,-  BBQ.s:  «^  therefore" 
»xy  —  z'z=  n' J  and**/-- «  =  » :  But  **/  —  « ss 
»V/  +  ^is  X  *  ^jr  —  ^x  (Eud.  n.  5.)  i  therefore 
*^/3l  +  ^/«  y  *^/y  —  ^z=:n.  Htncex  ^j  +  ^x 
<s/n  ::  ^n  :  X  ^jr^  ^z  (Eucl.  VII.  19.),    but 

^(6r:^n::^n'.l  (Eucl.  VII.  19.) :  Now  by  Coa- 

ftruaion  x^y+  ^zis  greater  than  ^ »,  whence  ^ n 
is  greater  than  x^y^^z-,  alfo  r  i«  gmter  than  ^ir, 

whence  ^»  is  grcatpr  than  -^ :  Wherefore  if  r  is  left 

than  *  V';'  +  •«,  then  j  is  greater  than  *  ^^  _.  ^jg 

(74) }  and  confequently  *  ^,  _  ^»  -  Ij,  neg^ve : 
Alfo  if  *  •/  +  y'x  is  left  jhan  r,  then  ^^3^^^ 
win  be  greater  than  "(74):"  and  ,^/-^,_lis 
pofitive.  But  the  Difference  between  *  v'»  +  «Z*  a^  r 
muft  be  le&  than  an  Unit  ( ,63),  and  the  Difference  be- 
tween *  v'/  —  •«  and  ^  is  lefs  than  the  Difference  be- 
tween *  •/  -H  ^/«  and  r  {75),  and  therefore  the  Difr 
^aence  between  *  ^  /  -  i/ «  and  -^  is  ftiU  much  lefs 
than  an  Unit}  confequently]  adding  them  together, 
?^/jr  —  r—  -,  that  is,  theDifeitnce  between  2^v> 

ap^ 
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will  be  its  Divifors ;  therefore  »  =  7,  and  Q=  i>  More- 
m^ti  A +  B  X  v^Q.,  or  v^968  +  25,  having  cx-^ 
traded  the  former  Fart  of  the  Root,  is  a  little  greater 
than  56 ;  and  its  Cube  Root  in  the  neareft  Numbers  is 
4  5  therefore  r  =  4.  Moreover,  A  ^  Q,  or  y^  96^ 
by  taking  out  whatever  is  rational  becomes  2a  v^  2^ 
Thewv 

and  r  -{-  — ?  is  lefs  again  than  an  Unit ;  that  is,  2  x  ^f 


X  —  ^dCS  -3  i  i  that  is,  much  lefs  than  Half  an  Unit: 

Now  let  r  +  -  ss >>  and  ^7  =  ^  then  ts:szx  s/ ^ 
and  XX  J  zzttss',  but*  x>  -^  2  =  n  •  therefore  by  Sub- 
duaion  X  zsttss — nt  and  therefore  ^r=  v^itfj— n-- 

Whence  x  ^>  ±  y^  a  ;=  v'A  v^Q^Hh  B  ^^0.=;  ^Hid; 

,  ^    -         -  ,    '^  +  ^ttss  —  n     ^ 

^ttss  —  »  5  and  confequently  — ""^  ,  that 

V'  ^/<b 

tS±^ttSS  rt  e 

is,'   '  '    ;;  =  V' A  +  B  >  if  the  Root  r  can  be 

•  CL  .         - 

f3itni£led  from  A  +  B.  Now  as  t  may  be  odd  or  eVen^ 
and  the  greater  Term  A  either  irrational  or  rational,  fo 
a  Variety  of  Cafes  are  here  to  be.  confidercd. 

176.  If  A  is  irrational^  B  ratitnul^  and  c  iVin\  the 
Root  c  €armot  be  extra£tid^  Becaufe  to  extras  a  Root, 
wbofe  Index  c  is  even,  from  A  i  B  ;  it  is  always  ne- 
ce&ry  that  the  greater  Member  A  fliould  be  rational; 
to  the  End  that  the  Excefs  of  the  Sum  of  the  Powers  of 
the  Parts  of  the  Root  above  the  Sum  of  their  double 
ProdoA  may  be  a  real  Quantity, 


I+»  REDUCTION 

Therefore  a/  a  its  radical  Part  is  i,  and  -^^,  or  -i-Z- 
in  the  neareft  integer  Numbers  is  2.  Therefore  /  =:  2. 
Laftly,  /x  is  av^2,  vttss^  n  is  i,  and  i/(^  or  ^j, 
is  !•  .Therefore  24/2  +  1  i»  the  Root  fought,  if  it 
can  be  extrafted.  I  try  therefore  by  Multiplication  if 
the  Cube  of  2  V  3t  +  i  ^^  -/968  +  25»  and  it  fuc- 

Again,  if  the  Cube  Root  is  to  be  cxtraded  out  df  68 
—  ¥^43^'  AA  — BB  will  be  =  250,  whofe  Divifors 
are  5, 5,  S,  2.    Therefore  nzrz  5  X  2  =  10,  and  Q^=  4 

(1).    And  ^A  +  B  X  v^d,  or  ^^iT^4374X^ 
in  the  neareft  integer  Numbers  is  7  =  r.     Moreover 
A  4/  Q.^  or  68  v/  4,  by  extrading  or  taking  out  what 
is  rational,  becomes  136  y'  i.    Therefore  s  zz  t,  .and 

-J^,  or  4-^  in  the  neareft  integer  Ntaihben  is 
4ssr.    Therefore  /izsi 4,  i/7777,'ir;  =^6-   and 

.    • v^a= 

(A)  171.,  Again,  -JT  A  is  irratUnalj  B  ratioHal^  4mi.t 
9dd^  then  A  v^  Q^is  irrational  j  and  being  reduced  to  its 
kaft  Terms  (LX),  will  hare  its  radical  Part  the  Aim 

with  X  ^f  (116):  Whence  s  3=  ,Jm.  and  —Ili  will 

2X 

differ  lefs  than  4  an  Unit  from  ;r  \  therefore  iU  Raot  am 
li  rijhtly  detir mined. 

U)  For  that  thic  Power  n'  (hould  be  a  Multiple  of 
A  A  —  B  B,  Q  muft  be  an  Integer  :  If,  therefore^  no 

{rime  Divifor  of  A*—  B»  involved  to  c  will  give  6  an 
hteger,  fomc  compound  Divifor^    and  the  Icaft  which 
will  ferve,  muft  be  taken. 
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ft-  6  3  '    • 

^  Q^nr  ^  4,  or  ^  2  j  and  fo  the  Root  to  be  tried  is 

Again, 

(i).i72«  Again,  ^A  «  rational^  B  irrational^  and  c 
«J^  fikn  A  v^  Q.  is  rational  and  already  in  its  loweft 
Terms,  and  x  ^  y  \%  rational  (116),  and  Qj=l  i,  and 

j  =:  v'^  =:  I,  and  A?^;f  =  "T^-  ^.^^"'^^^^^y»  ^*^^  ^*^ 
.ft^  accurately  ditermned. 

173.  Again,  ijrA  is  ratiwtd^  Birratiotud^  and  c  rtwir, 
then  A  i/  Q^is  rational,  and  j  =:  1  ;  but  ar  ^Z/  «nay  be 
cither  rational,  or  irrational  (116):  Jffxs/yis  rational^ 
then  ,/y  =  r  =  i  ;  and  rAr  Uw/  h  accurately  detemmedy  ' 
as  in  Number  1 72.  ^«/  //  x  ^y  w  irrational^  the  Root  is 
generally  indetermiriable  \  however^  B^Q^  «wry  be  ufed  in 
the  Stead  if  fi  ^  Q^,  hecaufe  t/  y  muft  be  equal  to  s  ( 1 16}. 

174.  Again,  /)^  A  and  B  ^rr  i^f^  irrational^  and  c  ^is/, 
tj!r«ii  the  irrational  Part  of  each  will  be  diffinrent  (if&^$ 
but  A  v^Q^  when  reduced  to  its  leaft  Terms,  tvilt  lu?r 
its  irrational  Part  the  fame  with  ^\/y\  that  is,  ^jrc— r  1 
whence  the  Root  can  be  determin^^  as  in  the  Ca&  «f 
Number  171.  .    . 

.175.  Lafily,  ^A  /md  B.bttug.iatb  irraiionalf,  c  is  aoeto^ 
then  AeRoot  cannot  be  determined.  For  everyPower,.whoic 
Index  is  even,  implies  the  Terms  to  be  alternately  lai- 
tional  and  irrational ;  and  confequently  one  Member  of 
the  Binome,  arifing  from  the  llnion  of  the  si^reMe 
Teraw,  to  be  alfo  rational  ^  whetfaek  the  Terms  of  the 
Root  were  both,  or  either  of  them,  irrational  (116)* 

276.  Hence  it  appears,  that  when  c  is  cdd^  the  Root 
am  he  deternumd^  whether  A  the  greater  Member  be  rational 
or  irrational^  but  that  when  c  is  eveuj  and  the  greater  Jiife^ 
her  A>  or  both  Members  are  irrational^  no  Root  can^  Ad.  1^ 

traced  I 


tu       RfeDucriofN 

Again»  if  the  fifth  Root  be  to  be  cxtrafled  out  df 
^9\/6  +  4iv'3;  AA  — BBwill  be  =3,  and  con- 
fequcntly  »  —  3,  Q.=  8i,  r  =  5,  ^  =  ^6,  /  =-f,- 
tJ  =  ^6,  i//nj~«  =  ^3,  and  ^'Cl=  ^""Si,  or 
J  9  i  and  fo  the  Root  to  be  tried  is  -^ — X-ii?. 

But 


traced;  and  thztwhen  c  »  «;^>»,  and  the  greater  Member 
A  iV  ratS9Kfilj  it  is  ambiguous  whether  the  greater  Part  of 
the  Root  is  rational  or  irrationaL 

-  177.  In  this  amUgtuus  Cafi^  if  a  Rm  cannot  he  found 
whoje  great^Part  ts  rational^  by  proceeding  by  theRuIew 
and  as  in  Nuniberi72  j  yet  a  Root,  whofe  greater  Part 
is  irrational,  and  leU  Part  is  rational,  may  be  found,  as 

was  hinted  in  Nvuaaber  ij 3,' by /ubdu^ing^  from  r,  fi 
that  t  = L,  ^i/  X  y^y  =:  t s  +  V^  f  ts  s  -f  n  J   the 


%s 


ExfTiJRm  being  thehme  as  when  c  is  odd^  with  ibe  Sigm 
•fvk  3Hmged\  and  if  this  dm  nvtfucceedj  and  a  prime  Num^ 
lerjiands  under  the-  radital  Sign^  no  further  Trial  need  bt 
made» 

178.  Bin  if  a  compofite  Number  /lands  under  the  ra£cdl 
Stgn^  the  Rm  majpoffibly  have  both  its  Members  irrationaL 
and  that  eompofite  Number  being  the  Produ&  of  their. irrti^ 
ttmal  Parts  (i  16),  the  rational  Parts  may  be  fought  fer  ik 
the  nearefi  Integers^  and  Trial  made  with  a  Rooty  whU 
Members  eor^fl  of  thefe  Integers  ccmUned  with  the  radical 
Faaers.  In  ibis  Mamur  thej  are  fought  immediatefyi  hut 
to  atmd  Ambiguity,  andneedlefs  TroiUfle,  it  is  better  to  deprek 
them  by  extracting  firft  the  Square  Root  (LXII) ;  foTthe 
Square  Root  can  be  cxtraSed  Itrll  5  that  is,  the  Index 
may  be  tolvcd  (85;  until  it  becomes  odd,  which  wiM 
i  ISd  '  ^^  ^  ExtraSion  of  a  Root  whofe  Index 
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Bm  i/iH  thefe  Sorts  ef  Operations y  the  Quantity  be  a 
FraSiorty  or  its  Parts  have  a  common  Divifor^  extraSi  fepa-- 
ratify  the  Roots  of  the  Termsy  and  of  the  Faifors.  As  if  the 
Cube  Root  be  to  be  cxtrafled  out  of  ^  242  — 124»  ^i»> 
having  reduced  its  Parts  to  a  common  Denominator,  will 

become ^   Then  having  cxtraded  feparately 

the  Cube  Root  of  the  Numerator  and  the  Denominator, 

2^2—1 

there  will  come  out  ^ .    Again,  if  you  are  to 

3  6 

extraft  any  Root  out  of  -/3993  +  4/  17578 125;  di- 
vide the  Parts  by  the  common  Divifor  ^  3,  and  there 
wiiJcome  out  11  +  -/125.  Whence  the  propofed  Quan« 

tity  is  ^^3  into  11  +  ^^125,  whofe  Root  will  be  found 

by  extra&ing  feparately  the  Root  of  each  Fador  ,/  3, 
and  11  + v^  125  (/). 


179.  (/)  Jn  the  Refolution  of  Cubic  Equations^  by  Cardenas 
Ruky  we  have  Bimmes  of  this  Form  A  +  B  v^  —  q,  whojg 
Cube  Roots  mu/l  he  found.     Let  ^  be  a  Divifor  of  A,  and 

/  a  Divifor  of  B :  Becauft  V'A»— B*^=:  **  —  a*  (1 17), 

in  this  Cafe  ^/A^+B^q  =?  (x»^  z*)  =  ?*+  l*x  q: 
Jf  we  divide  the  Part  under  the  radical _  Sign  by  its  greatejt 
rational  t>iififiry  the  ^ote  is  v^—  q,  and  fuhduSling  p* 

*  ____ 
from  v^  A  *  -|-  B  *.  q,  .the  Remainder  is  1  *  X  q,  <7  known 

AHuItiple  of  1,  the  Divifor  of  B :  Jnd,p  and  1  mufi  he  af^ 
feGed  withfuch  Signsy  as  that  p  X  p*~a^*q  —  A,  may 
have  the  Sign  ofAj  and  ^-tx  3P*V  1^*9'— *>  '^ 

L  have 
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have  the  Sign  of  B.  Thus  to  find  \^  81  +  ^— 2700  ? 
is  4.  •'iri^So  =  81  +  30  V^  — 3>  whence  A  =  Bi» 
Bsige,  y  =  3.'>/A*+B*f  =  ^8iX8i-H';?5? 

=  ai s=  ^*  +  /» ?i  afiume  /  =  +  3>  t^»«»  V^'  +  B*e 
—  /»=:«  — 9=i*Xf  =  8  =  «X2X3:  Therefore 
/p:  ^  «  Divifor  of  B  =  30.  Now  be^aufe  we  haw 
+  81,  and^*— 3/*»=:9  — 36  =  — *7»  therefore 
it  is  —  3  =  p }  and  becaufc  we  have  +  30,  and  3^* 

/*f  s  27  ^ la  =  + 15*  therefore  it  is  /  =  2,  whence 

the  Root  is  —  3  +  2  •  —  3-    Now  becaufe  the  Cube 

Roots  of  I,  are  i,  ^^- ',  and 

(299),  therefore  byMuItipUcatioB  the  other  Cube  Roots 

a„,«l_i^TZi;a«d|+7^^=>  O'^' 
caufe  (by  dividing  the  ^ven  Binomial  by  the  greateft 
Cube  it^entaim,  and  mdtipiyiiig  the  R«ot^fjhe  Quote 
by  the  Root  of  that  Cube)  81  -*-  •—  2700  =  27  X 

1+  V— i22i  «««l  becaufe  the  Roots  of  s+V-i^ 
"*  *7 , *7 

ar«^,  +  W-i,-i-fV«i.andi 
T      »        3  >       a       2  3  2 

^  -^  ^  —  — ;    multiplying  therefore  thefe  by  3  the 

2  3 

Root  of  27«  we  luve  the  Roots  «quired,  the  fame  a» 

above. 

l8o>  J^  th*  Cotffidtnt  if' the  imapmaj  Mmttr  af  the 
Shrnne  bat  a  cmtrarj  Sign,  tht  Root  wiO  bt  tb$  ftmt  w^ 
<i»  Signs  rf  tbe  imaginary  Parts  changed  :  Thus  the  Cube 

Roouof  81  —  V  — 2700  =  81—30  V  — 3.  •will  be 

—  3  —  2 
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0/  the  TO  KM  of  sm  E  CLU  A  T  J  O  M, 

LXV.  jp  RATION  a  m  Ranks  9f  ^uamitiii  diL^ 

^  efual  U  ont  another  y  otj  taken  togethor^  efuat  $$ 

nnhtpg  {a).     The/e  are  to  be  conned  chiefly  s^fcor  two 

Ways  I 

''  '         ■■— I  11      III  I    B,  ■    III      I    !■        ■     ^       I    I  I^^^^M^f— ^.^i^»*^^ 

-3  — 2^— 3,  — --ft  ^'--S»  ^d-  — -v^— 3. 

-5  —  3  X2  =  —  6,  or  =  -^xa  =  '^3,  or-|  y 

a  55  9t  <b^  imaginary  Par»  vanifliijig,  by  (bc  Cpfl- 
trarirty  of  their  Signs. 

J5«/  yitfA  ^0^/i,  whether  exprejjible  in  rational  Nymipr;  or 
mty  are  foimd  by  evolving  bj  the  Theorem  of  Number  1O7, 
andfummingtheabermaie^Xerms:  Tbi#s  81  +  30^:^}i^ 

or  rathcr"8TI^  X  i  +  ^'^"'"3  |  *  ^^^^i  expanded  into 
a  Series  \  the  Sum  of  the  odd  Tejrips  yill  continually 
approach  to  4^5  r=  .—  i  and  the  Sura  pf  tjic  Coeffici- 
ents of  the  even  Terms  to  ^  ,  which  is  the  Coefficient 

2 

of  the  imaginary  Paft.  See  DeJ^oivre's  Ap|)pndi^  tp 
SsuKKkrfon's  Algebra»  «jrid  Traof.  Pbil^C  N!  45(. 

LXV.  {a)  In  cacb  Form  the  ^i^antity,  Qr  t|jc  A^^* 
gate  of  the  Qt^iantities  on  each  Side  of  the  Sign  of  Eqaa- 
iity  =3  is  called  a  Member  of  the  E^atiam^  Jhus  ia  ihe 
Equation  at  =5  ^  -j-  ^ ,  je  is  one  Member,  an(|  f  -f  f  ^^ 
otbtp;  aad  ta  «he  Equation  jr  «rr p  -rr  ^ :=  o,  x^np^r^^ 
L2  «I 
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Ways ;  either  as  the  Iqft  Conclujions  to  winch  yeu  come  in  the 
Rtjibttimi  $f  PrebUms  \  or  as  Meaxs^  by  the  Help  whereof 
you  are  to  obtain  fotal  Equatiens.  An  Equation  oftbt/cr^ 
mirKind  is  cimpefed  mdy  out  of  one  unhwwn  Quantity  in-' 
vohed  witb  hmm  ones^  if  the  Problem  be  determined^  and 
fropofis  fonuthing  certmn  to  be  found  out  (b)\  But  tbojfe  rf 
the  utter  Kind  involve  feveral  unknown  Quantities  y  wbicb^ 
firihat  Hea/on^  mujt  be  compared  among  one  another^  and  fi 
conneSledy  that  out  of  all  there  may  emerge  a  new  Equation^ 
in  which  there  is  only  one  unknown  Quantity  which  we  feek 
mixed  with  known  Quantities.  Which  Quantity,  that  it 
may  be  the  more  eauly  difcovered,  that  Equation  muft  bo 
transformed  moft  commonly  various  Ways,  until  it  becomos 
tbemoji  Simple  that  it  can^  and  alfo  like  Jome  of  the  foUotxnng 
Degrees  of  them,  in  which  x  denotes  the  Quantity  fought^ 
according  to  whofe  Dimenjions  the  Terms  ^  as  you  fee^  are  or^ 
deredj  and  p,  q,  r,  s,  denote  jxny  other  Quantities  from  which^ 
being  known  and  determinedj  x  is  alfo  detormined^  and  may 
be  inveftigated  by  Methods  hereafter  to  be  explained. 

LXVL    X    =p 

xxis.  px  +  q. 

x^  =r  px^  4"  ?*  "f*  ^' 

x^  =:  px^  4-  f  **  +  ^^  +  '•     &c* 

Or,    X   —  ^  =  o. 

A-^r—  ^Jf  —  f  =:  o. 

jpj_  pxx*--  qx  '^  rss  o. 

*♦  —  px^  —  qx*  —  r AT  —  i  =  o.  &c.  (c) 

After 

h  one,  and  Cypher  the  other  Member;  and  an  Equation 
1«  eafily  tranunuted  from  one  into  the  other  Form,  by 
Art.  LXVII.  &c.  ^ 

(*)  See  Art.  LXXV.*  Numb.  194. 

.  LXVI.  (c)  In  the  Refolution  of  a  final  Equation  the  fir/I 
Fom^y'iz.  x  =  py  **=**  +  f,  «c.  is  preforabk^  and 
tabe  ufed.as.in  Art.LXXlV,  becauTe  when  the  Value 
of  the  unknown  is  fought,  k  ought  alone  to  make  one 

Member 


I 
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After  this  Manner  therefore  the  Terms  of.  Equations 
are  to  be  ordered  according  to  the  Dimenfiom  of  the  un- 

kno¥ni 


Member  of  the  Equation :  Bat  in  all  other  Cafes  the  Farm^ 
in  which  Cypher  is  one  Member^  is  tnoft  eligiilei  becaufe 
tbe  Aggregate  of  the  Terms  in  the  other  Member  (the* 
Terms  being  ranged  by  the  DimenCons  of  the  unknown)* 
18  dien  the  rroduA  of  fo  many  Binomes  as  the  Equation 
has  Dimenfions,  as  is  ihewn  in  Art.  CXIII.  Whence, 
as  the  Rules  for  Evolution  are  found  by  obferving  and 
tracing  back  the  Steps  of  Involution,  as  in  Numb.  107; 
ib  we  may  difcover  Rules  for  the  Refokition  of  Equa- 
tions, by  obfenring  their  Opaeration  from  the  Multifdi-- 
cation  of  Bjnomes.  Aod  as  compoijind  EoMatio^i  are 
Produds  equal  to  nothing,  fo  the  Fadors  or  Binomes  are 
equal  to  nothing  ^  t)ia^  is,  the  Binonibs  are  fimple  Equa- 
tions of  the  fame  Form.  - 

181.  The  fecondTerm  0^ every  generating  Binomej  orSm" 
fie  Equation^  muft  have  its  Sign  contrary  to  its  real  Sign  i 
that  is,  if  it  be  an  a^rmative  Quanuty,  it  is  to  be  af- 
feded  with  a  native  Sign  ^  bMt  if  a  negative  one,  with 
an  affirmative  Sign.  For  if  x  z:^  p9  then  bv  fubdufi- 
iiig  p  fromEqusus,  theRelidues  will  be  equal ;  that  is, 
«  — -  /  =  o ;  and  if  jt  =  —  ^  by  adding  p  to  Equals, 
the  Sums  will  be  equal,  viz.  at  -|-  /  =  o. 

182.  Again,  the  whole  Aggregate  of  the  Terms  being 
equal  to  o,  each  Term,  which  is  alfo  an  Aggregate  of 
Terais  (94,  95)  is  :=  o ;  that  is,  a  new  Eauation  can  be 
deduced  Jrom  every  Term  after  thefirfty  by  which  the  Coeffi'- 
ctents  of  the  Terms  may  he  determined  \  and  this  is  one  of 
the  moft  fruitful  Principles  of  this  Art,  for  the  Refolu- 
tjon  of  compound  Problems ;  the  given  Quantities  being 
reprefcnted  as  undetermined*    Thus, 

+  tf       ±ah 
If  x^  +  bx^  ±ac  x  +  abc  :sz  Oy  thentf  +  i  +  f=o, 
±c      ±bc  "" 

^b  ab  +  ac +^bc  zzOf  ^nd  +  abczzib. 
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Vnbwti  Quahtity,  fo  that  thofe  may  be  in  the  fipft  Place, 
in  which  the  unknt^^m  Quantity  is  of  the  moft  Dimen« 
ubMy  as  Xy  xxy  * ',  x\  &c.  and  thofe  in  the  fecon4 
fhxXy  in  which  x  is  of  the  next  grea(eft  Dimenlion,  as 
P%P^9  p»\  f^^9  and  Co  on.  As  to  what  regards  the 
Signs,  they  to4y  ftand  any  how;  and  one  or  inore  of  the 
intermediatd  Terms  rtay  be  fometimes  wanting.  Thu^, 
m'  ♦  — **4f  +  *»;;pO,  ^tx*=bix^hi,  isanEqua- 

tl»il©f  the  third  Degieti,  and  Z*+ J  Z»*  +  J^'rso, 


U 


tS3^  As  Ideas  are  aflbciated  to  Words  by  conftant 
Ufe,  lb  ttt  mJMVfe  affbditU  thi liisa  rf  tki  Gotffidm  vf 
the  feliMi  Tim  of  an  Eputtidn  h  the  Letter  p,  that  if/  thf 
thlrdTerm  io  q,  that  of  fhifhufth  to  r,  Jifr.  Thus  fhail  x  ±p 
zizty  **+^*±y  =  o,  J^*±^**  + ^Jr  +  r^O,  &c. 

Jeprefent  copftantly  an  Equation  of  the  ift,  2d,  3d,  &Ct 
degree,  or  oft»  2i  3>  &c.  t)inicnfions,  refpedxvcly ;  ' 
and  are  called  the  For  Aulas  of  each  degree  ;  in  which 
^hc  Coefficients  are  determined,  as  thofe  in  Numb.  182  are 
iipdctermined  :  Thus  if  th6  final  Equation  deduced  froni 
a  Problem  is  of  three  Dimenfions,  let  it  be  x^  ±  px*± 

±a      ±ah' 
f;r+r=:o,  and   fuppofed  zs>  x^ -^b  x"^ ±ac  x  -^abc 
^  ±c       ±lc 

^^      :^^     a- 
tet)$wbtncB(LXVII);f«±^*»±^%i''.   aos 

tp  f  'j^bc 
Hrlience{i82)  ±p  +  al^b'^  ezz,  0,  ±f  +  f*  +  tfc4: 
t€  =z  o,  and  ^  r  ^£i^  qp  6;  whence  the  Values  of 
i^>  i  f>  ^ni  i  '"t  tt^*^y  he  found  J  which  Values  being 
fubftituted  in  the  Formula,  become  the  true  Ejcpreffions 
ifi  thofe  Coefficient^.  After,  thjs  Manner  a  Formula  be» 
ing  an  ifniverfal  Expreffion  for  all  Equations  of  the  fame 
JDegree,  the  Kefolutipn»  of  the  Formulas  become  aifo 

J^heral  Formulas  for  the  ReToliitipns  of  all  particular 
qOilitiOns  of  the  fame  Degree. 
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is  an  Equation  of  the  fourth  Degree :  For  the  Degree  of 
4m  Eftuxhon  is  ahoays  e/iimated  by  the  greateft  Dinunfion  of 
the  unknown  Quantity,  without  ary  Regard  to  the  known  ones^ 
or  to  the  intermediate  Terms.  But  by  the  DefeSt  of  the  inter^ 
mediate  Terms j  the  Equation  is  moji  commohfy  rendered  much 
ntarefintpUy  and  may  befometimis  defreffed  to  a  lowerDegrte., 
For  thus,  x*:n  qxx  ^  s  is  tobc  reckoned  an  Equation 
of  the  fecond  Degree,  becauFe  it  may  be  refotved  hito^ 
two  Equations  of  the  fecond  Degree.  For,  fuppofing 
^x  ^  yf  and  y  being  accordingly  writ  for  jr  jr  in  that 
Equation,  there  wHl  come  out  in  its  ftead yy  zizqy  i\^s^ 
an  Equation  of  the  fecond  Degree;  by  the  Help  whereof 
when  y  b  found,  the  Equation  araf  =s  y  alfo  of  the  fe- 
cond Degree,  will  give  x  {d). 

And  thefe  are  the  Conclnfions  to  which  I^oblems  axe 
to  be  brought.  But  before  I  go  upon  their  Refolution, 
it  will  be  necefiary  to  fhew  the  Methods  of  tranrforming 
and  reducing  Equations  into  Order,  and  the  Methods  of 
finding  the  final  Equations.  I  fluU  comprize  the  Re- 
du^on  of  a  fingle  Equation  in  the  following  Rules. 

L4  Cf 

{d)  Any  Equation  of  this  Form  jr  *•  =  fx*  +  s^  where 
the  greateft  Index  of  the  unknown  Quantity  x  is 
double  of  the  Index  of  x  in  the  other  Term,  may  be  r^^ 
duced  to  a  Quadratic  y'  =5  i?y  +  h  by  putting  jt  *  =  y, 
and  confcquently  jr*«=:y*;  and  this  Quadratic  being 
refolved  by  Art.  LXXIV.  gives  y,  and  therefore  alfo  Xf 
by  the  Equation  x"  ss  y,  univerfally. 

184.  Tl^e  Terms  being  atl  in  one  Member^  ^f  }^^  Index  of 
the  unknown  in  the  Penultimate  is  a  Divifor  of  its  Indices  tn 
all  the  Terms y  the  Dimenfions  of  the  Equation  will  be  reduced 
to  tbofe  indicated  by  the  ^oU  of  the  greauft  Index  divided  by 
she  kqfl.  Thus  ;f*  +  f  Af*+xjr*+ v=:o,  can  be  re- 
duced to  the  cubic  y^'iiqy^  ±  xy  Hh  vrr:  oj  and  *•  4^ 
r  jr«  ±  V  r=  o,  to  the  Quadratic  y*  +  rj^  +  v  =:  o;  but 
X*  i  px'  +  rx*  +  V  s:  o  is  irreducible,  becaufe  a  wSl 
not  divide  the  Index  5.    Sec  Numb.  254, 
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Of  ordering,  a  Single  or  Final  E  Q.U  A  T I  O  N.     ' 

X,XyiL  Rule  I.    7F  then  are  any  Quantities  that  may 
diftroy  one  another ^  or  may  he  joined 
iifto  one  by  Addition  or  SubtraSlion^  the  Terms  are  that  IVof 
U  hi  dimnijhed. 

As  if  you  have  5*  —  3tf  +  2Af=:stf  +  3iaf,  take 

from  each  Side  2  x^  and  add  3  n,  and  there  will  come 

lai  «4-  hx 
out  5^  =  8« +  f.    And  thus,  — *— — *  =  4i4"*» 

lah 
by  ftrilcing  put  the  equivalent  Quantities i^  =s  ^^ 

becomes  rrr  -zza^ 
if 

To  this  Rule  may  alio  be  referred  the  ordering  of  the  Terms 
j>f  an  Equation^  which  is  ufually  performed  by  the  Tranfpoji-- 
tion  of  the  Members  to  the  contrary  Sides  under  the  contrary 


Sig»  (a)»    A«-if  you  had  the  Equation  5^  =;  8«  «-f'  «r, 

;rou  are  to  find  x ;  take  from  each  Side  8  tf,  or,  which 
s  the  fame  Tiling»  tranfpofe  8  a  to  the  contrary  Side 
with  its  Sign  changed,  and  there  will  come  out  5  A  — 
8  tf  =7  jr.  After  the  fame  Way,  if  you  have  a  a  — t  7«  f 
r=:  <ii  —  ii  +  by,  and  you  are  to  find  y ;  tranfpofe 
—  3«y  and  ab-^bb,  fo  that  there  may  be  tjie  Terms 
multiplied  by  y  on  the  one  Side,  and  the  other  Terms 
on  the  other  Side,  and  there  will  come  out  aa-^ab  -{- 
bbz=,  2^y  ^  ^y*  whence  you  will  have  y  by  the  fifth 

Rule 
.....    I  ■'    I  " 

LXVII.  [a)  For  to  take  away  any  Q^iantity  from  one 
Member,  and  to  place  it  with  a  contrary  Sign  in  the 
pther,  is  to  add,  or  to  fubdud  it  from  both  (Art.XXVII): 
And  it  is  certain,  that  when  to,  or  from  equal  Quantities 
you  add,  or  fubduS  the  fame  Quantity,  the  S^ims,  or 
Refidues,  niiift  be  refpedively  equal  (Euc).  Axiom  3.} 
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Ride  following»  riz*  by  dividing  each  Part  by  3^  -I-  I» 

for  Acre  will  come  out r-r =:  t.  And  thus 

3^  +  ^ 
the  Equation   aix  +  ^ '  — •  aaAr  ^  «A*  —  2«** 
—  jrS  by  due  ordering  and  Tranfpofi^ion  bepomes  x^ 

—  3«*    -^abb  +3^^    '^abb  ^  ' 

LXVnL  Rule  II.  ^/i^^e  iV  om  Quantity  by  which  all 
the  Terms^fAe  Equatim  are  muliipEedy  all  of  them  mufi  be 
divided  bj  that  Quantity ;  «r»  if  all  are  divided  by  the  fame 
^uantity^  all  mufi  be  multiplied  by  it  too. 

Thus,  having  15^3  =  t^ab  -|-  ^bx^  divide  all  the 

Terms  by  b^   and  you  will   have  15^=:  240  +  3^9 

then  by  3,  and  you  will  have  5^  =  0^4*^-     Or  hav- 

b^       bbx      XX 
ing  —  — =  — ,  multiply  all  by  c^  and  there  comes 

b^       bbx 
out  —  — =:  XX, 

a  c 

LXIX.  Rule  IIL  If  there  be  any  irreducible  Froaion^ 
in  wbofe  Denominator  there  is  found  the  Litter i,  according  to 
ivbofe  Dimenjums  the  Equation  is  to  be  ordered^  aO  the  Terms 
of  the  Equation  mu/i  be  multiplied  by  that  Denominator^  or  by 
fome  Divifor  of  it^ 

ax 

As  if  the  Equation  +  *  =  '  be  to  be  ordered 

according 

(b),  ThcUfcs  of  Tranfpofition  are,  ift.  To  extermi* 
nate  Quantities  which  are  found  in  both  Members.  2d. 
To  bring  all  the  Quantities  into  one  Member.  3d.  To 
difengage  the  known  and  the  unknown  Quantities  from 
each  other,  by  placing  them  in  the  oppoiite  Members» 
Aod,  laftly,  to  change  negative  Quantities  into  a^rma* 
tive,'  by  transferring  them  to  the  oppofite  Member  i  thus 
^  xi  +  px*  —  qx  ^  r  ::z  o  becomes,  by  Tran(pofi- 
tion,  jp'  —  ^**  +  f^  —  ^=*~^' 


y 


tS4  REDUCTION     OF 

according  to  i^  nmldply  all  its  Terms  by  tf  ~  x  the  De- 
nominator of  the  Fradion     _^     feeing  x  is  contained 

therein,  and  there  comes  out  ax  '\-  ah  -^  hx'szajt 
—  xxy  ortfi  —  iarss  —  ^r*»,  and  tranfpofing  each 
Part  you  will  have  xx  rr  bx-^ab.    And  fo  if  you 


have 


a^.  —  a  ah 


%cy 


ZIzTc  ^^  y^^^^  ^^^  ^^^  Terms  arc  to  be 
ranged  according  to  the  Dimenfions  of  y,  multiply  thena 
by  the  Denominator  ary  —  ^^  or,  at  leaft,  by  its  Di- 
vifor  2y  —  f,  that  y  may  vanifli  in  the  Denominate^, 


-^abb 


XX 


and  there  will  come  out ==  2yy  —  3  ^y  +  c r, 

and  by  farther  ordering  — "^         —  ^r  +  3 ry  =:  2yy. 
After  the  fame  manner  ^  —  a  =  ;r,  by  being  multi- 

plied  by  at,   becomes   aa  —  ax  =  xx.    and  ^ —  — 

cxx   "" 

XX 

qjTJTIT'  ^y  ««"«iplying  firft  by  xx^  and  then  by 

t  +  h^x,    becomes  ^'  ^^ -J- ^^^' -  aahbx 

LXX.  Rule  IV.  If  that  particular  Letter  j  actsrding  f9 
jvhofe  Difmnfmis  the  Equation  is  to  be..ordirei^  he  involvsel 
with  an  irreducible  Surd^  all  the  other  Terms  are  to  be  tranf^ 
pofoi  U  the  ether  Sidty  their  Signs  being  changed,  and  each 

—--——-—-—— ——^—___  P^wt 

LXIX.  (c).  If  there  are  many  irreducible  FradioDa, 
whole  Denommators  contain  the  unknown  jr  by  which 
the  Equation  is  ordered,  the  fhortcr  MeAod  is' to  re- 
duce them  all  to  a  common  Denominator  (LIX.),  and 
to  multiply  fU  the  Terms  by  it,  of  by  fome  Divifor  of  it. 
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Pitri  0ftie  EfMtitH  mJUftnu  mhipSti  if  t^y,  if  the 
Mm  it  s  Square  one,  *r  twice,  if  it  it  a  Cubick  one,  &c. 

Thus,  to  order  the  Equation  V«<i— •«*  4- «  =  * 
SKcordingto  the  Letter  «,  temfpofe  «  to  the  other  Side, 
Mid  you  have  t/aa-^axts  *  —  a ;  and  having  fquared 
the  Parts,  ««  —  «*  =  **  — 2«*:  + <«,oro=j** 

_«*,  thatis,  *  =  «.    So  aMbV'"» +  »«**-'* 
—  «-*-*  =  0,    bytranfpofing  —  «-4-',    hecomes 

^aax  +  2axx-~x^  =  tf  —  *,  «>«»  multiplying 
the  Parts  cubically,  aax-  -h  2ax»e  ~  *'  =  «'  — 
34itf*+3a**^--*Sor**==4«»"*"**'  Andfoyss 
t^aj-^-yy-^a^ir-fh  htvingjquared  the  Parts, 
>oc«netyy  =  «y  +  //— «v'^T^J'J''  andth'eTenps 
being  rightly  tnuifpofed,  it  becomes  «y  =  «  Vay  —  yy, 
or  y  =  V»y  —  yyy  »n^  **»*  ^*^'  ^'"8  *g»"»  fquared 
jj^ay  —  yjy  and  liftly by  tranfpofihg  ^1y  =  « J'> . «f 
?iy  =  a  (^O- 

LXXL  RuleV.  The  Term,  iyUtlptf  the  preaSng 
ibdes,  being  Jiffefed  according  to  the  Dinunfims  tf  fmt  one 
of  the  Letters,  if  the  highejl  Dimenfun  of  that  Letter  be  mul- 
tipStd  by  any  known  ^vantHy,  At  vhoU  Equation  trnji  be 
£vidtd  by  that  ^ntity.  ^^^^^ 


T  XX  (d).  For  if  any  other  Quantity  viras  fuffered  to 
reSin  the  feme  Member  with  the  Surd  that  Mem- 
JS^I^iicaBinome,  irrational  Term»  would  remain  m 
l^'yfoUof  it(.,6)  ;  wherefore  the  ;5r»^-"l  Q;-- 
tier  would  not  be  exterminated.  Now  there  «s  aNe««- 
S7o7exterminating  the  irreducible  Surd  wiri.  wh.ch 
Ai  unknown  *  is  iavolred,  that  theDimenfion»  of  *, 
that  15,  of  the  Equation  may  be  known. 


156  R  E  D  U  C  T  I  O^     OP' 

Thus,  2y  =  tf,  by  divtduig  by  a»  t>ccoinC8  y  =r  |.  ir.»^ 

And  —  =tf,   by  dividing  by  -i    becomes  x  i^  -r— 

...  •        .         .  .   a^c.  .  +^tf^^ 

cy^tfc  —  rr,  becomes  Af'--+  ■     '^ 

J»  +  tftfc                             a^c  :  • 

=  o,  or  jip*+  — ~—  XX  ^^  a  ax  — =sor/j. 

LXXII.  Rule  VI:  Sometiftus  tie  Reduction  may  be  per^ 
firmed  by  dividim  tbe  Equation  I^fome  compounded  ^antity. 

For  thus  y^  =  ~^^  yy  -f-  3*<^>  — -f*^»  «  reduced 

to  this,   viz,  yy,=  — 2fy  +  Ar,  .by  transferriflg  all 

the  Terms  to  the  fame  Side  thus,  y'T^,^  yy  —  3*fy 

4"  ^^^  =  o,  and  dividing  by  y  —  by  as  is  fhewn  m 
the  Chapter  of  Divifion,  for  there  vfrill  come  out  yy  -^ 
2  ry  —  i  ^  =  o  (/).  But,  the  Invention  of  this  Sort  of 
Divifors  is  Difficult,  and  we  have  taught  it  already  (g). 

Lxxni. 

LXXL  (e).  By  comparing  the  2d,  3d,  and  4th  Rules, 
it  appears  that  Multiplication  is  of  Ufe  to  exterminate 
Surds  and  Fra£tions,  and  any  Quantity  by  which  the 
unknown  was  divided ;  now  this  Multiplication  cannot 
deftroy  the  Equality  of  the  Members  of  the  Equation 
(Eucl.  Axiom  6.) 

LXXII.  (/)•  By  comparing  the  2d,  5th,  and  6th 
Rules,  we  fee  that  Divifion  exterminates  the  common 
Divifors  of  the  Terms,'  and  the  Coefficient  of  the  higheft 
Term,  and  it  cannot  deftroy  the  Equality  of  the  Mem- 
bers of  the  Equation ;  neither  can  the  Evolution  deftroy 
it,  which  is  prcfcribed  in  the  7th  Rule  (Eucl.  Axiom  7.). 

(g)  Art.  L.  LI. 


FINAL    £  CLU  A  t  I  O  N  S.        157 

LXXni.    Rule  VII.    Sometimes  alfi  ibi  Ridu£fm  is 
perfsrmed  by  ixtraStion  of  the  Root  oat  of  each  Fart  of  tbe 


As  if  jou  have  xx^zi^aa'-^ibi  having  extxzStti  the 
Root  on  both  Sides,  there  comes  out  x  =:  ^ ^aa  —  bh. 
If  you  have  **•+  ««  =  211^  +  bb^  tranfpofe  %ax^ 
and  there  will  arife  jr *  —  2  a  *  ^aa  =  bb^  and  ex- 
traAing  the  Roots  of  the  Parts  x  —  a  =  -f.  or  —  *, 
or  jr=itf  +  *.  So  alfo  having  xxs^^r  —  bb^  add 
on  each  Side  —  a x  +  7  ^  ^>  *nd  ^txt,  comes  out  xx  — 
ax  +  \aa  =  \aa  —  bb^  and  extraaing  the  Root  on 
each  Side  x^\a^±,^\aa^ik^   orx  =  4.a  + 

LXXIV.  AfidtbtiSunh)erfattyifyoubavexxz:z.  px.  q; 
X  «wZ/  fc  =-TPztlv^TPP*q*  ^^«^^  i  P  «wrf  q  iw^ 
U  be  ajfeGed  with  the  fame  Signs  as  p  and  q  in  the  former 
Efuationi  but^pp  muji  be  always  made  Affirmative.  And 
tits  Example  is  a  Rule  according  to  which  all  ^uadratick 
Equations  may  be  reduced  to  the  Form  of  Simple  ones. 

For  Example,   having  propofed  the  Equation  yy  s 

s  -+-  jr;r,   to  extraft  the  Root  »,    compare 

es  a 

XX 

with  ^,  and  ^-AT  with  j,  that  is,  write  —  fori  A  and 

jf4  X  X 

—  '\'  XX  for{:  pp.  y,  and  there  will  arife  ;r  —  —  J^ 


aa 


h  JpJif  or  jr  = *^  rr  +  **•    After  the 

fame  way,  the  Equation  /jr  =  tf  jr  —  2  r jr  +  #  ^  —  r  r, 
by  comparing  tf  —  2  c  with  ^,  and  aa^^cc  with  ; ,  will 
givey  ;=i«  —  tf  +  V  7«^  — <*^» 

Moreover, 


X 
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Mor«oy«r»  tb«  Biquadratick  E^UAtioa  x^s*^4tf;r«' 
4vtf  A%  wboie  odd  Term*  are  wanting,  by  Help  of  this 
Rule  becomes  *ar  =  —  i  tftf  +  ^  ia*-^  ak^^  and  cx^ 

tra^og  again  the  Root  ?e  =5  V — i^^  iVi«*4-#^. 
And  To  in  others  (£)« 

An4 

LXXIV.  (^)  dmpcund  Eqmticm  4tr^  fmd  U  hi  iffftQ^ 
id  wb$n  tbef  invohe  Jiferent  PextMrs  of  tbg  unJtnow»^  aa 
^*  i/**'"'  i  ^ A"^""*  +  ^==  o,  confequently  no  cooi- 
pound  Equation  can  \>t  unaffected,  but  fuch  as  wants  aU 
jts  intermediate  Terms,  as  x»  +  rz:z  Oy  and  all  (^ad* 
latieks»  which  want  the  fcconaTemii  are  unaflfedbd^ 
asx*±^=:o,  the  Equations  are  every  where  ftippofed 
affc^led  where  the  contrary  is  not  mentioned.  The  For-^ 
mule  x\px.fz=:Q  repreieots  Qiiadratics  in  tbemoft 
general  Manner ;  for  as  the  Letters  *pj  ^,  r,  &c.  ^ epre<- 
&nt  all  Variety  of  the  Coefficients,  fo  the  Points  repre* 
fent  the  Variety  of  the  Sign$  -)-  ^^  "^  •  'n  'il^^  Man  • 
Her  x^.  px^.  q».  r  sb  o>  *♦.  px^.  fxK  rx.  /  r^  o,  &c« 
wil}  bf  the  moil  geoend  £xpre£cins  for  eub|(,  biqua4-« 
ratic,  &c.  E<|u)»ti9n«.    Now 

185.  The  firft  or  higheft  Term  of  every  Equation 
being  always  (ttppoTed  affimatiye,  Ac  Variation  of  the 
Signs  has  Place  only  jn  the  following;  Terms^  wh^0 
Number  is  ir,  their  whole  Number  being  «  -|-  <  (2x1) ; 
whence  the  Number  of  Signs  being  2,  putting  n  for  tne 
Pimenfions  of  the  Equation^  all  tie  Variety  of  Sifn$  m 
any  Digree  is  2  n ;  whence,  in  Quadratics,  the  general 
Formule  4r\^Ar.  ^  s?  O,  is  fottr<-fold  }  thac  i^,  all  ^pad- 
raticsj  with  Rerard  to  the  Signs  of  their  Terms ^  are  reduced 
to  one  ofthefe  four  particular  Forms. 
I.  **+^jr-f=:o.Qr**z=-j>Ar+y  or  jf^+^Jirbssf- 

4,  x*+px+q=sO.  x^  —  ^px^q  *»+^Ar  =  -f. 
Now  it  is  evident,  that  every  Quadratic,  whether  given 
in  the  firft  or  fecond  Manner,  muft  be  reduced  to  the 

third 
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And  tbifif  art  the  Rules  fit  crderhig  4m  mfy  Bfuatim^ 
the  Uie  whereof,  when  the  Analyft  is  ftifficientlx  9x> 

quainted 

(hMMaiuierof  Expreffion,  ioorder  tobefolved;  that  the 
Terms  containing  the  unknown  x  mav  make  one  Memr 
ber  of  the  £«|iiatk>n  LXXVII.  and  this  Member^  ria&. 
**i  f  *>  wmch  contains  the  unknown,  having  two 
Tenns,  cannot  be  the  Square  of  a  finple  Qyamity ;  and 
having  but  two  Terms,  muft  be  defd^ve  of  a  perf^ft 
Square ;  and  adding  the  Square  of  |>  ^  to  it,  it  will  be  a 
compleat  Square  (Eucl.  IL  4.).  Confequently,  adding 
4^*  to  each  Member  of  the  Equation^  and  exfrading  the 
Square  Reot,  and  tranfpofiiig  the  known  Quantitiaa,  fm 
as  to  leave  x  the  unknown  alone  in  one  Member,  its 
Value  will  be  in  the  other,  viz.  ars= +i^  + Vi/*+yf 
in  which  7^*  is  always  affinmitive'(89)  ;  and  4^  atii 
f  ,  retain  the  Signs  which  />,  and  f ,  had  in  the  fecond 
Manner  of  exprefing  the  Forms ;  that  15,  in  the  firft 
Form»  xz:z  —  ip ± Vi^*  +  ^i  *» **  fecond»  x  — 
it±^kf'Vry  iathetWri,*5=^tp±yi^»— ,; 
and  in  the  fourth,  *  =  —  Ti>±Vi^*-—  f. 

In  the  Problems  which  follow  before  the  Keffdillion 
of  Equations»  and  the  Nature  of  their  Roots  i»  tavght» 
Quadratics  occur  frequently  to  be  refplved :  It  wj|)^ 
therefore,  be  here  neceflary  to  be  more  explicit  ooncerA'- 
Jing  their  Reiblution. 

1S6.  Becaiife  the  Square  Root  of  any  Qyantity  mejr 
be  either  afitrmaiiv.e  or  negative  [  (88)  for  ^^  ;=  ^  x  «^ 
and  e»  ^— ^e  X— ^ ]  ^  tberefose^  all $uadr4aic$  admh  k 
turn  Sahaiant^  vr  hcnn  tim  Rfiots.  Thus^  having  found» 
byArt.LXXIV- shat**±^;r±i^«^^A^±ji  it 
may  be  inferred,  that  ir  +  ^^ss-f  V  i  p* ±f,  or  »» 
—  Vi^*±j;fince  -  V^  j:^*  j:  f  X  —  V  jp^^jT 
gives  i^  ±  f,  as  well  as  +  1/ J/^Tf  X  +  VJF^ 
3  (88; : 
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quatintcd  with,  (o  that  he  knows  how  to  difpofef  aity  pro* 

pofed  Equation,  according  to  any  of  the  Letters  con^ 

'  tained 

(88)  :  There  arc  therefore  two  Values  of  x  in  every 
one  of  the  four  Formulas,  In  the  firft,  *•  =  —  4  ^  + 
^T7M-7.  or  to  —ip  —  ^/jp^  +  i:  In  the  fe- 
cond,.4r  =  ^^  +  ^i  />*+  g,  or  to  jp-^  y/Jf^ZfJ: 
In  the  third,  x  z=:  ip  +  ^^p*—  y,  or  to  ^^  — 
^  i  p"^  — "g  :  And  in  the  fourth,    ;^  =  —  J  ^  -f- 

^ip^  —  q^  or  to  —  4^  — VTT^— 7-  Thus  the 
Equation  x*+  s^—^  =  o  gives  ;r  =  +  i,  and  to 
—  6.  **^—  5^  — 6  =  o  gives  *  =  —  i,  and  to  +  6. 
**—  S  jr  +  6  =  o  gives  :r  =  +  3,  and  to  +  2.  And 
**+  Sx-^-tszo  gives  jr  =  —  3,  and  to  —  2. 

187.  Hence,  when  q  !s  negative^  as  in  the  firji  and fecond 
F^ms^  one  Value  of  x  is  affirmative^  and  the  other  negative  5 
and  when  q  is  affirmative^  Inith  Values  of  x  are  of  the  fame 
Affe&im  \  being  both  affirmative^  when  p  is  n^gative^  as  in 
the  third  Form 'j  and  both  negative ^  when  p  is  affirmative^ 
as  in  the  fourth  Form. 

188.  Henfce,  when  q  is  negative^  as  in  thefirjl  and  fecond 
Formsy  the  Quantity  i  p  *  +  q  /i  affirmative^  and  the  ^uan- 
tity  y^T  p  *  +  q  tmder  the  radical  Sign  is  the  Root  of  a 
fifitive  Square^  and  can  be  affigned^  and  both  Roots  are  reah 

189.  Hence  alfo,  when  q  is  affirmative^  as  in  the  third 
and  fourth  FormSy  if  q  is  greater  than  ^  p  %  the  Quantity 

^  p»  —.  q    ii  nepotive^    and  the  Quantity  V  4  p* q 

mder  the  radical  Sign  is  the  Root  of. a  negative  Square^  and 
being  impoffible  (89),  cannot  be  affigned.     Confequently    * 

190.  In  a  S^uadraticj  when  one  Root  is  affirmative  and 
the  other  negative^  both  Roots  nmft  be  real  (187, 188)-  And 

191.  When  in  a  ^dratic  both  Roots  have  the  fame  Af- 
feition^  the^  are  either  both  realy  or  both  impoffible  •  and  never 
the  one  real  and  the  other  impoffible. 

192.  In 
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taihed  in  it,  and  to  obtain  the  Value  of  that  Letter  if  it 
be  of  one  DinDen&on^  or  of  its  giieateft  Power  if  it  be  of 

more : 

1^2.  In  am  UHafftStei  ^miraticy  vsz.  which  wants  tbt 
ficmdTermj  as  x*  +  q  =  o^  if  thi  third  Term  ^  hi  of- 
frmativi^  h^th  Roots  are  impoffibk ;  for  the  p  being  want- 
ing,  the  Quantity  if^ — q  becomes  — y,  and  ^  J^p^^^q 

becomes  v^^^  (89). 

The  mpoJ/ibU  Roots  of  tmaffeRei  Quadratics  are  called 
puroy  aslttvingno  real  Quantity  joined  with  them;  fuch 
are  x  —  ^1— ^  =  0,  *  +  ^"*  ?  =  0,  which  generate 
the  unaficded  Quadratic  at*  -|~  f  =  ^»  ^^^  which  may 
be  called  both  affirmative  or  both  negative :  But  the  /«»- 
po^le  Roots  of  affeffed  Quadratics j  are  called  mixedj  as 
hauiw  a  real  Quantity  under  the  fame  Sign^  conneSIed  to  the 
impoJgibU  and  radical  Part  under  contrary  Signs ;  and  if  the 
rud^uamity  is  affeSted  with  the  Sign  *—  they  are  both  ef^ 
/rsNtfnv  (181),    as   x  —  i*  — i/  — ^,    and  ^r  — ^^k. 

^  ^  —  f  ;  whofe  ProduS  is  ;r*—  ^ x  T     =  o  ;   that 

is,  putting  —  *  =  —  fy  and  4-^-|-r=s4.y,  **  — 
^  x"  +  f  =x  o,  a  Quadratic  of  the  third  Form  :  But  if 
the  real  Quantity  is  affeited  with  the  Sign  -^,  they  are  both 
(181)  negatheyOA  Ar.+  ^  A  +  ^  —  r  =  o,  and  4r  +  t  ^ 
—  ^  — f=:0,  which  generate  the  Quadratic  x** -f* 
i*  J     =05  or,  as  before,  **  -f-^jp  -J.  q  =  0,  of  the 

fourtlr  Form :  But  in  all  Cafes,  as  the  Terms  of  the 
Qiiadratic  are  fuppofed  rational,  the  radical  Part  of  the 
Root  is  afie£ted  with  contrary  Signs  (120,  I53«}* 

193.  A  ^nadratiCf  whofe  Roots  are  imaginary^  contains 
inqtts  loft  Term ;  a  pojittve  Quantity,  exclufiue  of  the  po^ 
fitiw  Square  of  the  Root ;  fo  that  its  la/i  Term  will  always 
exceed  the  Iqft  of  a  Quadratic,  whofe  Roots  are  the  fame  hut 
real  Radicals^  by  double  the  Square  of  the  radical  Parts. 
Thus  if  we  fubdud  **+**— .^  =  0  (whofe  Roots  arc 

*+i»  —  i|/tf  =  0,  and  x  +  i  A -j-V^  =  o)>   fr<>°* 
»*±  fr*  -|-  tf  =:  o  (whofe  Roots  are  *  ±  t  *  —  v^  -r 
i  zz  0,  and  ^i  i *  +  y'— •  c  ;=  0),  .the Excefs  is  2^% 
M 
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more :  The  Comparifon  of  fevcral  Equations  among  ont 
another,  will  not  be  difficult  U>  bim  j  whkb  I  fim  stow 
going  to  fhew, 

OftheTransformatimrfUvo  of  mott  EQUATIONS 
int0  dne^  in  wrdn  to  exterminatt  dn  mnhioum  ^juatti* 
ties  {a). 

trXXV.  rr/'HE  Nj  in  the  Solution  of  any  ProbUm^  there 
'^  are  more  Equations  than  one  to  comprehend  the 
State  of  the  ^uejlion^  in  each  of  which  there  arejfeveral  un^ 
known  ^ufintities  j  thofe  Equations  {two  by  two^  H^ihereare 
more  than  t%vo)  are  to  befo  conneSfedj  that  one  of  tie  unhunxm 
Quantities  may  be  made  to  vanijb  at  each  of  the  Oferfttiom, 

'    and 


LXXV.  (a)  By  tieReduStion  of  medial  Equations  is  fiir- 
d^Jiood  the  gradual  Transformation  of  the  Eqtuitiom^  wUcb^ 
by  containing  the  Conditions  of  the  Problem^  contain  dxffirimt 
unknown  ^uantities^  into  one  final  Equation^  which  ftHsU 
Comprehend  all  the  Conditions  of  the  Problem j  and  contain  ha 
'One  unknown  Quantity  ^  coni^uently  in  every  Transfarma* 
tiotty  one  unknown  Quantity  ought  to  be  extorminated*  This 
Exterminatioa  andTransformatioo  is  accomplilhe^iWheai 
«the  unknown  Quanti^  to  be  exteuninated  is  of  pnePir 
•menfion  in  both  the  Medials,  either  by  connedinff  .tfiaxx 
together,  as  in  Art.  LXXV  j  or  by  equating  theValues 
of  the  unknown,  found  in  each,  as  in  Art.L^^XVI; 
:but  if  the  unknown  Is  of  one  Dimeafion  in  one  only, 
ihtn  by  fubftituting  the  Va^lue  of  the  unkiiowa  founjl 
in  that,  one,  into  its  Place  in  the  other,  as  ^i  Afiidc 
LXXVIL  And  when  the  unknown  Q^a(itity  to  be  -ex- 
•terminated  is  of  different  Dimenfions^  .autid  abpve  one,  it 
IS  to  be  made  of  equal  Dimenfions  in  both,  as.in^um^. 
LXXVUI ;  and  Uien  it  nay  be  extern^inated  by  one  qf 
.the  above  Methods  of  cooned^ing  or  eqyatlx^  which- 
ever ihall  kcm  moft  condinive  to  keep  down  the  JD^- 
jnenfions  of  the  final  Equation.  But  io  extcrpiinatixjg 
«by  any  Method,  Care  is  to  be  taken  that  the  Value  ^ 
the  uoknoWA  omy  Cfoorge  pofitive* 
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mid  fi  frcdma  a  new  Equation.  Thus,  having  the  £qua« 
tioDS  2  ;r  :=  jr  +  5,  and  4r  n:  jr  -f-  2,  by  taking  equ^ 
Things  out  of  equal  Things,  there  will  come  out  ^r  =:  3 
(^)*  ^nd  ycu  are  to  knawy  t/jet  by  each  Eptatitm  one  un^ 
hmm  Quantity  may  be  taken  away ;  anJ^  confequentfyy  when 
tbere  are  as  many  .EfaaUons  as  unknown  ^antitieSj  all  may 
ai  k9ph  be  reduced  into  one^  /a  wbieb  there  Jball  be  only  one 
^mntity  unknown.  But  if  there  be  mare  unknown  ^uau'^ 
titles  by  one  than  tbere  are  Equations^  then  there  will  remaitt 
in  the  Equation  la/I  rejulting  two  wiknovm  Quantities  ;  and 
if  there  are  more  unknown  ^antities  by  two  than  tbere  are 
Equations^  then  in  the  loft  ryubing  Equation  tbere  will  re- 
main three^  and  fo^on  (e) 

Ther^ 

{b)  This  eonneifing  cmfiftji  in  adding  the  Equations^  when 
ibe  unknown  in  each  has  contrary  Signs,  and  infubdu^ing  the 
one  from  the  other y  when  it  has  the  fame  Sign ;  and  the 
Epiations  are  always  fuppof^to  be  ordered  by  the  Dimenfions 
of  the  unknoxvn  to  be  exterminated. 

(c)  194.  A  Problem  is  a  Propofition.  requiring  the  In*» 
yeftigation  of  Quantities  from  their  given  Properties }  it 
/;  determined^  when  the  Number  of  ^omtteiyiMch  anftuer 
what  is  required^  i$  determined  and  certainty  othetwife  inde-z 
termined ;  \be  Properties  given  are  the  Laws  or  Conditiom  of 
the  Problem  J  each  Property  gives  an  Equation  between  the 
Quantities  to  which  it  is  peculiar^  and  which  are  reprefented 
))y  Letters  and  Symbols  fignifying  the  unknown  and  ih»ir 
Properties :  Hence  there  are  as  many  Equations  as  Properties 
iiven.  Each  additional  Property  alfo,  if  it  be  not  fuper-^ 
ftoous,  limits  the  Extent,  and  Number  of  Quantities,  to 
^ich  the  foregoing  Properties  s^eed,  and  exclude^ 
thofe  to  which  it  does  not  itfelf  agree ;  whence  each 
Equation  conneSed  to  anothel*,  exterminates  one  Letter 
ficnifyiog  an  unknown ;  whence  in  the  final  Equation^ 
alt  Quantities  are  cxduded  to  which  the  Aggregate  of  the 
Properiies  given  does . not  agnee;  that  is,  fo  many  Letters 
^noting  unknown  Quantities  are  exterminated,  as  there 
are  Properties  given,  and  Equations  to  be  colleded  from 
them  :  Therefore^  if  the  Nwnber  of  Equations^  ot  Aarac^ 
M  X  terifmg 
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There  may  alfo,  perhaps,  two  or  more  unknown 
Quantities  be  made  to  vaniflj,  by  only  two  Equation». 
As  if  you  have  ax  ~^by  =:  ab  -^az^  and  ix  J^  by  znz 
bb  -{^az:  Then  adding  Equals  to  Equals,  there  will 
come  out  ax  +  bx  zz  ab  '^  bb^  both  y  and  t  being 
exterminated.  But  fuch  Cafes  ekhcr  argue  fomo  Fault 
to  Jie  htd  in  the  State  of  the  Queftion,  or  that  theCal*^ 
culation  is  erroneous^  or  not  artificial  enough.  The 
Method  by  which  one  unknown  Quantity  maybe  ex«. 
terminated  or  taken  away  by  each  of  the  ifquations,  will 
appear  by  what  follows. 

7J^  Extermination  of  an  unknown  Quantity  by  an  Equality 
of  its  -yaluiSi    - 

LXXVI.    TI/' a  EN  the  Sluantity  to  he  exterminated  is 

^^     only  of  ^ne  Dimenfion  in  both  Equations^ 

[  both 

terifmg  Properties  j  is  equal  to  the  Number  of  ^antities  fou^tj 
tverj  Letter  for  an  unknown  Quantity  will  be  exter- 
minated, except  the  one  reprefenting  that  to  which  the 
Aggregate  of  Properties  agrees  ;  and  therefore  its- Value 
may  certainly  be  found  ;  whence  the  Problem  will  be  de- 
termined. Now  if  the  Number  of-^antities  fought  is  entj 
fwoy  &c*  more  than  the  Number  of  Equations^  the  Limita- 
tions, Exclufions,  and  Exterminations,  will  be  one,  two» 
.  ice.  iefs,  and  confequently  two,  three,  &c.  unknown 
Quantities  muft  remaia  in  the  final  Equation,  whofe 
Values  cannot  be  certainly  determined,  becaufe  one  un- 
known muft  enter  into  the  Value  of  another  unknown  ; 
and  the  Value  not  being  certainly  determined,  the  Pr^b^ 
lem  is  undetermined.  Now  if  the  Eauations  are  more  than  tbi 
Number  of  Quantities  required^  eiAer  the  Properties  are  fit* 
firfiuous^  as  not  limiting  the  Extent  or  Number  erf*  Quan- 
tities to  which  other  Properties  agree,  or  elfe  they)nay  bt 
iikonjiftent  with  each  other ^  and  make  the  Rjfilution  impof^ 
^le ;  or  laftly^i  the  Tranjlation  of  the  Problem  into  Algebra, 
i%  e.  into  Equations^  is  erroneous  orinartifdaL 
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ietS  its  Values  are  U  he  fmgbt  ly  the  Rules  already  deUveni^ 
msdAe  omt  made  efual  to  fbi  afher  .(^}. 

Thus,  putting  tf  +  Jr  =;:  A  +  jr,  and  2^  +  jr  =  3*, 
that  jr  may  be  exterminated,  the  firft  Equation  will  give 
<  +  *  —  *  =  7>  *nd  the  Tecond  will  give  3  A  —  2  * 
=  7.     Therefore  a  +  x  —  b  is  =  3  A  —  2  A",    or  by 

doe  ordering  x  =  ■    "^ft 

And  thus,  ix^y  ^is  +  x^y  give2x  =  5  +  ;r 
or  jr^5. 

And  jjr—  2iy  =  at  and  xy  =  li  give  ^^~^  ■ 
{=/}  5=  'jj  or  by  due  ordering  the  Terms  xx-r^ix 
-  — =  0. 

Alfo— i^«i^=tfi4.;,^,    and*;t+^-' 


c 


zaa^  by  takbg  away  Xy  give  ''^^^^^*  (=;r)  = 

2#tf£-— *tfyy                                                    ^^ 
j-jj -;  and  byReduftion  y* yy  ^^ 

±aae+bbe  ^ 
J y  +  **tf  =  o. 

L>%,   Jr+y-«  =  o   aadiry  =  ;r,  V  taking 

aw«y  «  give  »  +  y(=2:)  =  ^  or  ;r;r  +  ;ry  =  ^^. 

M  3  The 


••■ 


LMVI.  (i)  The  Values  maybe  equated  aldionEh 
iheunknown  isof  more  than  oneDimenfion  io  each,  a4 
ufeenmLXrnili  b«  then,  the  «nknown^nS 
S/KS?^'"^'*^'''  but  aniy  lowered  by 
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•  The  fame  it  alfo  perfarmtd  by  fubf  racing  ekhtr  of  the  Fg* 
lues  of  the  unknown  Quantities  fromtbg  other y  and  mdiittg 
the  Remainder  equal  to  nothing.  Thus,  in  the  firft  of  the 
Examples,  take  away  3*  —  2^  from  a  J^  x  ^^  b^  an4 

there  will  remain.  i7  4*3'^  *T4^  ^  P»  Qt  x  zz  ^   '^■■> 


The  Extermnation  of  an  unknown  ^Jfontityi  hff$ihfiiMm$ 
its  Value  for  ft. 

LX'XVII,  prrliENy  atleaji,  in  one  of  theEp^oia^ 

J  the  Quantity  to  be  exterminated  is  only  of 

one  Dimenjion^  its  Value  is  to  be  fought  in  ihat  Equation^  dnd 

fhen  to  be  fubjiituted  in  its  room  in  the  other  EquOtiisn,  Thus^ 

ibavin|;  i^io^okAjcyy  =  *',  and  xx  '\'  yy  ^by"'^  dx  \ 

bt 
to  exterminate  Xj  the  firft  will  give  —  z^  xy  wberefbr^ 

hi 
}.  fubftitu^  in  the  fecond  r^  in  the  room  of  ;r,  and  there 
yy  ,.    » 

b^  ah* 

comQs  out  -^  +  j^j^  55  *jr  —  t — »  wd  bjr  Roiu^ei^ 

y^^by^^abiyy'\'h^z^O  {e). 

But  having  propofed  ayy  +  aay  z:z  %%  and  /z  -« 
0yz^azy  to  take  away  y,-  the  fecond  tvill  give  y  z=: 

■  Whtrrforc  for  y  I  fubftitut«  ■■■■  .■  ■  irtio  Ae  firft. 

and 


*  tXXVII.  (e)  In  all  Suhfiiuiionsy  the  Value  fi^Jfitutei 
mufi  have  Us  own  Signy  iftkn  of  the  f^mritity  ikto^oHofe 
mace  k  is  put,  is  affirmative  \  hut  the  contrary  Signy  if  nr-*'' 
gntivi.  And  this  Value  jntift  be  multiplied,  •rdivided^ 
or  involved)  or  evolted,  &c»  in  thefanieliiianiierici  wat 
the  unknown^  into  the  Place  of  which  it  i8.ibl)ftitutrd«  * 
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a^zz             ,     a^z 
and  Acre  cwnes  out ^',^   ,    ■  ^  +  r :^  2^. 

jAad  bjr  R^udiofl,  T^^f^iaz^  -}-  jazz^  Zia^z -f- 

III  tb«  lilfk^  manner,  having  propofed  '—  zz  z  and  ^ j^ 
-{-  zx  ziz  cci  to  (akc  away  z»  I  fubftitute  in  its  room 
—  in  the  ijbcoiid  Equation»  and  there  comes  out  cy  rf- 

tm  — 

But  a  Perfoii  ufe4  to  dxefe  Sor^s  of  Computations,  will 
oftentimes  find  iborter  Methods  than  theie  by  which  the 
lin£no\^n  Quantity  may  be  exterminated.  Thus,  having   - 

bijf  —  t^  az         ' 

ax^z  — ^ ?—  and  ^  =:   >  _  ,    if  equal  Quantities 

are  multiplied  by  Equals,   there  will  come  out  equal 
(^antities,  viz.  axxzzi  abby  ot  xzzb. 

But  I  leave  particular  Cafes  of  this  kind  to  be  found  out 
by  the  Studenjto,  a$  Qccafion  ^1  offer. 

The  Extirminaim  9f  0H  nnhuwH  Quantity  of/ewralDk 
menjwu  in  each  Equathn. 

LXXYUIr  Zf^ffEN'  the  ^jumtity  to  be  taken  away  it 
^^  tf  more  tbdn  *  ofie  Dimenjkn  in  both  the 
SptationSy  the  Value  of  its<  greateft  Power  mujl  be  fought  lir 
ioJj ;  then  if  thofe  rowers  are  not  the  fame^  the  Equation^ 
Aat  invokes  the  lejfer  Power  mufl  be  multiplied  by  the  ^anr 
Idyi?  bi  nttm  awaji  oriy  its  Square^*  or  Gube^  i^e*  tl^at  it 
wxyht^me  of  the  fame  Power  with  the  other  Equation.  Xhen 
the  t^s  of  thofe  Powers  are  to  be  maie  equals  and  there  will 
ame  out  a  new  Equation^  where  the  greateft  Power  or  Di- 
pienfion  of  the  ^uantih  to  be  taken  awaj  is  dinnmjhed*  .And 
-      ^       ^    '•'^'     M4  "''''' ^ '-'     h 


•i 


y5  *  ?s  2  A';'  -T-  4»  or  *  =  i — T"T"*    I  therefore  fub- 

^J'  IT  "■ 
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Ay  ripiaiing  thh  Opiration^  the  ^uoftfity  will  at  Utigtb  if 
takin  away  (/). 

As  if  you  have  y^if -|- 5Ar  =  3j^j>  atid  %xy^^^x» 
ff=  4^  to  take  away  jr,  the  firft  Equation  will  give  xst 

55:  — .  5jf  -j-  3jr^,   and   the  fecond  sex  zn  • 

I  put  therefore  ^yy  —  S^  ^='  "- >    a'ld  f9  x  i? 

reduced  to  only  one  Dimenfion,  and  fo  may  be  taken 
away  by  what  I  have  before  (hewn,  viz.  by  a  due  Re?; 
dudion  of  the  laft  Equation  there  comes  out  <^yy  — 

IS 

ftitute  this  Value  for  x  in  one  of  the  Equations  ^ii^ 
propofed  (asin;irAfH-5jf  =  "^jy  )  and  thcrp  arifes 
%xy^^^^yy^lh         A^Syy  +  20  _  ^^  ^^ 

4>J'  +  6o>  +225  7.y  +  15  -J-^-^' 

duce  which  into  Order,  I  multiply  by  ^yy  +  f>o yy  4- 
225,  and  there  comes  out  8rj'*+  72yjf  +  16  +  90;^' 
•f  40>  +  iTSyy  +  300  =  i2ji»  +  180^3  ^  675//, 
or  69^* —  907'  -J.  72j^jr  +  40 jr  +  316  =  0.  * 

Moreover,  if  you  have  y^  =  xyy  +  3Jir,  and  //  = 
XX  —  ^yr^Z*  ^**  ^^^^  sway  jr,  I  multiply  the  latte^ 
Equation  by/,  apd  you  \i^yc  y}  :::  xs[y  —  xyy  —3/^ 
of  as  manv  Dia:>enfions  as  the  former.  Now,  by  mak- 
ing the  Values  of  y'  equal  to  ooe'anothor,  I  hav0  "^ryy  +» 
3*  =  jr jry  ---  xyy  —  3y,  where  y  is  deprefled  to  two 
jDimenfions.  By  this  therefore,  and  the  moft  fioiplQ  one 
*of  the  Equations  firft  jsropofcd  yy  ^  x^  —  ;(y  —  3,  the 

Quantity 

I^XXYIir.  (/)'Or,  raife  the  Vajue,  found  in  the 
]£quations  of'  Ipweft  uimenfions,  to  the  Dimenfions  of 
fhc  other  Equation,  and  equate'  this  raifed  Value  witli 
,t&e  Value  found  in  t^e  other  Equauvn* 


Quaatity  y  may  be  wholly  taken  away  by  the  fame  Mc- 
Aod  at  in  the  foraer  Example. 

There  are  moreover  other  Methods  by  which  this  may 
be  doo^y  and  that  o^bentimes  more  concifely.  .As  if  there 

be  given  yy  =  ^~+*Jf>    and  >y  =s  2^y -*•  ~i 

that  y  may  be  extirpated»  extrafE  the  Root  y  in  each, 
at  ittticwn  in  the  feventh  Rulej  and  there  will  come 

N0W9  by  making  thefe  two  Values  of  y  equal  you  will 
h»vc^  +^~  +  *'  =  '  +  ^JZ+"!  "«^  "y 
nj^^ji^  "-  ^^^  >^- ^—  +  ?fx%  there  will  re- 

jnain  — »  =  J^>  or  jif;r'=  ^  jr,  and  ^  =3  tf • 
lit 

Moreover,  to  take  x  out  of  the  Equations  4r  +  y  -|«  ' 
ii?  =  20,  and  ;f  ;r  +  yy  +  f^  =  140,  take  away  y 
ftom^he  Parts  of  the  ficft  Equation,  and  there  remains 
^  ^.  4^  =  20  —  y,  and  fquaring  the  Parts,  it  becomes 

jr;p  +  2yy  + j^=400-40y  +  yyf  and  taking  away 

yy  on  both  Sides,  there  remains  yjr  -f  yy  +  -j^  s 

400  —  40  y.  Wherefore,  fince  400  —  4oy  and  140  are 
equal  to  the  fame  Quantities,  400  —  40y  will  be  equal 
io  140,  or  y  =  6  ^ ;  and  fo  you  may  contra.(£t  the  Matter 
in  moft  other  Equations. 

PXXIX.  5i^ 


j(yh  REBU.TCTIOvN     OF 

LXXIX.  But  when  tbi,$gmiiji  U  k  ixterfninmtd  U ^ff 
feveral  Dimenft9ns^  fornetimis  there  is  required  a  very  laboriauf 
&^Abcs  td  exttrtnikate  It  6itt  tf  the  Equations '^  hutihtrttbt 
tiAvttr  will  be  ntath  '£tHifv^  ly  ihi  JiifHving  E^eMipkf 
TBodif^of  as  fykf,    \         .       ,  ^ _ 

.   Kvii«    I; 

st  'being  cxtcrmioated,  thefc  cdrocs  out 
ab'—ig—%cfX  a  h  \r{r  bl)r-7gXhf:  X  agf^  cff 

-  :  llif  LE    JL    . 
Frpm  ax^  J^bx^  ^\x  +  d:=z  0,  znifx x  +^«'  -}~  ^  =  ^» 

X  being  exiermiiiated,  there  comes  out 
ab^bg^2cfx  <»*•*••  ^^bb^cg'-id/X  bfh :  +  cTldg 
X^gg  +  cff:  ^3agh^bgg^df/X dfz± 0.     .-. . 

JLxst^    IH. 

fx9aift9f*^hx^+fxx+dx+e:z09  ^nd/xx^  gx+bz:^ 

X  being  exterminated,  there  comes  out 

ab^bg'--2c2xab*:  +  bb^cg^2dfxbfhh:+agg+cf/ 
"  y(cbb+dgh+egg^2e/b+^agh+bgg+dff7(dp> 
+  2abb  +  ibgh'^d/g  +  e/fxeff:^bg^2abx 

^-  Role    IV.  :rj 

From  tf;r>4-i;if AT rj-cif 4-^=0,  and/?f'+;;r^-|.i;r-J-ifz:Q, 
J?  being  exterminated,  there  comes  oitt . 

ib^-^ig-^^X  adib^itchk :  +  ^af-f  ^A-i-c^-^a^/^ 
X  3<//A  :  —  tf i  H-  ^^  H-  2<'g  -f^  3<y  X  ^f^rft-jf^ 
rh  idk^ddg  —  tf ci  4.  a*<//f  X  ^^^  +  ^//:  + 
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,  %btfk'.  +  tt—%d4Xbbfk-^bbk^2iaib'^fdf 

For  Example,  to  pxterminate  x  out  of  the  Equations 
MX  +5*  —syy  =  o,  and  ^xx  —  2Jfjr  +  4  =  0: 
I  refpedively  fiihftitute  in  the  fiift  Rule  for  a^  by  t  ^ 
fy  gy  and  by  thefe  Quantities,  i,  5,  —  3/jr  j  3,  -^  2jr 
and  4 ;  and  duly  obferving  the  Signs^  -f-  and  ~^  ther^ 
arifo  4  +  lojr  +  liyy  X  4  >  +  ^Q  —  *J^*  X  IS  •  + 

47-^  — 27^jrx— 3J'J^  =  o,  6r  16+  40J'  +  7W  + 
3Q0  —  90^ '  4- 69/*  =  o. 

By  the  like  Reafbn  that  y  may  lie  expunged  out  of 
the  Equations  jf*  —  xyy  —  3*  —  c,  and  /J^  +  'J^  -^ 
jr;r  +  3':s  Of  I  Aibfiitute  into  the  fecond  Rule  for 
^^  K  h  di  fj  gy  by  and  Xy  thefc  Quantities  i,  •—  a*. 
0^—3x5  I,  jr,  —  **  +  3,  and  jy  refpeaively,  and 
thore  coBies  out  3—**  +  xx  X9*^  ^jtjt  ^  x^z^m 

gjg  4-  X»  +  6x  X  —  3^  +  ^^  •  +3^*  X  xx:^ 
9*  —  ^x^  —  x^ —  3Af  X  —  3*  =  ^  •  Then  blotting 
out  the  fuperfluous  QuaiRities  and  multiplying,  you 
have  27  —  l8:r;t  -f-  3  jr*,  —  ^xx  +  **,  +  3**  — 
j84f»-f^i2**=o.  And  ordering,  ^^  +  ^^^^T^^S**^ 
^l-  27  =  o. 


I^XXX.  Hitherto  we  have  difcourfed  of  taking  away  { 

Cne  unknown  Quantity  out  of  two  Equations.    Nbw,  | 

i/Jiverai  are  U  bi  taken  out  offeveraly  the  Bujinefs  rnuft  if  i 

done  by  degrees :  Out  of  the  Equations  ax  zi:  yz^  x  '\'  y  \ 

:=  2,  and  5  at  =r  y  +  3« >  if  ^^  Quantity  y  is  to  be  i 

found,  £rft,  take  out  one  of  the  Quantities  4r  or  2,  fup-  j 

pofc  ;r,  by  fubftituting  for  it  its  Value  ^—  (found  by  the  «*;! 

'•••.-•.                         a  I 

firft  { 


jyi        '  R  l?DU  C.T  lO«l  OF  • 
'6rft  Equation)  in  the  ftcond  and  third  Equations ;  and 
A^  you  will  fcavc  ii  4/ j>  =  a,  and  Sl^  =  j'  +  y«, 
out  of  which  take  away  2  as  above  (g). 

or 


*  TJK7CX.  (g)  195.  i^^  tu/o  Equations  are  given  invoh^ 
ing  iw/t  wdtniwri  ^fmiAitSf  ts  y^^         ^  ^^^tben  fifM 

»=..        »   T7 •  Where  the  Numerator i^ the  Difference 

of  the  ProduSs  of  the  oppofite  Co^fficienis  In.tbe^rdet 

jn  which  y  is  not  ^und,  and  the  penominator  is  the 

Difference  of  Ae  1?rodu6l*  of  the  oppofite  Cbeftcient> 

taken  (Vom  the  Oders*  that  Involve' the  two  unknown 

Quantittes.     (Coefficients  are  of  the  "fame  Order  wWtfr 

Either  alFeQ  no  unknown  Quantity,'  stsr  c  and*/;  or  tb^ 

fame  unknown  Quantity'  in  the  different  Equariohs,'  as 

V^^i'd.    Cocfflcietitii  are  oppofite  when  they  affeft  the 

cfifi^feftt  bjnknown  Quantities  in  the  «afferent  Equations» 

fts  a  and  #;  i  and  ^).    For  from,  the  firft  Fquatioiij 

£       bv 
ax^c^ ij ;  a;id  ^  =  -~ —  (Jl.  i, 5.)  •  alfo  f|t)m 

f—iy 
the  fecond,  dx  =/—  iy ;  and  *■  =:  "^     ,       :  Whence 

t=-^  =  :^~^  (LXXYIO  ;  and  ^rf  ~  diy  =  iz/ 
--  aey  (R.  3)  5  and  aey  —  diy  =  ^/—  rrf  (R.  i.)  j 

and  y  ==  JTZTJ?  t^'  5* J  •   ^^^^^  ^^^  ^""^  Manner, 
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Of  At  Method  of  taking  away  any  Number  rf  Surd  ^utm^ 
thiis  out  of  Equations. 

IJSXXl.  rjITHERTO  may  be  referred  the  Exteri 
mnatien  of  Surd  ^itaniitiesy  by  maldng  them 

rqual  to  any  Letters.    As  if  you  have  ^ay  —  \^aa ay 

=  7,a  +  ^ayyy  by  writing  /  for  ^^jr,  and  tr  for 
^aa  —  ayj  and  *  for  ^  ayy^  you  will  have  the  £qua^ 

tions 

I     I       II    _^L  J        J  ■     11        I 

196.  When  three  Equations  involve  three  unknown  ^uan-^ 

ax-f- by-f-cz=m 
////«,   X,  y,  fl»/  z  ;.   thus^  dx  -+-  ey  -f-  f z  =  n  them 

gx-+-hy4-kz=:  p 
_  aep  —  ahn  +  dhm— >dbp  +  ghn  —  gem  , 
^  ""  ack  — ahf-hdhc  — dbk-f-ghf  —  gee  ' 
Where  the  Numerator  coniifts  of  all  the  different  Pix>- 
dufb»  which  can  be  made  of  three  oppofite  Coefficients 
taken  fromthc  Orders  in  which  %  is  not  found  s  and  the 
penominator  conlifls  of  all  the  PreduSs  that  can  be  made 
of  the  three  oppofite  Coefficients  taken  from  the  Ordeta 
which  involve  th^  three  unknown  Quantities.  .     . 

v^r  g»  —  af%  ^dm  +  dc%  _ 

^""^  ^=     .  ae^db »    «'^^ 

ap  —  akz  —  gm  -+•  gcz, 
y  =  al  —  gb ( 19s  )  i   therefore 

anm^af%  —  i;«.+  de%  _  ap  —  ak% — fiw  +  ^^g 
ae^-^db  a b  ■*—  gb  \ 

(  LXXVI ),  and  an  —  afz  —  dm  4"  dcz  xab 
^  gb  X  g  »  ~  afz  ^4-  gbdm  —  g  b  d  c  %  :s: 
ap — gm  —  akz  ^gczx  ae^db  Xap — <^^^  + 
^K^  — f*rf^»(R'5-)i  T^^^^ghdni^gbdez  from 

both 


i)[4        A  £  S  Q  L U  T  I  O  N:   Q  t 

tiohs  /— .v  =  2fl  +  *,  '^  =  tfJ'»  t;t;=tftf-.ijjf,  an4 
«J  =:  ajy^  out  of  .w^ich  taking  away  ty  degrees  i,  v, 
and  x^  there  will  refult  aa  Eijuation  entirely  free  from 
Surdity* 

How  a  ^efiion  may  be  brought  to  an  Equation. 

UPCXII.  A  F  T  E  R  the  Learner  has  been  foip^  Time 
*  -^  exercifed  in  managing  and  transionniag 
Equations,  Order  requires  that  he  ffiould  try  his  Ski» 
in  bringing  Qyeftions  to  an  Ecjuation.  And  any  ^eftion 
heing  propyrJ^  bis  SkiU  is  partscttlariy  f'tfuiitdto-demftraU' 
its  Conditions  byfi  rn^ny  Equations,  To  do  which  be  mug  firft 
conjider  whether  {he  Propohions  or  Sentences  in  which  ^t  is 
expreffidy  be  alltfAempt  to  he  denoted  in.  algebraick  Terms^ 
juft  as  we  exprefs  our  Conceptions  in  Latin  or  Oreek 
Chariufters.  And  if  fo^  (as  will  happen  in  Q^eftions 
cOnv«xfant  about  NunAcrs  or  abftra<ft  Qantities)  H)en  let 
him  give  Naxnes  to  ]kotb  known  and  wfknown  ^antitiesy  ai 
fas  as  Occafion  r^i^Hirfii  and  exprefs  the  Ssn/f  of  the  ^uffii^ 
ifi  the  Jndyiick  LanguagjSy  if  I  may  fo  ipcak-  Jjfd  the  Cwt- 
ditip^s  thus  tranfiased  to  algebraic^  Terms  will  give  as  many 
Equations  as  are  mceffary  to  Johe  it* 

As 

both  Members,  and  divide  by  b  tf,  (o  fliall  an  —  dm  — 
.  ^z^dczxhr^ghn^gbfzzrnap-^gm — aisi  +  gc7i 
X  e  —  dbp  ^  dilz'y    uanfpore  and  divide,    and  fo 
ihall  you  find 

aep  '^^ahn'-^  dhm^  dbp  '^gbn^^g'em  ^ 

Jg       — •  I    1.     »11       a       I        ■    II Ill  ■■  !■■.■■■  I      I    I        ■■    ■■    ■      l»l     I 

"^  aek'-^  a'hf  -^  dh  c  '^^(fbk*'{'  gbf  ^^  g4< 
Ahci  the  fame  Manner, 

:  ^  -^  aek^ahf"^  dbc  —dbi^gbf^  gec'^  ' 
And, 

ifp  —  hkn  4-  ^km  —  ecp  -^  hen  -^  h/m    . 

^  ^  aek  ^ahf  -f  dhQ  ^d1?k  +  gbf^  gee  ^ 
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As^jf  there  are  required  tbre^  Nuipbers  in  continual 
ftrbporHpn,  whofe  Sum  fs  20,  iiri^th'e  Sum  of  Acir 
Squares  140  »  putting  Xj  yy  and  z  (pr  the  Names  of  the 
tkree  NiMnUn  iought,  the  Queftioii  mil.  be  triitaMt 
out  of  the  Verbal  to  the  Symbplipil  Exprei&oxi»  f«  folr 
lows : 

The  ^ejTion  in  Wotds.' 

^There   are.  /Sought    tihree 

N.uwberi  9»  .the^fc /jCon- 

ditions : 
fThat  they  fli^II  bje  conti*. 

niially  proportibnial. 
That  the  Sum  fhall  be  20. 
And    the    Sq^p    of   their 

Squares  140. ' 


*^  •/•:/:«»  or  af»3!/||, 
*  +  ^  +  2  =  20. 
^x-^yy  +  Z»  iz  i4o. 


And  fo  the  Queftion  is  brought  to  tfaefe  Equations, 
viz.  xz  :=:  yyi   ;if  -f-y  ■+-  2  =  lo,    and  xx  -^ yf'^ 

%z  zz  14O)  by  the  Help  whereof,  ji^  y^  and  a;»  are  td  be 
found  by  the  Rules  delivered  above. 

JBut  Jda  nittft  nolt.  That  jtbe  Solutions  of  Queftion» 
arc  (^or  the  moil  Part)  fo  much  thelnore  expedite  and 
artificial^  by  how  fewer  unknown  Quaotities  you  Jiaye 
at  firft.    Thiis,  in  the  Queftion  propofed,  putting  x  for 

the  firft  Number,  and  y  for  the  fccond,  —  will  be  the 

ihird  Proportional ;  wbich  iben  being  put  for  tl^c  thfrd 
Number,  I  bring  the  Queftion  intoTlquations,  as  Ifol^ 
lows: 


The  ^ueflion  in  Words. 
There    are    fottght  three 
'Numbers    in    continual 
Propoction. 


Wh^e  Sum  is  20. 


SynAeKcoBf. 


xj  y, 


Zl^ 


And    the   Sum 


of  'iholr 


Yw 


y 
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YoU  have  therefore  the  Equations  jip  +  ;p  +  —  =  uoi 

and  ;r  JT  «f  j^jr  4-  -^  ^  140»  by  the  Rcdu&iaa  wheioof 
IT  and  J  are  to  be  determined: 

Take  another  Exanwle.  A  certain  Merchant  encreafes 
hisEftate  yearly  by  a  third  Part,  abating  100/.  which  he 
ipends  yearly  in  hb  Family ;  and  after  three  Years  be 
^ds  his  Eftate  doubled,    ^utrj^  What  was  be  worth  ? 

To  refolve  this^  you  muft  know  there  are  or  lie  hid  * 
deveral  Propofitions,  which  are  all  thus  jfound  out  and 
laid  down. 

In  Enghjh.         f  JlgibraicaOf. 

A  Merchant  has  an 
Eftate    -    -    . 

Out  of  which  the  firft 
Year  he  expends  160/. 


.  And  augments  the  reft 
by  one  third     - 

And  the  fecond  Year 

expends  100  A  - 

And  augments  the  reft 
by  a  third    -    - 

And  fo  the  third  Year 
expeq^a  lOoL  - 

And  by  the  reft  gains 
likewife  one  thi^d 
Part  -   -    -    - 

And  he  becomes  at 

length  twice  as  rich 

*  «s  at  firft    «    *. 


;ir  — 100^ 


4^-^700  I  4;r--700     i6;r-28oq 
3  9      ^'       9        * 

16^-^3700 


i6;r-28oo 


•100  or 


9  9 

i6jf~37oo  ■   i6>~3700    ^ 


64J>f  — ^  14800 

»7 
64  #— 14800 


27 


a; 


=:  2  4f. 


Therefore 
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Therefore  the  Queftion  is  brought  to  this  Equationy 

*■*        ■   s  2Ar,  by  the  Redufiion  whereof  you  arc 

to  find  XI  ▼!£•  multiply  it  bjr  27,  aad  ^6ii  hire  64»  — 
2480a  =  s^x  I  fubtniift  54jr,  tpd  tbeie  Miudns  ia^  -^ 
14800  =:  o,  or  lox  s  14800,  and  dividing  by  10,  you 
have  X  =  1480.  Wherefore,  1480/.  was  bis  Eftate  at 
firft>  as  aUb  his  Profit  or  Gain  fince. 

Yott  Tee  therefore,  that  u  the  SobttiM  rf^ue/Hem  tvhidi 
mif  r^ard  Nwnbtrs^  artbi  chfiraQei  BMaAmt  rf^uanH'* 
tieSf  tbire  UkarcumjTbtng  djt  rwidni^  than  tbai  the Prei^ 
iem  he  tranjuttei  out  of  the  Engliln»  or  any  other  Ton^ 
it  is  propofed  in»  into  the  a^ebrmaal  Lamguage^  that  is^  Ma 
ChmrgOers  fit  U  iexeite  ewrCemteftiem  $f  Ae  RtktUm  tf 
^jumtitief*  But  h  mtyjimetimes  happen^  that  the  Lof^gmg^ 
or  the  fTerJs  %ahermm  the  StaU  e/  the  ^uf/Kea  is  eMfre0!!U 
mofjeem  wtfit  te  he  tanud  inte  the  a^ehrataJ  Laf^uage  i  hut 
mahngUfeefaftwCAmfeit  mdattmSmteAeSmfe^  rd^ 
iber  tham  ASetmde/  the  H^eris^  the  Yerfim  vM  heeme 
aaff  (tf).  Thus,  the  Forms  of  Speech  among  difennt 
'Nations  have  their  proper  Idionu  %  which»  where  thcj 
happen»  the  Tranflation  out,  of  one  into  anodier  is  ii6t 
to  be  made  literally,  but  to  be  determined  by  the  Senfe* 
But  diat  I  may  illaftmte  thefr  Sorts  of  Problems,  and 
nuke  familiar  die  Method  of  reducing  them  to  Eoua- 
tions;  and  fiipceArts  are  more  eafily  learned  ^pftoL^ 

amplet 

I  _  ^mmmmmmn         II  i  ■   iw      ii      I        i  <  i 

f 

ViXXSi.  {a)  If  fuch  Equations  Cannot  bo  4eii«ed 
ivithbut  fome  previous  Operations  (which  frtqndntly 
happefas  to  be  the  cafe),  let  die  Learner  ebofid^  i^it 
Method  or  Proctfs  he  would  ufe,  to  prove  the  Ttttdi  el* 
the  Soludon»  were  the  Numbers  that  anfwer  the  Cos» 
didons  of  the  Qi^eftion  to  be  givai  %  aad  thtQ.  by  Soki 
lowing  the  very  fame  Steps,  oftlar  i^DgSfmbob  loAea^ 
of  Numbers,  d^  Queftion  will  be  bioiaptt  to  an  fqin^ 
tion. 

N 


^^i      ktiibtUtiON   o^ 

aill^l^  t&Ai^ei:fep^,  I  have  thought  fit  to  odjoia  the 

Solutions  of  the  following  Problems.  ' 

Pllt)BtE*I     I. 

enii'cf'thetr  Equates  b,  Ufind  the  MnAktl, 

Let  the  leaft  of  diein  h»  »y  th6  olhNr  will  be 
a^^  Xp  and  their  Squares  xx^  and  ««.-—  2ax  '^  xxi 
Irtie  DlSfei^ntc  wheVdof  da  '^  2ax  isfiip^dkd  b. 
Thecefore.  na  —  %axz^b^^  and  then  by  Reduftion 

aa^-l^l'aic,  oY--^^\^^dr-pJ  z:zx. 

Fojr  ExffVnfffe»  If  th^  So^  of  th«  N«in»be»  6r  «  bt  S« 

^bA  tite  Diietante  of  fbe  Sq^aits  or  ^  be  ^)  ^  41  -^i 

i^  ( =±  4.^  \  ).  tlefl!  bfe  fc-^  tt  jr,    ana  »  *m.  ^-es  $• 
Wiietefbie  theNiudiriu-i^ie  j  iRil  {• 

Problem    IT.        * 

•a:         rf  tMdf  jfbaO  ii  .ik/iff.i  - , 

]f  the  Sum  of  two  of  them,  viz.  ir  and  7  be  ^ ;  of  r 
and  %t  b  \  -and  of  y  and  s,  a  there  will  h%  -had  -ttirec 
^uations  to  determine  the  three  Quantities  /ought» 
^^Ji  aiia^'vfe.jv4/iii=^>.f-f-ki£A,  ^ita^+xssr. 
JNow,  ^jait  two  of  the  unknown  Oj^^uitities,  viz.  y  and  s 
IPV  bp/ixtermlnated,  take  away  x  on  both  Sides  in  the 
&ft>«AA|fgQfidJ4u^n^  a^  will  Jiaye.>sttf-«jB, 
^1i;d=Bidf-b9i&whidi.Vahics  fiibftitift^  fcr  ^and  «in 
^nAMrdtfiqiiafioir^ imd  Aere  will  wme^oxit  a^x «f- > ^ 

#  =  <,  andbyKcduaionA-ss  — ~ 5  and  hanrtng 

found 
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AMihd  «■,  th9  Eqii9tiMR-Bb«ve  ysaa^^Je  »ai  Azuk—x 
wUl  give  y  and  a.  .        • 

ExAMPLX.  If  tfae-Sunf  of  x  tmi-  /  be  9,  of  *  and  «, 
10,  *a»d^  and  ;^;  i|  j'Jthen,  in  the  Vi^ues  of  », ^,  an* 
«.  wi^ifj».  9  fpr  (ff'M  (gr  *,  |pd  i^  for.;  j  and  you  will 

have  a  +  i— f ="6,  and  confequently  *  ^-^^"^  •  jHf) 

=^  3,  /(=?«  —  *)  =  6,  and  z  {=  *  —  *J  ;^  7.. 

f«  <ffwir  a-ghen  ^mttitf  into  air  »»»>  Paris  as  jittf  pUafe^ 
fo  that  the  greater  Parts  may  exited  the  Uajf'by'any  given 
Differences, 

1^  ^  be  a  Qa»))^  to  be  diy|ded,i|ito  fpljrfjKSh  RirW, 
aod  ki  firft  or  It»^  Par$  eaU  «,  alidtikr  Excef»  of  the 
feoohdPart  «bdvc  tftia  caH  i,  and  of  the  Aifd  Part  c, 
and  df  *e  fdur^h  ii  ;aiid  ^  +  *  wiiriife  flie  fecond  Part, 
4r4-<:  tlie  third,  toAx  +  d  the  fourth,'  the'Agyegatc  of 
all  which  4*+ *+<:  +  </  is  equal  to  the  whole  Line  a, 
Takp.awajr  ai»;bt>tb:Std«  *  -f  «  +  ii  ^uni  there  renti^ns 

4*  =  «-i-<-</,  or*  =  li:ii3£Z-f'.       -^ 

Example.  Let. there  be  propofed  a  Line  of  20  Feet, 
fo  to  be  divided  into  four  Parts,  that  theExcefs  of  the 
Ififond  above  the  firft  Part  fltall  he  %  Peet,  of  the  third 
S  «eM»  Md  •#  •«•■«wiii-r  J^eet  r  «nd--  the  foorftm 
wai*0*  (c''~*-^f-^  or  ??-='r^^rr7J 

=:  2,  *  +  *  =  4,  # '^y  =5,  and  * -{:  </=  9. 


N2 


After 
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After  the  fame  Manner  a  Quantity  is  divided  ist» 
more  Parts  on  the  fame  Conditions  (^). 

Problem    IV.. 

A  Perfon  bdngwiUing  U  ^ftriiuti  fmeMmtf  ameng^  Beg-^, 

.   garsy  wanted  eight  Pence  to  give  three  P erne  a  piece  t9 

them  i  he  therefore  gOve  to  each  two  Pence^  and  had  three 

Ptnce  remaining  over  and  above.    To  find  the  Number  of 

the  Beggars* 

Let  the  Number  of  the  Beggars  be  jr,  anJ  there  will 
be  wanting  eight  Pence  to  give  all  3^  Pence;  he  lug 
therefore  3;^—- 8  Pence*  Ofat  of  thefe  he  gives  2  4r 
Pence,  and  the  remaining  Pence  ;(r«- 8  are  three.  That 
is,  ;ir  —  ft  s:  3»  or  ;r  :=  II. 

PftOBLBM     V. 

If  two  Pofi-'Bojs  A  and%  at  59  ACles IXJtance  from  one 
another^  fit  out  in  Ae  Morning  in  order  to  meet*  And  A 
rides  7  miles  in-  two  Hours^  and  B  S  Aiiles  in  three 
HourSy  and  B  b^ns  his  Journey  one  Hour  later  than  A  i 
to  find  what  Hwnber  of  Mies  A  will  ride  before  he 
meets  B. 

Call  that  l^engtb  Xj  zni  jaa  will  have  59-— jr,  the 
length  of  iB's  Journey.    And  fince  A  travels  7  Miles 

in  twd  Hours,  he  vrill  make  the  Space  ^  in  ---  Hoars» 
becaufe  7  Miles  :  2  Hours  : :  x  Miles  :  -^  Hours*  And 

Frob.  III.  .{k)  For  let  the  Dividend  be  ^,  the  Nuoh 
ber  of  the  Parts  be  n^  and  the  Sum  of  all  the  Differences 

be  dh  ^  we  (hall  have  ;r.s  <-^— « 
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to,  fince  B  rides  8  Miles  in  3  Hours»  he  will  defcribe 

Jiis  Space  or  ride  his  Jeurney  59— ir  in       T^    '  Hours. 

NoWr  fin^  ^^  Difference  of  thefe  Times  is  one  Hour; 
to  the  End  they  maj  become  equal,  add  that  DiflFerence 

177  —  ^x 
to  the  ihorter  Time  Tjf^»  ^^  7^^  will  have  i  + 

^'  ^        =  Y»  *»<•  by Reduaion  3S=;r.  For,  mul- 
tiplying by  8  you  haye  185  —  j^r  =  ~.    Then  mul- 

tiplyii^  alfo  by  7  you  have  1295  -*  aix  =  i6;r,  or 
1295  =  37  jf.  And,  laftly,  dividing  by  37,  there  arifes 
35  ss  X  Therefore,  35  Miles  is  the  Diftance  that  A 
muft  ride  before  he  meets  B. 

Tbi  Jam  m9re  generalfy. 

Having  given  the  Vflodties  tftW9  moveaiU  Bodies^  A  and  B, 
tin£ng  ta  tbejame  Place^  Ugetber  with  the  Interval  orDi- 
JUmce  of  the  Places  oni  Times  from^  and  in  which  they  begin 
to  move ;  to  determino  the  Place  theyjhall  meet  in. 

Soppofe,  the  Velocity  of  the  Body  >f  to  be  fuch,  that 
it  ihali  pafs  over  the  Space  c  in  the  Time  f\  and  of  the 
Body  £  to  be  fuch  as  it  ihall  pafs  over  the  Space  d  m 
the*  Time  |;  and  that  the  Interval  of  the  Places  is  e^ 
and  b  the  Interval  of  the  Times  in  which  they  begin  to 
move» 

Casp  I.  Then  if  both  tend  to  the  fsn^e  Place  [or  the 
lame  Way  J,  and  A  be  the  Body  that,  at  the  Beginning 
of  the  Motion,  Is  fartheft  diftant  from  the  Place  they 
tend  to :  Call  that  Diftance  x^  and  fubtrad  from  it  the 
Diftance  r,  and  there  will  remain  x-^e  for  the  Diflance 
of  B  from  the  Place  it  tends  to.  And  (ince  A  pafTes 
through  the  Space  c  in  the  Time  f^  the  Time  in  which 

fx 
St  will  pals  over  the  Space  x'will  be  •^--,  becaufe  the 

N  3  Spac^ 


f«a  RE  B  O  L  U.ra  O  N.  O  V  \  •:  \ 
St)ace  r  16  to  the  Timfc/^  as  (Ui%i^Jb  tdUkrrTUiife 
•(^ .  And  foy'  4tncB  iS-paifba  tht  fi^Kd  i/  ia  «ke  ¥^c  i^i, 
the  Time  in  wbick  it  will  pafs  tteBfulce  jr^^ii^wiltte 
^^  -  ^^ .  Now  fmce  the  Diffeic^te  of  thefc  Times  is 
Aippofed  i,  that  they  mky  beteomc  eqlial,  a'dd  A  hS  the 
(hortear  Time,.4rijE^.  tt>.theThiic>'-^  if  ..:&  begins*  te^iwVe 

AA,  ttftd  you  will  tairer—  4^>^  tfcl'f"  %^   '■?i»:go<l'by 

ReJuaioa    ^-      'i^*  or  -    ^i  V.^^y- .  But  if  J  be^ 

gins  to  move  firft,  add  *  tb  th«Ti*e  ^^-^^  :^aftd 

you  will  have  -^  =  A  +  — J"'^»  »d  •>y  Rcdudioa 

t^ASE  IL  if  the  jnoveable  Bodies  proceed  towards  one 
another,  and  Xj  as  before,  be  made  the  initial  Diftance 
of  thfe  «movtaftle  Bedy  A^  fndiA  thte  ftate  it  is  «6  lMi>ve 
toi  then  f-^x  will  be  the  initiaf  Diftahce  of  the  Sody  |? 

from  the  fame  Place ;  and "'—   tlw  Tiitfc  in  whkfh  Uf 

will  defcribe  the  Diftance  x^  and  ^-LlIl3JL  ^1,^  Tiihe  in 

.  *." » 
which  B  will  defcribc  its  Diftance  €  —  x.     To  A«  lefler 

jof  which  Times,  as  above,  add  the  JDiffercncp  A,  vizj^ 

fx 
to  d»e  Time  ^*-  if  j5  begin  firft  to  move»  and  jfo  yen 

will    have    j-^  b:=.  V'^J^^   and   Iqr  Redtt<aioA 
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— — r— 77"  =  '•    B**t  '^-^  begins  firft  tq  move,  add  b 

to  the  Time  ^^^^^  and  it  will  1)ccomc'^  =  A  + 

•  c 

S — 7-=—,  and  by  ReduaioR  -^ — ;■    .^  ■  =  ;r. 

Example  I.  If  Ac  Sun  moves  every  Day  one  De- 
gree, and  the  Moon  thirteen,  and  «t  4  certain  Time  the 
Sun  be  at  the  Beginning  of  Cancer,  fu)d,  in  three  Pays 
jifter,  the  Moon  in  tbe  Beginning  of  Ane$,  jth^  fl^cp  of 
their  next  following  Conjun^ion  if  di:iQa^ed,  Anfvjrer^ 
in  10 1^  Degrees  of  Cancer :  For  fince  they  both  are 
g^ing  towards  die  £ime  Parts,  and  the  &Cocioa  of  thp 
Moon,  n^ch  is  farther  diftant  from  the  Conjundion, 
hath  a  later  Dpocha,  tfa^  -Moon  wiit  b«  if ,  the  Sun  A, 

€^ i  ^*  fi dh 
and    ff    _r   .^  ■■  the  Length  of  the  Moon's  Way,  which, 

o  J 

if  you  write  13  for  e^  1  for/,  i^  and  ;,  90  for  f,  and 

r  .  .1,,^  I3X    1    XOO   +    I3X    I    X   3         . 

3  %  *,  w*  beconnB  '^     J3xi-^'ixi"      >  **^ 

to  the  Beginnjp^  of  ^rie^s,  and  there  wiJI  come  9Ut 
10  i  Degrees  of  Cancer. 

Example  n.  If  twoPqft-3oys,  -/f.?ijdj5^  beiiigin 
the  Morning  59  Miles  afbnder,  fet  out  to  meet  each 
other,  and  A  goes  7  Miles  in  2  Hoiirs,  and  B  8  Miles 
in  3  Hours,  and  B  begins  his' Journey  i  Hour  later  than 
A^  it  is'denmided  liov  &ir  A  m'A  have  gpive  before  fac 
naets  Bi  Aaigfrn^  35^11^«   ForHnecdiey^  towards 

Moh  Miser,  avd  A  fels  out  ^y  ^^  j '4>  ^/  wiU  he^he 

length  of  hiis  Jpur/iey  \  ^nd  iRritin^  7  for  <,  2  for  ^ 

N4  8  fori/, 
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$  foxd,  3  fotgf  50  for  «,  and  iSotb,  jthi»  wUl  bwome 

7  X  3  +  8  >f  2       •  .  .   "^  37   ''^  35r 

P&OBL]tM     yi. 

Giving  ihiPewenfanyJgttUj  to  fiml  bow^numy  fiuh  Agems 
mil  perform  a giwn  JEJi^  a,  i^ngivmTinui  h,. 

Let  the  Powjer  of  the  Aeent  be  Aich  that  it  can  gror 
duce  the  lESkSt  c  in  the  Time  d,  and  it  will  be  as  tl|e 
Time  d  to  the  Time  b^  fo  (he  EBea  r ,  which  that  Agent 
can  produce  in  the  Time  d^  to  the  £(Fed  which  he  can 

produce  in  tbeTim^  b^  which  tbeiefoit  will  be  -j* 

Agiin»  as  the  liMt  of  one  Agent  -j  to  (he  Effea  of 

all  tf  i  fo  that  |ing)c  Agent  to  all  the  Agents^  and  thu$ 

ad 
fhe  Number  of  the  Ag!Pn}B  will  be  tt  * 

ExAMFLK.  If  a  Scribe  qin  in  8  Dajs  write  15  Sheets, 

how  many  fuch  Scribes  niuft  tbere  be  to  write  4Q5  Sl^ts 

in  9  Days  ?  Aniwer»  24»    For  if  8  be  iubftitttte4  for  ^ 

ad 
15  for  f»  405'  for  tfy  aiid  9  for  b^  the  Number  j*  will 

.  4PS  X  8     .  ^  .     3240 

^noBLpM    Vn. 

$7)i  Foriis  •f  fhmalAgimi  bnng  frv<»»  u  dtumim  n  tt^ 

Jlmij  wbtrein  tbtf  wU  j^ntlf  pirfim  a  pma  BffUt  d. 

Let  the  Forces  of  the  Agents.  A,  B,  C»  be  fuppofed» 
which  in  the  Times  ij  f^  g  can  produce  the  EffeAs 
0y  b^  ^  refpe&ively ;  and  diefe  in  the  Time  ;r  will  pro- 
duce 
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•    «»A-  ^    m9    hst     €»       -       -      .   «jr    ,    Ajt 
diice  die  EiUb  — ,  — ,  — ;  wfaerefoitu 1-  y 

+  15  9  ij;  and  byReduaioii  jr  = i 

Example.  Thnt  Worfanoi  cia  do  a  Piece  of  Work 
in  oertain  Times,  m.  i#  once  in  jWeeks,  B  thrice  in 
8  Weeks,  and  C  fire  Times  in  12  Weeks.  It  is  defired 
tokaovin  whasTimetlieycanfinifliit  jcnntly?  Here 
tEen  are  die  Foices  of  the  Acents  A^  1?,  C,  which  in 
the  Times  3^  8,  12,  can  psoduce  the  Efieds  i,  3,  5, 
refpedivdhr.  and  the  Time  is  fought  wherein  they  can 
doone££m.  Wherefore,  fora,  ^,  ^;  d\  e^fyg^  write 

^»3>5*«»3»8f",  anddicrewill  arife  *  =  — -J— -^ 

or  1  of  a  Week,  that  is,  [allowing  6  working  Days  to 
aWcdc,  and  12  Hours  to  each  Da^]  5  Days  and  4 
Boon,  the  Time  wherein  diey  will  joindy  finifli  it. 

Problem    VIIL 

&,  U  cptr^nmd  ufiEke  ACxtuns  pfiwo  or  more  ThingSy  that 
Ae  Hm^s  nixoi  together  may  have  a  pven  Ratio  to  ons 
Ofutber* 

Let  the  given  Quantity  of  one  Mixture  be  1/ A  +  /  B 
«f-  y*C,  the  fiune  Quantity  of  another  Mixture  f  A  4- 
J&B  +  iC,  and  the  fame  of  a  tbisd  lA^mH^nC^ 
where  A,  B,  C,  denote  the  Things  mixed  $  and 
^  ^9  f»  gj  hj  &c*  the  Proportions  of  the  fame  in  the 
Mixtures.  And  let  ^A  -|-  f  B  +  rC  be  the  Mixture 
which  muft  be  compofed  of  thcfe  three  Mixtures  ;  and 
iiippofe  jr,  7,  and  2,  to  be  the  Numbers,  by  which  if 
me  three  given  Mixtures  be  refpedivelv  multiplied, 
their  Sam  will  become  ^A  +  fB  +  rU.    Therefore 

f        i/*A4./jr  B+/;rC7 
•s^+  r^A4-*yB  +  iyC  J  =  ^A  +  ,B+rC. 

And  then  comparing  the  Terms  bj  making  dx  -f-  gy 

+  /»=/, 


-Jt  /z  3;  pj  ex  +  A>  -f«?  V»»*^  if  *nd  /^  +  iy  -(- 

n%  =  r  {c)j   and  by  Rcdoaion  x  ==  ^^ 2^ —  = 

g^i^y^mz        y^kyL^nz  7        J 

^ -^    I  ■"  SB  >  •      And  again,  -  the 

'  ^        V.  *  / 

Equations   ^- ^If^  ■  '  "^    =^   ^  ■    ■       >    and 

2-^iT :;;  •- J — -— .ty.^ednaio/i  .giyp 

Which,  if  abbreviated  by  vrritinjg  a  fo^r.^^;.-  rfy,  ft  {ipqr 
dm-^elj  y  for  /^  —  i/^,  fiorfq  —  ^r,^  f  ibr  /»  — /«;» 

a  S-  ^z      *  ^4-  ^2 

and  by  Ited«£li6n  "^^"^  fg  =c  «.     Hawiag  found  <^,  pwt 

— — -  =y,  andf"  /  " j.i -5=^. 

'E^Mm^fL.  If  «lienB  i^rc^  tbree. Mixtures  of  Molals 
melted  down  together ;  of  the  firft  of  which  a  P^^iuid 
[Averdupois]  contains  of  Silver  1 12,  of  Brafs  J  i,  and 
of  T&n.^'gl  of  dbe  ficimd,  aFiOunol  cositauis  ofSUifer 
§  J,  of  Brafs  J  12,  ao^  x>f  Tin  ^3  3  asid  a  Bound  of  tlie 
third  ■coatainsx}f  Braiaf  14,  of  Tin  J  2,  and  jio  SHver  | 
and  let  thefe  Mirtures  M.  fo  «o  be  cotupqaiiid^,  that « 
Pound  of  liie  Compofition  jnay  contain- of  Silvcu*  \  4,  of 
BraftSgj  and  of  Tia  f  3 :  Fotd^e^/i  g^iyk;  hm^hi 
p,  qy:  Ti  write  12,  1,  3;  i,  12,  3;  o^  14»^» 5  4^  9>  3^ 
refpe^iyyiely^  and  a  nrill'  be  (  is  ^]>  ^-*  ^f  sp  i  X  4  r^ 
12X9)  s  •—  i^,.Bnd  ^  {sidm*-^  ii^si  12X14^' 
s  X  o)  c=  2^89  iand  ioHr  =  -*  143»   )*  ac  24»-  ^ « 

Pi:ob.  VIII.  if)  Njumbcr  182,  i8>  , 
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.—  40,  and  fl  :;=  33.    And  therelTore  %  \'==<~TZIT^  — 

57»o  — 55+4^'~'  V"      v  —»43     -' 


WK^refDrt^  if  tiicrc  be  miioed  ^  ftuts  of  a  Pewul  of 
the  fecond  Mixcure»  Vt  ^^^  of  a^oHiut  of  the  £ijt» 
ftnd  Aolhing  of  the  tbird^  the  Agfii^siM  will  be  aPoitfldl 
contttitritig  four  Ounces  of  Silver,  nine  of  Brafi^  and 
throe  of  Tin.  '"    - 

Pa,oblem    IX. "^     -■ 
TT>i  Prias  ^  fivsr^l  Mttctures  i>f  ibt  fam$  Things,  and  the 
■  •  Proportions  of  th'i  Things  mixed  together  being  given^  to 
Mkrmne  the  Pnce  of  o0ch  of  tbt  Things  mked. 

Of  each  of  the  Things  A,  B,  Clet  the  Price  of  the 
Mixture  ^/A  +  p-B  +  /C  be  /,  of  the  Mixture  ^  A  4. 
jiB  4.  ;wC  -the  rrice  y,  and  of  the  Mixture  /A  +  /tB 
+  »C  the  Price  r;  and  of  thaf|^ things  A,  B,  C,  let 
the  Piriccs^  x»jr, «,  bcidenianded.  For  the  Things  ,A,  B,  C^ 
fubftitute  their  Pricey  x,  y,  z,  and  there  wiU  arife  the 
Equations  -^*  +  ^>  +  /2  rs:  j^,  ^:v.  4-  Aj^  +  ^"  ^  =  y» 
and  fx  -^iy  +  nzzizr',  from  which,  by  proceeding 
as  in  the  foregoing  Pjoblejn,  there  ^vill,  in  like  maiyier 

tc  got ''  '"   A^  "^  2>  ■'     '''   -^  y,  and'       -^j;      ■,  1 

EXAMPLE..  One  bought  .40  Bufhels  of  Wheat,  ,24, 
ButHiels  of  Barley,  and  s^Bufliels  ^f  Oats  together  for 
15  Pounds  12  Shillings.  Again,  h^  bought  of  the  'fame 
Grain  26  Bu&els  of  Wheat,  30  Bulhels  of  Barley,  and 
.^  JB<*fiie>8  of  Oats  together,  for.  x6  Pounds,  And 
thirdly,  he  bought  of  ihc.  like  Kind  of  Gra^n,  24  Bu* 
thcls  of  Wbeat^  j  20  Bqihcls  of  Barjey,  and  100  Bufl>ck 
/of -Oaca  togetlier,*jr9/|  34  Pounds.  •  It  is  demanded  at 

what 
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t 

what  Rate  a  Biifhel  of  each  of  the  Grains  ought  to  be 
valued.  Anfwery  a  Bufhel  of  Wheat  at  5  Shillings,  of^ 
Barley  at  3  Shillings,  and  of  Oats  at  2  Shillingt.  For 
inftead  of  Jj gy  /;  ty  b^m-,  ffijHi  py  f,  r  j  by  writing 
rcfpcaivcly  40,  24,  20;  26,  30,  50;  24,  120,  100 ; 
15  |,  16,  and  34»  there  arifes  m  {^ep  —  iy  st  26  X 
154.  — 40X  16):==:  — 234^}  and /3  (ssrfw  — ^/=  « 
40  X  SO  —  26  X  20)  ss  1480  i  and  thus  y  =  —  576, 
)  s  •—  500,  C  =  I400y  and  0  =  -—  2400.  Then  n 
f  Ba-^iy  ^  562560  —  288000  _  274560  \ 
V~  yf  —  ^d  ""  —806400  +  3552000  ""  2745600/ 
_.  /       a  +  P%         —2344  +  148  \  ^ 

—  TT>;7^—      y       —        —576       /  — "» 

Therefore  a  Bufhel  of  Wheat  coft  ^  ft,  or  5  Shillings; 
a  Buihel  of  Barley  -^  Jb,  or  3  Shillings  ;  and  a  Bufhel 
of  Oats  -rs  Jb»  or  2  Shillings, 

Problem    X. 

There  being  given  tbe  j^eAfUk  Gravity  b^ih  df  ibe  Mixturg 
and  tbe  Things  mixedj  to  find  tbe  Proportion  of  tbe  nixed 
Thirds  to  9ne  another. 

Let  e  be  the  fpecifick  Gravity  of  the  Mixture  A  +  B, 
a  the  fpeciiic  Gravity  of  A,  and  b  tbe  fpecifick  Gravity 
of  B  ;  and  fince  the  abfolute  Gravity,  or  the  Weight» 
is  compofcd  of  the  Bulk  of  the  Body  and  the  fpecifick 
Gravity,  a  A  will  be  the  Weight  of  A  ^  ^  B  of  B  |  and 
r  A  +  ^  B  the  Weight  of  the  Mixture  A  -f-  B  ;  and 
therefore  aA-f-io=:*A  +  /B;  and  from  thence 
ah  —  ^A:=rB—- ^B  or  /  —  h  :  a  —  e  \i  A  :B. 

Example.   Suppofe  the  Gravity  or  Specifick  Weight 

of  Gold   to  be  as  19,  and  of  Silver  as  lof,  and  King 

Hiero*s  Crown  as  17 ;  and  it  will  be  10  :  3  (#  —  ^  :  47 

~  f  : :  A  :  B)  : :  Bulk  of  Gold  in  tbe  Crown  :  Bulk  of 

3  Silver, 
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Silver,  or  190  :  ji  f: :  19  X  10  :  104.  x  3  : \a Xe^k 
:>  X  ^  -r  /)  :  •  the  Weight  of  Gold  in  the  Crown,  to 
the  Weight  of  Silver,  and  221  :3i  ::  theWe%ht  of 
the  Crown,  to  the  Weight  of  the  Silver. 

Pjioblbm^  X^. 
' If  thi Number rfOxm  a  eat itp the Mea^  b  intbiTimg 
c  ;  and  the  Number  ef  Oxen  A  eat  up  as  g9od  aJHece  of 
Pajlure  e  in  the  Time  f,  and  the  Grafs  grews  unifermfyi 
U  jmi  bow  manj  Oxen  will  eat  up^tbe  Hie  Pa/lure  g  in 
ibetinu  h« 

If  the  Oxen  a  in  the  Time  r  eat  up  the  Pafture  b  • 

then,  by  Proportion,  the  Oxen  j  «  in  the  fame  Time  c^ 

or  the  Oxen  -r^  «  in  the  Time  fy  or  the  Oxen  rr  «  in 

the  Time  b  will  cat  up  the  Pafture  ei  fuppofing  the* 
Grafs  did  not  grow  at  all  after  the  Time  c  {d).  But 
iince,  by  reaibn  of  the  Growdi  of  the  Grafs,  all  the 
Oxen  d  in  the  Timie  /  can  eat  up  only  the  Meadow  ^, 
therefore  that  Growth  of  the  Grafs  in  the  Meadow  e  in 
the  Time/— r  will   be  fo  much  as  idone  would  bp 

fufficient  to  feed  the  Oxen  i  «  ~  the  Time/,  that  is, 

^■i— i—     I  ■  I    mmmmmmmmmmmmmm^tmm\  ■        

Prdb.  XI.  (rf)  ^«r  in  equal  Times  r,  as  Field  is  to 
Field,  fb  Number  of  Oxen  to  Number  of  Oxen ;  thgt 

ea 
is,  ^  :  r  : :  0  :  -T-  in  the  fame  Time  c ;  and  in  equal 

Fields,  4e  Numbers  of  Oxen  are  reciprocally  as  the 

ea     eea 
Times;  that  is,  /:  r  : :  y  ;  jrr,  in  the  Time  /5  alfo 

ea     eea    .     ^   ^. 

i  I  e  M  -J  :  JJ-,  m  the  Time  b. 


iga        RESPLUTION    OP 

peoblbm  xn. 

Having  givitt  ibi  Abgmttdn  and  IMons  6f  Spbertial  Bff^ 
dies  perfi£lly  ilaftiei^  mmnng  in  tbifam  Sigbt-Lim^  Mi 
Jinking  againft  §ni  emtber^  U  drtermine  their  Mii^gf 
after  ReJU^nm* 

The  Reiblutioii  of  this  Queftion  depcnda  on  tiiefe 
Conditions,  that  each  Bodv  will  fuffer  as  much  by  Re* 
a£Uon  as  the  Adion  of  each  is  upon  the  other,  and  diat 
they  mud  recede  from  each  other  after  Reflexion  wtdi 
the  fame  Velocity  or  Swiftnefs  as  they  met  befeie  iu 
Thefe  Thinn  being  fiippofed,  let  the  Velocity  of  4lift 
Bodies  A  and  B,  be  a  and  h  refpeaivelyj  and  their  Mb- 
tions  (as  being  compofcd  of  their  Bulk  and  Velocity  to- 

Sther)  will  be  a  A  and  «  B.  And  if  the  Bodies  tend 
e  fame  Way,  and  A  moving  more  fwiftly,  foUovs  B. 
snake  x  the  Decrement  of  the  Motion  a  A,  and  the  In- 
crement of  the  Motion  iB  arifing  by  the  Peiufloa  a 
and  the  Motions  after  Reflexion  wUl  be  «  A  — -  ;r  and 

*B +;r;  and  the  Celerities  "—^  and  ^^^,  whofc 
Difference  is  =«_»  the  Difference  of  Ae  Celerities 
before  Refleaion.    Therefore  there  ariies  this  Equation 
tB  +  »       ah^x 
— g  A       =  tf  —  *,  and  thence  by  ReduQ» 

k                2tfAB  — a*AB 
tioAxbecomess T^^ ^  which  being  fub- 

iUtutcd  fbr;r  in  the  Celerities  ^^T^,  and  i^JLiL 

there  comes  out  ■       ^^^g for  the  Celerity 

-^        .  2aA->rA-f-AB 
«  A,  and  A^.^ for  the  Celerity  of  B 

after  Rcflexioii. 

But 


ARITHMETICAL  QUESTIONS.    193 

But  if  the  Bodies  move  towards  one  another»  thetf 

changing  every  where  the  Sigfi  of  b^  the  Velocities  after 

««  .  .„  t^  flA-tfB^2*B  ,2tfA+*A-iB^ 
Reflexion  will  be  — ^  .   ^        and .    . -^      '^ 

cither  of  which,  if  they  Come  out/by  Chanel,  liegative» 
it  argues  that  Motion,  after  Reflexion,  to  t^nd  a  con- 
trary Way  to  that  whkh  A  tended  to  before  Reflexion* 
Which  is  atfo  to  be  underftood  of  A's  Motion  in  the 
foriner  Cafe. 

Example.  If  the  hoihogentfous  Bcklies  [or  Bodies  of 
the  fame  Sort]  A  of  3  Pounds  with  8  Degrees  of  Ve« 
locity,  and  B  a  Body  of  9  Pounds  with  2  Degrees  of 
Velocity,  tend  the  fame  Way ;  then  for  A,  ^,  B  and  ^, 

/aA  —  aB  +  %hB\ 
write  3, 8, 9,  and  2  j  and  ( '        a  4-  ^        /  '^^®"*^* 

,  /2iiA—  *A+  *B\  ^  .      ^    . 

—it,  and  f A    I    ft )  becomes  5,    TTierd- 

fore  A  will  return  back  with  one  Degree  of  Velocity 
after  Reflexion,  and  B  will  go  on  with  5  Degrees. 

i^&OBLEM     XIII. 

T0  find  thru  ifumbirs  in  continual  Proportion^  wbofe  Sum 

JhaU  bi  26,  and  the  Sum  ofthAr  Squares  140'  ? 

Make  the  firft  of  the  Numbers  =  Xy  and  the  fecond 
:=:  jr,  and  the  third  will  be  —^  and  confequently  x-^  f 

4.^  £=  40 ;  and  A-*  +yjr  +  ~  =  140.    And  fey  Rc- 

duAion  *Jf  i^Q^f  +  y/sO.  and  J^*jl^^*  +  / 
=:  0.    Now  to  exterminate  x^  for  ^,  i,  f,  ^,  o^f^  g%  K 
in  the  third  Rule,   fubftitute  rcfpe<aivcly  i,  0,  yy— * 

O  HOf 
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i^^f  0^  >♦  i  I,  y  —  20»  and  yy\  and  there  will  come  out 
'^yy  +  280  X  y^  •  +2>jf^40>  +  26o  X  26q;f*-^40^^ 
•  +  3j'*  X  >*  :  —  2J?J»  X  P"^— I^JH-Iw  :  =  o; 
and  by  MultiplicatioA  i6ooj^*  —  2o8oo>*  —  67600 jr* 
5S  o.  And  by  Rcduftion  j\.yy  —  52^  +  ^69  =  O.  Or 
(the  Root  being  extra^^d)  27—  13  =s  o»  or  y  =:  6 4« 
Which  is  found  more  ibort  by  another  Method  before» 
but  not  fo  obvious  as  this.    Moreover^  to  find  x^  fub- 

ftitute  6i  for  y  in  the  Equation  xx'^  ^  x  +  jf  jas  o, 

and  there  will  arife  xx  —  I2i  x  +  ^2iz:z  o^  or  xx  z=: 
13-J  *  +  42^,  and  having  extraaed  the  Root  :r  =s  6|^ 
+  or  — v^3tV5  viz.  6^+  V'StS  is  the  grcatcft  of 
the  three  Numbers  fought,  and  b^  —  y^  3-,^  the  leaft* 
For  X  denotes  ambiguoufly  either  of  the  extreme  Num- 
bers, and  thence  there  will  come  out  two  Values,  either 

vy 

of  which  may  be  x^  the  other  being  —  • 
Thi  fame  ethirwife* 

Putting   the  Numbers  x,  y,   and  —  as  before,  you 

yy  20 

will  have  at  +  y  +  -j  =  20,  or  at*  =  _^  ;r  — yy^  and 

cxtraaing  the  Root  *  =  10  —  4 y  -f-  ^100  —  lOy  — |jry 
for  the  firft Number:  Take  away  this  and  y  from  20,  and 

there  remains  —  =10  —  ^y  —  V  100 loy  —  ^  Tw 

the  third  Number.  And  the  Sum  of  the  Squares  arifing 
from  thefe  three  Numbers  is  400  —  40^*,  and  fo  400  — 
4oy  ==  140,  or  y  =  6  i.  And  having  found  the  mean 
Number  6  4,  fuhftitutc  it  for  y  in  the  fed  and  third 
Number  above  found  ;  and  the  firft  will  become  6  ^  + 
\/  3  tV»  and  the  third  6  |  —  v'  3  ^.^,  as  before/ 

Problem 
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Problem    XIV. 

TiJbtJJwmr  NtmAen  in  atttinual  Pnpcrtitny  the  two  Meam 
uierirfUgetber  wtaht  viy  and  the  tw$Extrfmts  20. 

Let  jr be  tbefecond Number;  and  la —^ x  will  be  the 
thirdi  j^—jthcfirfti  and.i^ll^iiii  the  fourth; 

and  confeqoendy       +  _— __  --  20. 

And  bj  Redodion  xx  =  i2Ar  —  30^9  or  x  rs  6  -f- 
^54.  Which  being  found,  the  other  Numbers  are 
given  from  thofe  above. 

PftOBL£M      XV. 

Tq  fiid  fmr  Nufnbers  continually  froportionaL,   tuber eof  the 
Sum  a  is  given  J  and  alfo  the  Sum  of  their  Squares  b. 

Akhaugb  we  ought  for  the  mojl  Part  tofeek  the  Quantities 
repdred  immediately ^  yet  if  there  are  two  that  are  antiiguouSy 
thai  is  J  that  involve  both  the  fame  Conditions  (as  here  the  two 
Means  and  two  Extremes  of  the  four  Proportionals),  the  beft 
Way  is  to  ftek  other  ^antities  that  are  not  dmbiguous,  by 
uiieb  thefe  may  be  determined^  asfuppofe  their  Sum,  orDif-^ 
ference,  or  ReSlangle.  Let  us  therefore  make  the  Sum  of 
die  two  mean  Numbers  to  be  i^  and  the  Redangle  r ; 
and  the  Sum  of  the  Extreme^  will-  be  a  —  i,  and  the 
Redangle  aUb  r,  becaufe  of  the  Proportionality.  Now 
tiiat  from  hence  thefe  four  Numbers  may  be  founds 
inake  x  thefirft,  and  y  the  fecond;  and  s — y  will  be 
the  third  ;  and  «  —  i  —  ;if  the  fourth ;  and  the  Red- 
angle  under  the  Means  sy  — j^jp  =  r,  and  thence  one 
Mean  /  =  i  ^  +  Vi  ^'  -^  ''»  the  other  s  —  yzi^js^ 
,      O  a  ViiJ-^r, 
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\/ixi  — r.    Alfo,  the  Rcflangle  under  the  Extremes 
ax'^sx^^xxzs.r^    and   thence  one  Extreme  x  = 

'       +  ^ —  r,  and  the  other  a  — ^ 


a-'^s       %J  ss — 2aS'\'aa 

'  The^Sum  of  the  Squares  of  thefe  four  Numbers  is 
0.5  s  —  7.a  s  +  a  a  *--  4  r  which  is  =  h.  Therefore 
r  ^i\ss  —  i  as  +  JLaa  —  ^  i,  whiqh  being  fubfti- 
tuted  for  r»  there  conic  out  the  four  Numbers  as  foI«- 
lows :  

The  two  Means  ^  *    ^^^         t     t  x  t 


The  two  Extrciftcs 


Yet  there  remains  the  Value  of  s  to  be  found.    Where- 
fore to  abbreviate  the  Terms,  for  thefe  Quantities  fob- 

ftitutc 

a  — s    , 

and 

And  make  theReftangle  under  the  fecond  and  fourth 
equal  to  the  Square  of  the  third,  fince  this  Condition 
of  the  Queftion  is  not  yet  fatisfied,  and  you  will  have 

Make  atfo  the  Redlangle  under  the  firft  and  third  equal 

to 
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to  the  Square  of  the  fecond,  and  you  will  have — 

Take  the  firft  of  thcfc  Equations  from  the  latter,  and 
there  will  remain  qs  —  pa  +  ps  :=:  2ph  ^^  9^  = 
pa  ^  ps.  Reftore  now  Vi^  —  t^''+  ^asrr'^aa 
in  the  Place  of  ^,  and  ^  ^  b  —  ^  jj  in  the 
Place  of  qj  and  you  will  have  y' ^  h  —  ^ss  =  a  '\-  s 
^  i  ^  —  i  ^x  -+-  i  tf"»  —  i  flfl,    and    by  fqtiaring 

Jl  =  —  —   X-f-illtf   —  t^     Or/=S~;;^-H 

^  2a 

V— I  -f-ftftf  —  t*;  which  being  found,  the  four 

Numbers  fought  are  given  from  what  has  been  (hewn 
above. 

Problem    XVI. 

If  an  annual  Penfan  of  the  Number  of  Pounds  a,  to  be  paid 
in  the  five  next  following  Yearsy  be  bought  for  the  ready 
Money  c,  to  find  what  the  Compound  Interejt  of  lOO  1. 
Annum  xvill amount  to? 

Make  i — x  the  Compound  Tntereft  of  the  Money  x 
ftwaYcar,  that  is,  that  the  Money  i  to  be  paid  after. 
one  Year  is  worth  x  in  ready  Money  ;  and,  by  Proper- 
toon,  the  Money  a  to  be  paid  after  one  Year,  will  be 
worth  a^  in  ready  Money  j  and  after  two  Years,  it 
will  be  worth  tf**";  and  after  three  Years,  tf>3;  and 
after  four  Years,  a  *♦ ;  and  after  five  Years,  a  x\  Add 
thcfc  five  Terms,  and  you  will  have  ax^^  ax^^ax^ 

+  tf*'  +  tf jr  =  r,  or  ;r*  +  ;^4  +  ;rJ  ^  ;^»  ^  ;^,  -3  i 

an  Equation  of  five  Dimenfions,   by  Help  of  whicb^ 

O  3  when 
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when  ;r  is  found  by  the  *  Rules  to  be  taught  hercaftef^ 
put  ;r  :  I  : :  100  :  jp,  and  y  —  lOO  will  be  the  Com-? 
pound  loti^reft  of  lOoL  per  Annum. 

It  is  fuScient  to  bav^  givep  thefe  Inftances  in  Quef* 
lions  where  only  the  Proportions  of  Quantities  are  to  be 
cpnfidered,  without  the  rofitions  of  Linps  :  Let  as  noirr 
proceed  to  the  Solutions  of  Geometrical  Problems* 

*  Viz.  by  findh^g  ^e  lixft  Figpres  of  the  Root  bv  «ny  mechanical 
Conftni&ioD,  and  the  remaining  Figures  by  the  Method  of  Vietz. 

fbw  GEOMETJ^IGAL  QUESTIONS  mag 
be  reduced  to  EQUATIONS. 

LXXXUL  f^Eometrical  ^uijlions  may  be  reduced  finu'^ 
times  to  Equations  with  as  much  Baflsj  amd 
by  the  fame  LawSj  as  tbofe  we  have  protofed  amceming  ab^ 
iftraSled  Quantities.  As  if  the  Right-Line  [See  Fig.  6.] 
AB  be  to  be  divided  in  mean  an(l  extreme  Proportion 
in  C,  that  is^  fo  that  B  £  the  Square  of  the  greateft 
Part  (ball  be  equal  to  the  Re£buigle  B  D  contained  undec 
the  whole  and  the  leaft  Part ;  having  put  AB  ==  j»  and 
BC  =  ;ir,  then  will  AC  be  sza^-^x^  and  xxziza  into 
a  —  X  (a)  ;  an  Equation  which  by  Redudion  gives 
xz=:^ia  +  ^iaa  (b). 

LXXXI V,  But  in  Geometrical  Affairs^  which  more  fre^ 
quently  cccur^  they  fo  much  depend  on  the  various  Pofi^ 
tians  and  comj^x  Relations  of  Lines^  that  they  require  feme 
farther  Inventten  and  Artifice  to  bring  them  inh  Algebraidt 
Terms.  And  thoueh  it  is  difficult  to  prcfcribe  any  Thing 
in  thefe  Sorts  of  Cafes,  and  every  Perfon's  owa  Genius 
ought  to  -be  his  Guide  in  thefe  Operations ;  yet  I  will 
endeavour  to  Ihew  the  Way  to  Learners.  You  are  to 
know  therefore,  that  ^eftions  about  the  fame  Lines^  re^ 

Iate4 

LXXXIIL  {a)  Euclid  IL  2.  (*)  Art.  LXXIV. 
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latii  after  any  definite  Manner  to  one  another^  may  he 
vartouyytropojei^  by  making  different  Quantities  the  Quae- 
fita  9r  Things  fought,  from  different  Data  or  Things  given. 
But  of  what  Data  cr  Quaefita  foever  the  ^ueftian  be  froyofed^ 
its  Sobiiion  will  fhlkw  the  fame  Way  by  an  Analytick  Series^ 
without  any  other  Variation  of  Circumftance  befides  the  feigned 
Species  of  Lines^  or  ibe  Names  by  which,  we  are  t^d  to  di~ 
JHnguip  the  given  ^antities  from  thofe  fought. 

Aa  if  the  Qpeftion  be  of  an  irofceles  Triangle  C  B  D 
tSee  Fig.  7.]  infcribed  in  a  Circle,  whofc  Sides  B  C, 
B  D,  and  Baife  CD,  are  to  be  compared  with  the  Di- 
ameter of  the  Circle  AB.     This  may  either  be  propofed 
of  the  Inveftigation  of  the  Diameter  from  the  given  Sides 
and  fiaft,  or  of  the  Inveftzgation  of  the  BaAs  from  the 
^'ven  Sides  and  Dhmeter ;  or  laftly,  of  the  Invefiigation 
•f  the  Sides  from  the  given  Bafe  and  Diameter ;  but 
however  it  be  propofed,  it  will  be  reduced  to  an  Equa^ 
tfen  b^  the  fame  Series  of  an  Analyfis,  viz.  If  the  Di- 
ameter be  fought,  I  put  AB  =  ;if,  CD  =  i9,  and  BC 
or  BD  =  *.    Then  (having  drawn  AC)   by  re^fon 
of  the  fimilar  Triangles  ABC,  and  C BE,  it  will  be 
AB  ;  BC  ::  BC  :  BE,  or  *:*::*:  BE  [c).  Where- 

fore  B  E  =  — •    Moreover  C  E  is  =  i  C  D,  ot  ia\ 

aod  by  reafon  of  the  Right-Angle  CEB,  CE^  +  BEy 

=  B  Cqy  that  is  \aa  +  —  =  bb  (d).  Which  Equa- 

tion,  by  Rednftion,  will  give  the  QuaAti^y  x  fought  (e). 

O4  But 


(0  Euclid  VI.  8.  {d)  Euclid  L  47. 

(/)  For  multiplying  by  4Jr>  (R.  3.  of  Equations), 
and  tranfpofing  (R.  i.)»  we  have  4^*  =  4A*;ir*— «*Af*; 
aad  dfviduig  hy  4b* —  a^  (R.  5.),  and  evolving  (R.  j. 
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Biit  if  the  Bafe  be  fought,  put  AB  =  ^  CD  =  jf, 
and  BC  or  B  D  =  *,  Then  (AC  being  drawn)  bc^ 
caufeof  the  fimil^r  Triangles  ABC  and  CB£,  tberp 
is  AB  ;  BC  ::  BC  :  BE,  or  c  :  i  ::  b  :  BE  (c). 

Wherefore  BE  =  —  s  and  alfo  G£  s  i  CD,  or  t  «-^ 
And  becaufe  the  Angle  CEB  is  right»  CEf  +  BE^ 

^  BCf,  that  isy  ^Mx^ =  it  (i}$  an  E^uataon 

which  will  give  by^ed^dion  the  fought  Quanti^  x  {/). 

But  if  thp  Side  B  C  o^  B  D  be  fought,  put  A  B  ::;:  Cj 
CD  =  tf,  and  BC  orBD  =  x.  And  (AC  being  drawn 
as  before)  hy  reafon  of  the  fimilar Triangles  ABC  and 
QBE,  ^t  is  AB  :  BC  ::  BC  ;  BE,  or  r  :  4^ ::  ;r :  BE  (c). 

IVJiwfore  B E  =  — .    Moreover  GE  is  =  t  CD,  dr 

ia-,  aij4  hf  reafon  of  the  right  Apgle  CEB,  CE^  + 

BEf  is  ==  BC  J,  diat  is,  ^  tfn  -| =  xx  (J) ;  and 

the  Equation,  by  Redudion,  will  give  the  Qi^antity 

fought,  viz.  X  M. 

LXXXV.  Tau 


(/)  After  the  fame  Manner,  **  =  ?r ^"  ^     I 


4.*»r»  — 4**       ^b 


wbence  y=  ^  i =:  —  ^  i%  —  b\ 

{g)  la  like  manner,  jr*  =  r»  *»  —  »  n»  ^ *  j  whence 

whence  x  =  V'-=^  V?^^  =  Vi^*±  i^V(«-tf* • 
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LXXXV.  Tqu  fee  tberefm  that  in  every  Cafe^  the  CaL 
tulus^  by  whieb  you  tome  to  the  Equation j  is  the  fame  every 
tlAere^  and  brings  out  the  fame  Equation^  excepting  mly  that 
J  have  denoted  the  Lines  by  different  Letter Sy  according  as  / 
made  the  Data  and  Quzfita  different.  And  from  different 
Data  and  Qusfita  there  arifes  a  Diverftty  in  the  Redu^ion 
0ftbe  Equation  found:  For  the  Redu(5tion  of  the  Equation 
h*  2bb 

"t  «tf  H =  **,  in  order  to  obtain  x  =    >    ,  ,        — 

♦  ^xx  •  V^bb-^aa 

the  Value  of  AB,  is  different  from  the  RedudioD  of  the 

^uation  t**H ==**>  in  order  to  obtain  x  =: 

2i     

-^  ^ccf-'bby  the  Value  of  C  D ;  and  the  Redu£lton  of 

the  Equation  ^aa  -{ =  **  very  different  to  obtain 

*  =  yY^T+icVcc^^  the  Value  of  BC  or  B  D: 

b^ 
j(a8  well  as  this  alfo,  ^aa  -^ =:**,  to  bring  out  r, 

10)  or  *,  ought  to  bje  reduced  after  different  Methods) 
but  there  was  no  Difference  in  the  Inveftigation  of  thefe 
Equations  (h).  jfnd  hence  it  is  that  Analyfls  order  us  to 
make  no  Difference  between  the  given  and  fought  ^antitieSm 
Forjmce  the  fame  Computation  agrees  to  any  Cafe  of  the  given 
and  fought  ^antitiesy  it  is  convenient  that  they  ihould  be 

conceived 

■*  ■  -     -     -  -- 

LXXXV.  (A)  As  there  is  no  Difference  in  the  In- 
veftigatron,  let  the  Bafe  C  D  be  i?,  the  Diameter  A  B 

s  cy  and  BC  or  BD  =:  ^;  then  ^  +  ^  =  ^i  will 

be  an  univerfal  Equation,  in  which  fubftituting  x  for  c^ 
if  the  Diameter  is  fought  j  for  ay  if  the  Bafe  -,  and  for  b^ 
if  a  Side  is  fought ;  and  the  former  Equations  emerge. 
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conceived  and  compared  without  anv  Diilerence,  that  we 

.  may  the  more  rightly  judge  of  the  Methods  of  computing 

•  them  ;  or  rather  it  is  convenient  that  youjhould  Imagine^ 

that  the  ^eftion  is  propofed  of  thofe  Data  and  Quaefi ta ,  ^iven 

and  fiught  ^uantitiesy  by  which  you  think  it  is  mojl  eajy  for 

you  to  mah  out  your  Equation, 

LXXXVI.  Having  tberefori  ai^  Problem  propofed^  earn* 
pare  the  Quantities  which  it  involveSy  and  making  no  Differ» 
tnu  between  the  liven  and  fought  ones^  tmfiier  bofw  they  4e» 
pend  one  upon  another^  that  you  may  know  what  ^antities  if 
they  art  ajfumed^  willy  by  proceeSng  fynthetically^  give  the 
reft.     To  do  which,  there  is  no  need  that  you  (hould  at 
^  iirft  of  all  confider  how  they  may  be  deduced  from  one 
another  algebraically ;    but   this  general  Confideration 
will  fuffice,  that  they  may  be  fome  how  or  other  de«> 
duced  by  a  dire£l  Connexion  with  one  another.     For 
Example ;  If  the  Queftion  be  put  Of  the  Diameter  of  the 
Circle  AD  [See  Fig.  8.],  and  the  three  Lines  AB» 
B  C,  and  C  D,  imcribed  in  a  Semi-circle,  and  from  th« 
reft  given  you  are  to  find  B  C  ;  at  iirft  Sight  it  is  mani- 
feft,  that  the  Diatneter  AD  determines  the  Semi-circle^ 
and  then  that  the  Lines  A  B  and  C  D  by  Infcription  de* 
jtermine  the  Points  B  and  C,  and  confequently  the  Quan- 
tity fought  B  C,  and  that  by  a  dired  Connexion  ;  and 
yet  after  what  Manner  B  C  is  to  be  had  from  thefe  Data 
or  given  Quantities,  is  not  fo  evident  to  be  found  by  ao 
Analyfis.     The  fame  Thing  is  alfo  to  be  underftood  of 
AB  or  C  D,  if  they  were  to  be  fought  from  the  other 
Data.    Now,  if  A  D  were  to  be  found  from  the  given 
Quantities  A  B,  B  C,  and  C  D,  it  is  equally  evident  it 
could  not  be  done  fynthetically ;  for  the  Di(tance  of  the 
Points  A  and  D  depends  on  the  Angles  B  and  C,  and 
thofe  Angles  on  the  Circle  in  vrtiich  the  given  Lines  are 
to  be  infcribed,  and  that  Circle  is  not  given  without 
knowing  the  Diameter  AD«    The  Nature  of  the  Thing 
therefore  requires,  that  AD  he  fought,  not  fyntheti- 
cally, but  bv  afTuming  it  as  given  to  make  thence  a  Re- 
greffiun  to  the  Quantities  given. 

Lxxxvir. 
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LXXXVII.  When  you  (hall  Jisre  thorouehly  per- 
.ceived  the  difFcrent  Ordcrings  of  the  Proccfs  by  which 
the  Terms  of  the  Queftion  may  be^ explained,  makeVft 
rfany  of  the  Jynthitical  Methods  by  affuming  Lines  as  given^ 
from  which  t&e  Proce/s  to  others  feemi  very  eafy^  and  the  ^* 
greffian  tq  them  very  difficult.  For  the  Computation^  tho* 
k  may  proceed  through  various  Mediums,  yet  will  begin 
from  thofc  Lines ;  and  will  be  fooner  performed  by 
fuppofing  the  Queftion  to  be  fuch,  as  if  it  was  propofed 
of  thofe  Data»  and  fome  Quaniity  fought  that  would 
eaiily  come  out  from  them,  than  by  thinking  of  the 
Queftion  as  it  is  really  propofed.  Thus,  in  the  propofed 
Example,  if  frpni  the  reft  of  the  Quantities  given  you 
were  to  find  AD-  Since  I  perceive  that  it. cannot  be 
(done  fynthetically,  but  yet  provided  it  was  given,  I  could 
proceed  in  my  Ratiocination  in  a  direct  Connexion  from 
^hat  to  other  Things,  I  afTume  A  D  as  given,  and  then 
I  begin  to  compute  as  if  it  was  given  indeed,  and  fame 
0f  the  other  Qiiantities,  viz.  fome  of  the  given  ones,  a$ 
AB,  BC,  orCp,  were  fought.  And  hy  this  Method^ 
1^  carrying  on  the  Computation  from  the  ^antities  ajjitmed 
after  this  Way  to  the  others^  as  the  Relations  of  the  Lines  t^ 
one  amther  £reST^  there  will  always  be  obtained  an  Equation 
beti^een  two  Values  of  fome  one  ^uantity^  whether  one  of 
thoie  Values  be  a  Letter  fet  down  as  a  Reprefentation  or 
Name  at  the  Beginning  of  the  Work  for  that  Quantity, 
and  the  other  a  Value  of  it  found  out  by  Computation,  ■ 
or  whether  both  be  found  by  a  Computation  made  after 
different  Way?  fi). 

LXXXYin. 

■      -    -     ~  ■  ....     ^^ 

LXXXVn.  (i)  BcMe  being  directed  in  the  Choice  of 
proper  Quantities  to  fubftitute  for,  by  the  Relations  of  the 
Lines  ;  it  wiH  be  of  Ufe  to  choofe  thofe  which  lie  neorejt  the 
huwn  Parts  of  the  Figure^  by  the  Help  of  which  the  next 
a^acent  Parts  may  be  expreffed  without  the  Intervention  of 
Surds^  by  Addition  and  Suotradion  only.  Thus,  if  the 
Perpendicular  of  a  plane  Triangle  is  fought,  from  the 
three  Sides  given  5  'tis  better  to  fubftitute  for  the  Seg- 
ments 


ao4 
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LXXXVIII.  But  when  you  have  compared  theTenns 
of  the  Quefiion  thus  generally,  there  is  more  Art  and 
Invention  required  to  find  out  the  particular  Connexions 
or  Relations  of  the  Lines  that  fhall  accommodate  them 
to  Computation.  For  thofe  Things,  which  to  a  Perfon 
that  does  not  fo  thoroughly  confider  them,  may  foem  to 
be  immediately,  and  by  a  very  near  Relation  conneded 
together,  when  we  have  a  Mind  to  exprefs  that  Relation 
algebraically,  require  a  great  deal  more  round-about 
Proceeding,  and  oblige  you  to  begin  your  Schemes  anew, 
and  carry  on  your  Computation  Step  by  Step;  as  may 
appear  by  finding  B  C  from  A  D,  A  B,  and  C  D.  For 
you  an  only  to  proceed  byfuch  Profoftttons  or  Enunciations  thai 
<an  fitly  be  rtpnfented  in  olgehratckTermSy  whereof  in  par- 
ticular you  have  fome  from  Euclid,  Ax»  19.  Prop.  4, 
Book  6«  and  Prop.  47.  of  the  firft. 

LXXXIX.  In  the  firft  Plaa^  therefore^  the  Calculus  may 
he  aJUi/ied  by  the  Addition  and  Subtraction  of  Lines ^  fo  that 
from  the  Values  of  the  Parts  vou  may  find  the  Values 
of  the  Whole,    or  from  the  Value  of  the  Whole  and 

one 

mentsof  the  Bafe  (by  which  the  final  Equation  will  be 
fimple,  and  the  Perpendicular  will  be  found  from  the 
Segments)  than  to  fubflitute  for  the  Perpendicular 
(whereby  the  Segmeilts  would  be  furd  Quantities,  and 
the  final  Eauation  a  Quadratic).  Again^  tftwo  Lines  or 
Quantities  have  the  fitme  Relation  to  other  Parts  of  the  Fi^ 
gure  or  Problem^  the  beft  way  is  to  make  ufe  of  neither^  but 
of  their  Sum^  or  of  their  Re£fangle^  or  of  the  Sum  of  their 
alternate  ^otes^  or  of  fome  Line  y  or  Lines  ^  to  which  they  both 
have  the  fame  Relation^  as  in  Art.  CIX.  Andlaftlyy  if  the 
Area  or  Periphery  of  a  Figure  be  given^  orfuch  Parts  there^ 
of  as  have  but  a  remote  Relation  to  the  Parts  required^  it 
Will  fometimes  be  of  ufe  to  ajjume  another  Figure ^  Jimlar  to 
the  pro^ofedy  whereof  one  Side  is  Unity^  or  fome  other  known 
^uantityj  from  whence  the  other  Parts  of  this  Figure, 
bv  the  known  Proportions  of  the  homologous  Sides  or 
Parts,  may  be  found,  anjj  an  Equation  obtained. 
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I  Part, 


XC.  In  the  fecond  Place^  the  Calculus  is  promotid  hy  thi 
PropartionaHty  of  Lines -^  for  we  fuppbfe  (zs  above}  that 
the  Redangle  of  the  mean  Terms,  divided  by  either  of 
die  Extremes,  pives -the  Value  of  the  other;  or,  which 
is  the  fame  Thing,  if  the  Values  of  all  four  of  the  Pro- 
portionals are  firft  had,  we  make  an  Eauality  between 
the  Refbngles  of  the  Extremes  and  Means.     But  the 
Proportiom&y  of  Lines  is  heji  found  out  by  the  Similarity  of 
Triangles^  which,  as  it  is  known  by  the  Equality  of  their 
Angles,  the  Analyft  ought  in  particular  to  be  converfant 
in  comparing  them,  and  confequently  not  tijt  be  ignotant 
of  Euclid,    Prop.  5,  13,  15,  29,  and  32,   of  the  firft 
Book;  and  of  Prop.  4,  5,  6,  7,  and  8,  of  the  fixth  Book; 
and  of  the  20,  21»  22,  27,  and  31,  of  the  third  Book  of 
his  Elements.  To  which  alfo  may  be  added  the  3d  Prop. 
of  the  fixth  Book,  wherein,  from  the  Proportion  of  the 
Sides,  is  inferred  the  Equality  of  the  Angles,  and  e  contra.^ 
Sometimes,  likewife,  the  36th  and  37th  Prop,  of  the  third* 
Book  will  do  the  fame  Thing. 

XCI.  In  the  third  Place^  the  Calculus  is  promoted  hy  the 
Addition  prSuhtra^ion  of  Squares^  viz.  In  right-angled 
Triangles  we  add  the  Squares  of  the  lefler  Sides  to  ob- 
tain the  Square  of  the  greateft,  or  from  the  Square  of  the 
greateft  Side  we  fubtra£l  the  Square  of  one  of  the  lefler, 
to  obtain  the  Square  of  the  other. 

XCII.  And  on  thefe  few  Foundations  (if  we  add  to  them 
Prop.  1.  of  the  bth  Element  when  the  Bufmefs  relates  to 
Superficies^  as  alfofome  Propofitions  ta^en  out  of  the  lUh  and 
X2/i  of  Euclid^  when  Solids  come  in  ^eftion)  the  whole  Ana- 
fyrici  Artf  as  to  right-lined  Geometry,,  depends.  Moreover, 
all  the  Difficulties  of  Problems  may  be  reduced  to  the 
fole  Compofition  of  Lines  out  of  Parts,  and  the  Simila- 
rity of  Triangles  j  fo  that  there  is  no  Occafion  to  make 
ufe  of  other!  hcorems  5  becaufe  they  may  all  be  refolved 
into  thefe  two,  and  confequently  into  the  Solutions  that 
may  be  drawn  from  them.     And,  for  an  Inftance  of  this, 

I  have 


1-^ 
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I  hove  fulijoined  a  Probkoi  about  letting  fall  a  Perpeii^ 
dicular  upon  the  Bafe  of  an  oblique-angled  Triangle^ 
which  is  folved  without  the  Help  of  the  47th  Prop,  of  the 
^rft  Book  of  Euclid.  But  although  it  may  be  of  Ufe 
not  to  be  ignorant  of  the  moft  fimple  Principles  on  wbicli 
the  Solutions  of  Problems  depend»  and  though  by  only 
their  Help  any  Problems  may  be  folved  j  yet,  for  Expi^ 
dition  fakey  it  will  be  convenient  not  only  that  the  47th 
Prop,  of  the  lirftBook  of  Euclid,  whofc  ufe  is  moft  fre- 
quent, but  alfo  that  other  Theorems  Jbould  fometimes  bi 
madeJJfe  of. 

XCIII.  As  if,  for  Example,  a  Perpendicular  being  let 
h\\  upon  the  Bafe  of  an  oblique-angled  Triangle,  thd 
Q^ieftion  were  (for  the  fake  of  promoting  algebraick 
Calculus)  to  find  the  Segments  of  the  Bafe;  here  it 
would  be  of  Ufe  to  know,  that  the  Difference  rf  the  Squara 
of  the  Sides  is  equal  to  the  double  Re£f angle  under  the  Bafe^ 
emd  the  Dijiance  of  the  Perpendicular  from  the  Middle  of  tbi 
Bafts  {k). 

XCIV.  If  the  vertical  Angle  of  atvf  Triangle  k  Ufeatd^ 
it  will  not  only  be  of  Ufe  to  .know,  that  the  Bafe  is  i/- 
wded  i;i  Proportion  to  the  Sides  (/),  but  alfo  that  the  Differ- 
ence of  the  ReSf angles  made  hy  the  Sides ^  and  the  Segments  of 
the  Bafe  is  equal  to  the  Square  of  the  Line  that  h^e&s  the 
Angle  (w). 

XCV«  If  the  Problem  relate  to  Figures  infcribcd  in  a 
Circle,  this  Theorem  will  frequently  be  of  Ufe,  viz* 
That  in  any  quadrilateral  Figure  infcribed  in  a  Circle^  the 
Re^angle  of  the  Diagonals  is  equal  to  the  Sum  of  the  Re6f* 
angles  of  the  oppajite  Sides  («}. 

3tCVL  The 


XGIIL  {k)  See  Problem  Xn.  Number  199. 
XCIV.  (/)  Eucl.  VI.  3, 
(IB,)  Whiilon's  ift.  Schol.  Eucl.  VI.  17. 
XCV.  (»)  Whifton's  SchoU  EucK  VL  161 
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XCVI.  TheAnaljJi  may  obferve  froeral  Theorems  of  this 
Nature  in  his  PraSticcy  and  referve  them  forhisUfe\  hut 
let  him  ufe  them  fpar ingly,  if  he  can,  with  equal  Faci- 
Kty,  or  not  muci  more  Difficulty,  deduce  the  Solution 
from  more  fimple  Principles  of  Computation.  Where- 
fore let  him  take  efpecial  Notice  of  the  three  Principles  firji 
fropofedy  as  being  more  known^  morejimple^  more  general^  but 
a  fewy  and  yet  fufficient  for  all  Problems^  and  let  him  en-- 
diavour  to  reduce  all  Difficulties  to  them  brfore  others. 

XCVII.  But  that  thcfe  Theorems  may  be  accommo- 
dated to  the  Solution  of  Problems,  the  Schemes  are  oft  times 
to  be  farther  con/tru£!edy  and  that  mofi  frequently^  by  pro^ 
dudng  nitfome  of  the  Lines  till  they  cut  others^  or  become  rf  an 
affigned  Length ;  or  by  drawing  frpm  fome  remarkable  Point j 
Lines  parallel  or  perpendicular  to  others^  or  by  conjoining  fome 
remarkable  Points 'y  as  alfo  fometimes  by  confiruHin^  afier  other 
Methods^  according  as  the  State  of  the  Problemy  and  the  The-- 
orems  which  are  madeUfe  oftojolve  ity  /hall require.  As  for 
Example,  If  two  Lines  that  do  not  meet  each  other,  make  given 
Angles  with  a  certain  third  Line ,  perhaps  we  produce  themfoj 
that  when  they  concur y  or  meet ^  they  Jhall  form  a  Triangle y 
whofe  Angles^  and  confequentfy  the  Rations  of  their  Sides ^  Jball 
heaven  I  ox^if  any  Angle  is  given ,  or  be  equal  to  any  one, 
¥rc  often  compleat  it  into  a  Triangle  given  in  Specie^  orfimlar 
to  fome  other i  and  that  by  producing  fome  of  the  Lines  in  the 
^  Scoeme,  or  by  drawing  a  Line  fubtending  an  Angle.  If  the 
Triangle  he  an  oblique  angled  one,  we  often  revive  it  into  two 
rigbt-angled  ones,  by  letting  fall  a  Perpendicular .  If  the  JB»- 
finefs  concerns  multilateral  or  many-^d  Figures,  we  refohe 
them  into  Triangles j  by  drawing  diagonal  Lines;  and  fo  in 
others;  always  aiming  at  this  End,  viz.  that  Hke  Scheme 
may  be  refohed  either  into  given,  orfimilar,  or  right-angled 
Triangles  {0).  Thus,  in  the  Example  propofed  [SeeFig.g.] 

I  draw 

XCVII.  {0)  In  this  Preparation  of  the  Figure,  if  an 
Angle  be  given,  let  the  Perpendicular  be  oppofite  to  that 
Amg^^  and  alfo  fall  from  the  End  of  a  given  Line  if  pofr 
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I  draw  the  DUgonal  BD,  and  the  Trapezimn  A  BCD 
may  be  refolved  into  the  two  Triangles,  ABD  a  right 
angled  one,  and  B  D  C  an  oblique  angled  one.  Then 
1  refolve  the  oblique  angled  one  into  two  right  angled 
Triangles,  by  letting  fall  a  Perpendicular  from  any  of  ita 
Angles,  B,  C,  or  O,  upon  the  oppoitte  Side ;  as  from  B 
upon  CD  produced  to  £,  that  B£  may  meet  it  perpen-* 
dicularly.  But  fince  the  Angles  BAD  and  BCD  make 
in  the  mean  while  two  right  ones  (by  22  Prop.  j.  £lem^ 
as  well  as  B  C  £  and  B  C  D,  i  perceive  the  Angles  BAD 
and  BC£  to  be  equal ;  confequemly  the  Triangles  BCE 
and  D  A  B  to  be  iimilar.  And  fo  I  fee  that  the  Comptt«> 
tation  (by  afTuming  AD,  AB,  and  BC,  as  if  CD  were 
fought)  may  be  thus  carried  on,  viz.  A  D  and  A  B  (by 
reaion  of  the  right  angled  Triangle  ABD)  give  you  B  D. 
AD,  AB,  BD,  and  BC  (by  reafon  of  the  fimilar  Tri- 
angles ABD  and  C  E  B)  give  B £  and  C £.  B D  and 
B£  (by  reaion  of  the  right  angled  Triangle  B£D)  give 
ED  i  and  ED -r.  EC  gives  CD,  Whence  there  will  be 
obtained  an  Equation  between  the  Value  of  C  D  fo  found 
out,  and  the  algebraick  Letter  that  was  put  for  it.  We 
may  alio  {and  for  the  greatefi  Part  it  is  better /0  to  do^  than 
to  follow  ihefvork  too  far  in  one  continued  Series)  begin  the 
Computation  from  different  PrincipleSy  or  at  leafl  promote  it  by 
divers  Methods  to  any  one  and  the  fame  Conchifion^  that  at 
length  there  may  be  obtained  two  Values  of  any  thejanu  Quan- 
tity ^  which  may  he  made  equal  to  one  another.  Thus,  AD, 
AB,  and  BC^  give  BD,  BE,  and  CE,  as  before;  then 
CD  +  CE,  gives  ED  ;  a^nd  laftly,  BD,  and  ED  (by 
reafon  of  the  right  angled  Triangle  BED)  give  BE. 
You  might  alfo  very  well  form  the  Computation  tbus^ 
that  the  Values  of  thofe  Quantities  Jhould  be  fought  be- 
tween  which  any  other  known  Relation  intercedes^  and 
then  that  Relation  will  bring  it  to  an  Equation.  ThuSy 
£nce  the  Relation  between  the  Lines  BD,*'DC,  BC,  and 
CEf  is  manifeft  from  the  12th  Prop,  of  the  fecondBook 
of  the  Elements,  viz.  that  BDf  —  BCf  —  CD£is:= 
2CD  X  CE  :  I  feek  B  Df  from  the  tifumed  AD  and 
A  B  i  and  C  £  from  the  aflumed  A  D,  A  B,  and  B  C. 
And,  laflly,  afiuming  CD,  I  make  BD;  — BC;  — 

CDf  =: 
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CD^saCDxCE.  After  Juch  Ways^  and  Ud  by  tbefi 
$orts  of  Confultations^  you  ought  always  to  take  care  of  the 
Series  of  the  Analyfisy  and  (jf  the  Scheme  to  be  conJlru6ied  th 
trier  to  it^  at  once. 

XCVIII.  Hence^  I  believe^  it  will  be  mamfefl  whdt  Geo^ 
metricians  meaHj  when  they  bid  you  imagine  that  to  be  already 
done  which  is  Joughi,  For  making  no  Difference  between  the 
known  and  UnkAown  ^antitiesy  you  may  ajfufhe  any  of  them 
}o  begin  your  Computation  from,  as  much  as  if  all  had  indeed 
been  known  by  a  previous  Solution^  and  you  were  no  longer  ts 
confult  tbi  Solution  of  the  Problem^  but  only  the  Proof  of  that 
Solution.  Thus,  in  the  firft  of  the  tHree  Ways  of  com- 
puting already  defer ibed,  although  perhaps  AD  be  really 
fought,  yet  I  imagine  C  D  to  be  th^  Quantity  fought, 
as  if  I  had  a  mind  to  tty  l^hether  its  Value  derived  from 
A  D  will  coincide  ^ifh  its  Quantity  before  known.  So 
alfo  in  the  two  laft  Methods,  I  do  not  propofe,  as  my 
I  Aim,  any  Qiiantity  to  be  fought,  but  ohly  fome  how 
!  or  other  to  bring-but  an  Equation  frodi  the  Relations  of 
the  Lines .  And  j  for  fake  of  that  Biifinefs,  I  affurtie  all 
the  Lines  AD,  A6,  BC,  and  CD,  ^$  known,  as  much 
as  if  (the  Queftion  being  before  folved)  the  Bufmefs  Was 
to  enquire  whether  fuch  and  fuch^Lines  would  fatisfy  the 
Conditions  of  it,  by  agreeing  with  arty  Equations  which 
.tbc  Relations  of  die  Lines  can  exhibit.  I  entered  upon 
the  Bufmefs  at  firft  Sight  after  this  Way,  and  with  fuch 
Sort  of  Confaltations ;  but  when  I  ai-rive  it  an  Equattcn, 
I  change  my  Method,  and  endeavour  to  find  the  Quan- 
tity fought,  Dy  theRedudion  and  Solution  of  that  Equa- 
tion. 7^«^  l^flfyi  ^^  affume  often  more  ^uantitieT  as  known^ 
than  what  are  exprejfed  in  the  State  of  the^iejlion.    Of  this 

Jroumayfeean  eminent  Example  in  the  C5th  of  the  fol- 
owing  Problems,  where  I  have  aiTumedtf,  ^,  and  r,  in . 
the  Equation  aa  -|*  bx:^  ^^*  =  yy»  for  determining  the 
conick  Seftion  1  as  alfo  the  other  Lines  r,  j,  /,  v,  of 
which  the  Problem,  as  it  is  propofed^  hints  nothing.  For 
J9U  may  affume  any  ^antities  by  the  Help  whereof  it  is^f" 
fible  to  come  to  Equations  \  only  taking  this  Carey  that  you  pb^ 
tain  as  many  Equations  from  them  as  you  ajfume  Quantities 
really  unknown^ 

P  XCIX. 


ilmy  and  drawn  up  ywr  Scbeme^  giw  Narfun  to  the  ^ofOt^ 
ties  that  enier  into  the  Comptttatiotty  {that  is^fhm  pfhiih  Mrrg 
affumedf  the  Values  of  others  are  to  be  derived,  until  at  h^ 
you  VMUf  to  an  Equatton)  chujingfucb  as  involve  aU  the  Caddie 
tions  ofAe  Troblem^  and  Jeem  accoenmedated  More  others  tof 
the  Bujmejij  and  tbiu  Jball  render  the  Conclujton  (as  Jar  as 
yu  can  guefs)  morejimplei  but  yet  not  more  than  what  Jiat 
ie  /sifficient  for  your  Purpqfe  (p).     Wherefore^  de  not  gks^ 
frtper  Names  to  Quantities  whch  may  ie  denominated  fhm 
ffames  already  given.    Thus>  from  a  whole  Line  and  its 
Parts,  from  the  three  Sides  of  a  rigbt-angM  Triangle^ 
and  from  three  or  four  Proportionals,  foipe  one  of  the 
ieaft  conltderable  we  leave  without  a  Name,  becaufe  its 
Value  may  be  derived  from  the  Names  .of  the  reft»    As 
in  the  Example  already  brought  if  I  make  AD  :;=  ;r»  , 
and  AB  =  17,  I  denote  BD  bv  no  Lfetter,  becaufe  k  is 
the  third  Side  of  a  right»angled  Triangle  ABD,  anA 
xx)nfequendy  its  Va^ie  is  V«  jr  *—  au.    Then  Jf  I  call 
'B  C  s:  i,  fince  the  Triangles  DAB  and  B  C  £  are  fimi- 
lar^  «nd  thence  the  Lines  AD  :  AB  : :  BC  :  C  £  pro- 
:fortional,  to  duce  ^vdiereof,  via.  to  AD,  AB»  and  B  C, 
there  are  already  Names  given  \  far  that  Reafon  I  leave 
the  Sour^  C  £  without  a  Name,  and  in  its  room  {  make 

Ule  of  f~,  difcovered  from  dit  foregoing  Propertiott- 

rfit7«    And  fo  If  DC  be  calfed  ^  I  give  noNaoe  ft> 
D£,  becaufe  from  its  Pans,  DC  and  C^  or<  snd 

fL,  its  Value  ^4-  fL  copies  out.  {See  Figure  io.1 

X  X  , 

C.  But 

i  ■       ■  I  I  •       I  ■■  .    II  •     „ 

ZCIX.  if)  W9ien  notamifl;  is  rehired  4mt  «a  algs- 
bndcal  ExpreiEon,  die  mon  fimpk  it  is  the  bectari  1k^ 
if  we  are  to  proceed  to  a  feomctikal  CbiiAru£lioii  •rils, 
it  is  not  fo  much  the  SimpHcitnr  of  ^mi  Expicfimi,  as 
the  Eafe  and  Simplicity  of  ^  Conftruakm,  to  ^bkh 
we  are  to  attend  ;  and  we  are  always  to edmnt  Simftkitf 
in  the  Efuation,  and  Eafe  in  the  Conftru^liem. 


.GEQMETRIPA^'  QU^STiP?!fS.   a?| 


fet  dovm  for  the  Species  of  the  prtifaf 

%ui  that  out  if^ . 

aid  according  t^ 

orefien  ^P^  %? 


bring  ( 

(^ahc 
or  yx~  ffg— ..^^  — '  >    ■  — ^ 

cchi\  / 

j  ss  BEf.    And  hence  (  blotting  out  on  both 

Sid?s  ^4^]  I  9*41  hare  tl^e  E<ju:)tian  ^i:=tx^r^aa 

y*  =  -4-  ***  +  %ahc. 

CI.  Bujt  filler  I  tu?e  rec]F;oi||c^  im  feverfil  IVtethpds  fof 
the  Solution  p/  tl^3  |*rQ|>lqp,  and  t^c  not  ^uch  ynltke 
one  MO^bcr  in  ^c  precedent  Paragraphs,' of  whicn  t|iat 

gfcen  from  Prop.  i:jt.  of  the  fecond^jooW  of  the  Elements 
ing  fometfaing  more  elegant  than  the  reft,  we  will  dere 
fubjoinit.  Make  therefore  AD  =  ;r,  A Bsstf,  BC=/, 
andCDsrr,  and  youwill  bavelBDjrrr^x  — a^,  and 

CE  =  — ,  as  before.   Thefe  Species,  therefcwe,  being 

^>WHwffl  iP^eTheoremBQf  «--BCf  ^CDf  SB 
«CI>  X  C  £,  4h»B  «ill  ariie  ax'^aa^H  ^ci  tst 

^»«WJ»?(lV?«dH^tijig,  . 

4^  aa  ^ 

Pa  But 
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But  that  it  may  appear  how  great  a  Variety  tliere  is  I A 
the  Invention  of  Solutions,  and  that  it  is  rtot  very  diffi- 
cult for  a  prudent  Geometrician  to  light  upon  them  ;  I 
have  thought  fit  to  fliew  other  Ways  of  idoing  the  fame 
Thing.  And  having  drawn  the  Diagonal  bD,  if  in 
room  of- the  Perpendicular  B  E,  which  before  was  let  fall 
froqi  the  Point  B  upon  the  Side  D  C,  you  now  lefr  fall  a 
Perpendicular  from  the  Point  D  upon  the  Side  BC,  or 
from  the  Point  C  upon  the  Side  B  D,  by  which  the  ob- 
lique angled  Triangle  BCD  may  any  how  be  refoived 
into  two  right  angled  Triangles,  you  may  come  almoft 
by  the  Tame  Methods  I  have  already  defcribcd  to  an 
Fquation.  And  there  are  other  Methods  very  different 
from  thefe. 

.  CII.  As  if  there  arc  drawn  two  Diagonals,  AC  and 
BD  [Sec  Fig*  ii.],  BD  will  be  given  byaffuming  ADj 
and  AB  ;  as  alfo  AC,  by  afTuming  AD  and  CD  ;  thea 
by  the  known  Theorem  of  quadrilateral  Figures  infcribed 
in  a  Circle,  viz.  That  AD  X  BC  +  AB  X  CD  is  = 
AC  X  BD„  you  will  obtain  an  Equation  [See  Fig.  ii.]. 
The  Names,  therefore,  of  the  Lines  AD,  AB,  BC,CD, 
remaining,  viz.  y,  g,  hj  ^ 5  B D  will  be  =  ^xx  —  aa^ 
and  AC:=l^/  xx-^  cc^  by  the  47th  Prop,  of  the  .firft 
Element,  and  thefe  Species  of  the  Lines  being  fubflituted 
In  the  Theorem  we  juft  now  mentioned,  there  will  come 
out  xb  +,ac  =  V XX  —  cc  X^ XX  —  aa.  The  Parts 
of  which  Equation  being  (quared  and  reduced,  you  yy^ill 
ag;ain  have 
'  ^.  H^  aa      ■    , 

^x*  =  -+-  Ifhx  +2abc. 

:  Cnil  But,  moreover,  tliat  it  tnay  be  manifeft  after 
irhat.Maoqerthe^Sdiicions  drawn  irom  that  Theori^m 
may  be  thence  reduced  to  only  the  Similarity  of*  Tri- 
angles J  ercft  B  H  perpendiciiiar  to  B  C,  and  meetuig 
AC  in  H,  and  there  will  be  formed  the  Triangles 
BCH,  BDA,  flmilar,  by.reafon  of  the  right  Angles  jit 
B»  and  eqiial  Angles  ^t  C  and  D:  (by  the  21.  3.  Elcm.)  ; 

a» 
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/. 


^alfi)  the  Triangles  B  C  P,  BHA,  fimilar,  by  reafon 
fit  the*  equal  Angles  both  at  B  j^as  may  appear  by  taking 
awa/  the .  common  Angle  D  B  H  from  the  two  right 
ones),  as  alfo  at 'I>  and  A  (by  21.3.  Elem.).  You  maj 
fee)  therefore^  that  from  the  Proportionality  B  D  :  A  D  ;: 
EC  :  HC,  there  is  given  the  Line  HC ;  as  alfo  AH  from 
the  Pi^portionality  BD  :  CD  : :  AB  :  AH.  Whence, 
flnce  AH-.+  HC  r;:  AC,  you  have  an  Equation,  The 
Names  therefore,  aforefaid,  of  the  Lines  rcmainuiff,  viz% 
;r,  0,  b,  ij  as  alfo  the  Values  of  thcLines  AC  and  B  D, 
viz,  ^  XX  — re  and  %/jr;r-T*  tftf,  the  firft  Proportion- 

bx 
ihty  will  give  HC  =         ■  -— ri  ^"^  ^^^  fecond  will 
y  xx^^  aa 
ac 
•give   AH  =z  -T^r===r.    Whence,    by   reafoki    qf 
^xx  —  a^ 

AH  +  HC  =  AC,    you  will  have     ,SjLV—  = 

^ xxt^ccs  an  Equation  which  (by  multiplying  by 
ijxx  —  aa^  and  by  fquaring)  will  be  reduce^  to  a  Form 
often  defcribed  in  the  preceding  Pages. 

CIV.  But  that  it  may  yet  farther  appear  what  a 
Plenty  of  Solutions  may  be  found»  produce  BC  and  AD 
£See  r  Ig.  12.1  till  they  meet  in  F,  and  the  Triangles 
A  B  F  and  C  D  F  will  be  fimilar,  becaufc  the  Angle  at  F 
is  common,  and  the  Angles  ABF  and  CDF  (while  they 
compleat  the  Angle  CD  A  fo-two  right  ones,  bv  13.  i. 
?ind  22.  3:  Elem-)  are  equal,  Wherefore,  if  bpudes  the 
four  Terms  which  compofe  the  Queftion,^  there  wsis 
given  AF,  the  Proportion  AB  :  AF  : :  CD  :  CF  would 

. give  CF.  Alfo  AF  —  AD  woiftd  givcD F, ' and  the 
Proportion  CD  :  DF::  AB  :  BF  wouW  give  BF; 
whence  (fince  BF  —  C^  is  =;  B  C)  there  would  arife  • 

•  an  Equation.  But  fince  there  ai-e  aflfumed  two  unknown 
Quantities  AD  aad  DFas  if  they,  were  given,  there 
remains  another  Fquation\o  be  found.  I  let  fall,  there* 
fore,  BG  at  right  Angles  ufTon  A  F, -and  .the  Propor- 
tion AD  :  AB  ::  AB  '•  AQ,  wjll  give  AG;  which 
.     P  3  being 


Vi4      ilfesoLtJtibi*    tt# 

feeing  haa,  thcThfebrein  JJoirOTWed  frota  tfe  ti..,i.JEtr- 
didi  vb,  that  BF^  +  a  FAG  is  ==  ABf  -^  AEj  will 
givt  «ndUier  Equation..  «»  i,  c,  x,  maiunin^  therefore 
as  before,    and  nudUng  AFssjf,   you  wQl  have  .(by 

iidii^iflg  on  the  Steps  already  Iai<l  Sown)  -^  ==  C  F. 
,^^^0F.HE2lf-B.F.  Atuithd»?eiHflf 
";-  iZ  —  i^  the  filrft  Equation.    Alfo  ^  wUl  be  «AG, 

and  confcquentJy  • ^^     +  — J~  = 

^11  ^^^  for  Uie  fecofill  Equation.  Which  t\ird,  by  Re- 
duction, will  give  the  Equation  Ibught,  viz.  The  Value 

ale  «4-  cox 
pTy  found  by  the  firft  E^iuation  is   ^^_^^   ,  which 

Veing  Tubilituted  in  the  fecdtad,  w31  give  ah  EipiatioD» 
from  whicli,  rightly  ordci^,  wiH  coiae  out 

+  aa 
xs  s  4-  ***  +  ?«*^»  a* hefore  (f). 

+  fc  CV.  Aiid' 


CIV.  f?)  For     ■■':     . — ^i^   -  "       "^    +  -jr-  xs 

'4i*+>*j  which,--  by  multiplying  by  c'*'"x\  by  traiif- 
^ofing,  and  by  ranging  ti>e  Terms  according  to  th« 
Dim^iifieAs  of  y\  beSatncs  y  *  x  fc*^*"  -^  c *  x  i—  y  x 
a«»x^  — iii^'A  4-  tf*x»  — «*tf»jrr=05*which,1>y 

fiibftituting         II  ^^'    .  '     ^; {the Vtl«e 

Of^*)  for  y%  and  for-y(ils  Value)  "—^^ 

)}y  abbrevisitiiig.  the  Terins  (R*  i»),  ixA  byextemrf- 

noting 
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CV.  Ami  fo,  if  AB  and  CD  mse  produced  tfll  thejr 
meet  one  another,  the  Sohitioa  wiU  if  muc^  the  tins^ 
ujilefs  perhafi?  it  be  fomething  eafier.  Wherefore  I  will 
rather  Tubjoin  another  Specimen  qf  this  Problem,  drawn 
from  a  Fountain  very  unlike  the  former,  viz.  by  f^eking 
the  Area  of  the  quadrilateral  Figure  propofed,  and  that 
doMbly.  I  draw  therefore  the  Diaronal  B  D,  and  (he 
ouadrilatcral  Fi|ure  may  be  refojved  into  two  Triangles* 
Then  u&ng  the  riames  of  the  Lines  ar,  ir,  b^  Cj  as  before, 
I  find  BD  ;;=  V^f*  — <»4f  and  thence^  a  ^xx^^a 
/;x;iAB>cBD)  the  Area  of  the  Triangle  AB  D. 
MxM-eover,  having  let  fall  BE  perpendicularly  upon  CD, 
you  will  have  (by  reaibn  of  the  Umilar  Triangles  ABD^ 
BCEJ  AX>  :  BD  ::  BC  ;  BE,  and  confisqucnUy  BK 

^:  —  ^xx'^aa*    Wherefore  ;dfo  — -  Vxx  —  m 

(s:iCD  X  BE)  will  be  the  Area  of  Ae  Triangle 
BCD.    Now,  by  adding  thcfe  Areas,  there  will  arob 

dli,—  J'xx  —  tffl,  Ac  Area  of  the  whole  Quadri- 

latend.  After  the  &me  Way,  ^  drawing  tb»  Diagonj|l 
AC,  and  feeUng  the  Areas  of  the  Triangles  ACD  and 
ACB,  and  adding  theth,  there  will  again  be  obtained 

.^  cx+ia    ^ 

.  the  Area  of  the  Quadrilateral  Figi^re  *■   -^^  ■  'Jxx^ce. 

Wfaerefore,   by  making  thefc  Area*  equal,  and  muUi- 

plying  both  by  iXy  you  will' hare  fl*  +  *fv*«-r«i« 

^  cx^ba  ijxx-^<c^  »n  Equation  which,  by  fquar- 

P  4  »nS 


.WttiBg  theFrf^ipn  (R.3.), >come$  a^h^'c*  x^  tff#» 

+^»<*«Bsx>i  whicll  being.  :«ain  abbreviated,  and 
tKe  Terms  divided  by  a»  f  %  and  by  tranfpofing  —  * ', 


>i6         R  E  S  O  L  U  T  ION     O  F 

ing  and  dividing  hj  aax'—ccx^  will  be  reduced  to  the 
Form  already  often  found  out, 

+  f^ 
^3  —  4-  ^^^  +  ^ab(. 

CVL  Hence  Jt  may  appear,  ho^y  gfeat  a  Plenty  of  So- 
lutions may  be  had,  and  tjliatfome  Ways  are  much  more 
heat  than  others.  Wherefore,  ifihs  Method  you  take  from 
ypurfirfl  Thoughts^  for  folving  a  Problemy  he  but  ill  accom- 
modated to  computation^  you  mujl  again  confider  the  Relations 
of  the  Lines,  until  you  Jhall  have  hit  on  a  tVay  as  fit  and  ele- 
gant as  fojftble.     For  thofe  Ways  that  offer  themfelves  at  firji 
Sight y  may  often  create  fuffident  Trouble  if  they  are  made  ufe 
of    Thus,  in  the  Problem  we  have  been  upon,  it  would 
not  have  been  more  difficult  to  have  fallen  upon  the 
jfollo^ing  Method,  than  upon  one  of  the  precedent  ones 
^[See  Fig.  13.].     Having  let  fall  pR^nd  CS  perpendi- 
cular to  AD,  as  alfo  CT  to  BR,  the  Figure  will  be 
j-efolved  into  right  ungled  Triangles.     And  it  may  be 
fecn,  that  AD  and  AB  give  AR,  AD  and  CD  give 
8D,  AD— .  AR  — SD  givesRS  orTC.    Alfo  AB 
and  AR  give  BR,  CD  and  S D  give  CS  or  TR,  aqd 
J3*.  — TR  gives  BT.   La%,  BT  and  TC  give  B?, 
whence  an  Equation  will  be  obtained.     But  if  any  one 
ihould  go  to  compute  after  this  Rate,  he  would  fall  intp . 
larger  and  more  perplexed  algebraic^  Terms  than  are  any 
of  th^  former,  and  more  difficult  to  be  bcbught  to  a  £nal 
•Equation  (r).  ' 

•       . .^  ^ 

CVL  (r)  For  fuppoftag  AC,  and'^BD  to  be  drawn, 
the  Triangles  A  B  D,  A  C  D,   arc  reftangular  ( Eucl. 

yi.  8.)  whence  ;r :  «  : :  a  :  — ,  and  a*  ;  r  : :  f  :  — ,  and 
RSs  DA  — AR—  80=  *'—  i-Tlilas 
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So  much  for  the  Solution  of  Problems  in  right-lined 
Geometry;  unlefs  it  may  perhaps  be  worth  while  to. 
netf  moreover^  that  when  Angles^  or  Portions  of  Lines j  «f- 
prejed  by  Angles^  enter  the  State  of  the  ^eJHony  Lines^  or 
the  Prop<frtions  of  Lines y  ought  to  be  ufed  injiead  of  Angles^ 
tw%.  fuA  as  may  be  derived  from  given  Angln  by  a  Irigono^ 
aetrtcal  Calculation ;  (nr  from  which  being  fwnd^  the  Angles 
fought  will  come  out  by  thf  fame  Calculus  Several  Inftances 
of  which  may  be  feen  i»  the  following  Pages. 

CVn.  Asi 


**-— tf«. 


=  TC.     But  BR  =  ^BA*— AR*  = 


y/a^^—l  and  CS  =  V CD*^  D S*  =  Vr*  —  f-- 
=:TR;  and3T=  BR—  ^T  =  ^/ a^  -'—  ^ 


Vf*— — ;  and  BC*  =  CT»+TB»:  Whence  *» 
^ Zl — +tf*- 


fl4  \l   ^    ^       a^c*  —  c^a^a^c^,^^       ^4 

which,  by  multiplying  byjr%  by  abbreviating,  and  by 
(juaring,  becomes  /^.a^c*x^  —  4«*^*  —  4«*^*  X  Jf* 
+  tf4^4  —  ;r»  —  2  a^  —,2£*  —  2b*  X  *•  -+• 
6^»c^-h  2a^b^+  a4+  b*r\-  ib^c"-  +  c^x  xi 
Z^4*^  nr"^aT*  —  4fl*^*r*  X  **  +  ^a^c^  I 
wVich  again  abbreviated,  and  divided  by;r*,  becomes  *• 
^d'^b*^c*XJ^  +  a*  +  b^'\'C^+2a^b*'\'2a*c*  +  2b\* 
X**- 4^***^*==oj  that  is  (184),  jp'-  g*-  b^-^c* 
X  *  -  ^abc  =  o ;  vi*.  by  dividing  by  at  J  -  «•  -  **-  c* 
X  *  +  2abcz=z  0. 


t$$      mtsoturroK  or 

C VIL  Ji/n^  wbat  id»np  ^  Ai  Gmtm^  •fcwrv$  lima. 
Uf$  idkUdtmh ibm%  ikbtr  hf  deJmUng  them  iy  ihi Ueal 
Mohm  d'  fight  Lintft  tr  if  t^int  Equations  tnJfJbiittfy  ex^ 
fr^^ng  w  Rekaien  rf  right  Lims  dtj^^fed  ^ccirding  tQfomm 
s§rtmnLMu^  mtd  inmtig  at  th^  otrviXitm,  ThiAutimu 
did  thi  Jam  if  ih$  StaiMs  cfSeUd$^  tut  kft  nmm»£9ufy. 
Bia  tbeComputaHons  ibat^  rtgard  Cunfes  JsJiribsJ  4j/iir  dr 
firft  Wof^  ar$  n^  9tharwp  ferfonmd  than  m  the  fric$iem 
Pagti  [See  Fig.  14«]  As  if  A  K  C  be  a  curve  Line  def- 
tfibed  by  K  the  vertical  Point  of  the  Square  A  K  ^ 
vhereof  one  Leg  A  K  freely  flides  thFough  the  Point  A 
given  by  Pofition,  while  the  other  K^  of  a  determinate 
Length  is  carried  along  the  right  Line  AD  alfo  given  by 
Pofition»  and  you  are  to  find  the  Point  C  in  which  any 
right  Line  C  D  given  alfo  by  Pofition  (hall  cut  tt^js 
Curve :  I  *draw  the  right  Lines  A  C,  C  F,  which  maf 
fcprefent  the  Square  in  the  Pofition  fought,  and  the  Re- 
lation of  the  Lines  (without  any  Difference  or  Regard  of 
irhat  IS  given  or  fought,  or  an^Refpe<St  had  to  te 
Curve)  b^ng  confiderol,  I  perceive  the  Dependency  of 
"die others  upoh  CF  and  any  of  thde  four,  vie.  BC,  BF, 
AF,  and  AC,  to  be  fynthetical  \  two  whereof  I  there- 
fore afibnie,  as  CF  =  a^  and  CB  =  x^  and  beginning 
the  Computation  from  thence,  I  prefently  oburn  B  F  =:3 

^ aw^xxy  uA  AB  =s  ■■  •>»  by  realbn  of  the 

.  .  ^ aa  ^^xx 

right  Angle  CBF,  and  that  the  Lines  BP:  fiC  :; 

"B  C  :  AB  are  coritinual  Proportionals.   Moreover,  froooi 

thfe  given  Pbfition  of  C  D,  AD  is  given,  ^ich  I  there^ 

fore  call  i\  there  is  alfo  given  the  Ratio  «f  B<;  to  &D» 

which  I  make  as  ^  to  o  and  you  have  BD  =  -j»  ^^^ 

AB  =  i— 1?.    Therefoi'c^  — ^is=    ,    T^ 

d  d  ^aa-^xx^ 

anE«|uation  wUcb  (by  fiiuaring  its  Parts»  and  multiply. 

ing 

3 
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Ifig  hf  aa-^  XX,  Set.)  wfll  lie  reduced  te  ^&Sa  Fonn» 

"^   —  id  ^  ii 

^Whence,  laftly,  from  the  given  Quantities  a^  h^  i^  tod  g^ 
Ciiere  may  be  found  ;r,  by  Rules  hcnafter  to  be  given» 
and  at  diat  lotcrv»]  or  Diftance  ;r  or  BC»  a  right  Line 
drawn  parallel  to  AD  will  cut  C  D  in  the  Point  fought  C. 

CVm.  But  if  we  iimtute  Gionetrical  Defcnptiom  but 
"iftuttiim  t9  Shite  the  Curve  Lines  ifj  the  Con^utatiom  wiU 
ther^  ieteme  as  mueb  fintrier  ami  eafitr^  as  the  giuning  gf 
tbefe  ifuatiens  can  make  them  [See  Fig.  15.].  As  if  the 
Interfeaiolk  C  <^  the  given ^llipfis  ACE  with  the  right 
Xrine  C  D  given  by  Pofition,  be  fought.  To  denote  th^ 
EllipGs,  t  take  fome  known  Equation  proper  to  ie,  as 

rx  — —  xxz^jjy  where  pr  is  indefinitely  pttt  forafi)r 

Fart  of  the  Axis  Ai  or  Afi,  and  y  for  the  Peipen- 
dicular  ^^  or  fiC  terminated  at  theCufve^  and  r  andf 
«re  giVtB  frott  the  given  Species  of  tbe^lipfis*  Since 
tiiettfoit  €D  is  given  byPofitkMh  AD  ^'^  be  alio 
given,  ivtiidi  call  «;  and  B  D  wffl  be  tr  ^^  ;r ;  alfo  the 
.  Ang^e  ABC  w91  be  given»  and  thence  the  Ratio  of 
BD  to  fiC»  which  caO  I  to  /,  and  BC  (y)  will  be 
ss^tf  —  4^9  whofe  Square-^/flir  —  zemx  -4-  eex^ 

will  be  equal  to  r* ' xx.    Aiid  thchtc  by  Redue* 

oon  there  will  atife  xx  = f  or 

-'+i 

net  +f  r±«VarH-  -^,  —  ^' 

It  w    nil  nni  iKi-       till    k/  ■.  I 

"  +  ; 

Mtrmfeff 


tie         RE  S  OL  U  TI  O  N  .  OP 

MoreoviTj  aUhougb  a  Curve  he  denoted  hj  a  geomjftrtcaf 
Defcriptioti^  or  by  a  SeSiion  of  a  Solid,  yet  thence  an  Equation 
maybe  oUainedy  which  JhaU  define  the  Nature  of  the  Curve^  - 
'and  eonfetpiently  all  the  Dijiculties  of  Problems  propofed  abottt 

it  may  be  reduced  hither^ 

f  * 

••  Thus,  in  the  former  Example  [See  Fig.  14.3,  if  AR 
be  «bailed  Xj  and  BCjf,  the  third  Proportional  BF  will 

yy 

be  — >  whofe  Si^uar^,  together  with  the  Square  of  BC, 

is  equal  to  CFj,  that  is,  Z^  -+-  yyz;zai^  i   or  »*  -fr 

xxyy  z^  aaxx.  And  this  is  an  Equation  by  which 
every  Point  C  of  the  Curve  A  KC,  agreeing  or  corref- 
J)6nding  to  any  Length  AB  of  the  Bafe  (and  confc- 
quently  the  Curve  itfelf)  is  defined,  and  from  vifhenc^ 
therefbre'  you  may  obtain  the  Solutions  of  Problems  pro-^ 
pofed  concerning  this  Curve* 

*  ^er  the  fame  Manner  almofl,  when  a  Curve  is  net  given 
'in  Specie^  but  propofed  to  be  determined,  you  may  feign  an 
Equation  at  Pteafure,  that  may  generally  contain  its  Nature^ 
and  affume  this  to  denote  it  as  if  it  was  given,  that  from  i<r 
Ajfumption  you  can  any  Way  come  to  Equations  by  which  the 
Jf[fumptions  may  at  length  be  determined:  Examples  whercqf 
you  have  in  fqme  of  the  following  Problems,  which  I 
nave  colIeSed  for  a  moire  full  Illumination  of  this  Doc- 
'-trine,  and  for  the  Exercifc  of  Learners,  and  which  I 
BOW  proceed  to  deliver  (s). 

Problem 


CVIIL  (s)  Sometimes  the  finding  the  relative  alge- 
braic Expreffion  of  the  Quantities  (ought,  refolves  the 
Problem  ;  but  moft  commonly  a  geometrical  EiFedion, 
or  Confiru^lioo,  is  alfo  necellary  ;  and  the  Problem  |s 
faid  to  be  con(lru£ted,  when  the  Point  or  Line  which 
refolves  it,  is  found.  And  this  Is  done,  in  Problems  of 
i"        •'-  one 
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Problem    I. 

Hortnng  a  fimte  right  Lint  EC  ^ve^y  from  wbofeEnds  the 
two  right  Lines  B  A,  CA,  are  drawn  in  the  given  Angles 
ABC,  ACBs  to  frtd  Ab  the  Height  of  their  Concourfi 
A,  al^e  the  given  Line  BC  {See  Fig.  i6.]. 

•  Make  BC  =:'tf,  and  AD  =7;  and  fince  the  Angle 
AB.D  is  given,  there  will  be  given  (from  the' Table  of 
Signs  or  Tangents)  the  Ratio  between  the  Lines  AD 
and  B D,  which  make  as  d  to  e.     Therefore  d  :  e  xz 

AD  (j)  :  BD,    Wherefore  BD  =  ^.    In  like  man- 


d' 

ner 


one  or  two  Dimenfions,  by  finding  the  Right-Lines  wbpfe 
Sum  or  Difference  is  the  Value  of  the  Line  fought,  and 
connefting  them,  by  Addition  or  SubtraSion,  each  under 
its  proper  Sign.     In  this 

197.  We  are  to  obferve,  that  a  Fra^ion  Jhev^s  that  a 
fourth  Proportional  is  to  be  found  to  the  three  given  ^  thefrft 
Rxtrmt  being  th(  Denominator^'  and  the  two  mean  Terms  the 
FaSiors  of  the  J^umerator :  This  Proportional  is  had  bjr 
Eucl.  VI.  n.  and  if  the  Numerator  is  of  more  tlian  two, 
and  the  Denominator  of  more  than  one  Dimenfion,  thia 
Operation  is  to  be  repeated.  And 
'  198«  A  Square  Root  Jhews  that  a  mian  Proportional  i/- 
tween  the  Favors  under  the  Sign  is  to  be  found,  Thij,  if  it 
be  a  fimple  Term,  is  found  by  £ucl.  VI.  13.  if  the  Sum 
of  two  Terms,  it  will  be  the  Hypothenufe  of  a  right- 
angled  Triangle,  whofe  Sides  are  mean  Proportionals  be- 
tween theFaSors  of  the  Terms,  Eucl.  I.  47.  or,  if  the 
Terms  have  a  common  Fa£lor,  it  will  be  a  Mean  be- 
tween it  and  the  Sum  of  the  other  Fadors,  £ucl«  VL  17. 
if  the  Difference  of  twoTermsy  it  will  be  the  Side  of  a 
jight-angled  Triangle,  whofe  Hypothenufe  ia  the  Root 
of  the  pofitive  Term,  and  the  other  Side  h  the  Root  c€ 
the  negative  one,  and  is  found  by  Eucl.  L  47«  or  it  is 
a  Mean  between  the  Sum  an^Difference  of  the  Terms, 
ind  found  by  Eucl.  II.  5. 
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ner,  by  teafon  of  the  given  Angle  AC  D»  there  will  1>e 
given  the  Ratio  between  AD  and  DC,  which  nuke  a» 

4  to/,   and  you  wUl  have  DC  ss*^.    9i|t  BD  -H 

DC  =  BC,  tl^ati^,  ^  +  ^i;;V^,  WJiicb  r«4q«d, 
bf  multiplying  both  Parts  of  th^  Equ^ioip  by  4»  «id 
dividing  by  e  +/  bccinnes  y  =  —TTJ»* 

Problem    II* 
Tbe  Sides  AB,  AC,  cf  tte  Triangle  ABC  being  ghen^ 
and  alfithe^Bafe  B  C,  which  the  PerpenMad^  AD  Ut 
fdHfrom  the  verged  Angle  cuts  in  D,  u/nd  the  Segmmtt 
MDemd DC  f See  Fig.  17.]  ^ 

LetAB;;B4i,  ACs^,  BC  =  r,  and  BP=:;r,  mnd 
DC  will  zze^x.  Now  fince  AB^-Bpf  (^a^xx) 
^ADf ;  »d  ACy-DC|(4*-^4:4-2cy.r..y4fy^ 
AP  J  >  y®^  ^**1  b*^^  tf «  -  *;r  3=  i* •  c£  4-  2c»- ^#i 
^ifih  byReduakn,  becomes  ^^~^^4- ^/  _  ^ 

But  that  it  may  appear  thsit  ojl  the  Di$quki€s  of  ^ 
PtoUemt  majr  b^  i^olved  W«ily  the  PApoiticvudit/ 
iof  I^ines,  witliQUt  the  Help  pf  the  47th  qf  i .  £iiclid,  al*r 
though  not  wi^put  roundiaibout  Methods,  I  thou^t 
%t  to  Aibjoin  the  foUovuna;  ^lution  of  thjs  ProUcvn  ovnr 
i^d  zhoyp.  from  the  Point  D  let  fall  ikt  PeiMndic)Uar 
P  £  uppn  the  Sid^  A  B,  and  the  Names  qf  tjie  Linos» 
alseMjr  glveQ,  iwai^iing,  yqu  wiU  W  AB  iBDi: 

«PiSe.  #:vr::*4^(a).  And  PA-3J;(fi-iij 

st/a. 

arn^-***^— -*        ■      ■       ■         ■  ^ 

Pxoh.n.  (p)Ei»(;l.Vl..^. 


OEOMETRtCALQUISTIONS.    u| 
'^EA.    Alfe  £  A  t  AD  : :  AO  :  AB^  wi  cmSn 

mrfontfig  2d>(»it  the  Triaagie  ACD  <^),  tka»  m'A  im 
found  agftin  APf  rs  >*  —  4:^  +  2if x  -^  **.    Whence 

tfn  — ^^  -)-  rr 
you  will  obtain»  as  before,  x  =  • 

PftOBtEM    in. 

fi^ i<hB  tffirf IVrawfcr  9f  $h  rigk^mtgki  Triangle  ABC 

bdngpvn^  Ufndtbe  HffHbemtfi  9C  [See  Pig.  tS.] 

Let  the  Penmoeer  be  eaUed  i^  the  Area  ^i^^  makts^  BQ 
a  *,  and  AC  =:  /j  then  wiU  be  AB  =  ^xx^-^jj  (tf); 
whence  again  the  Pferimetcr  (BC  +  AC  +  AB)  is 
^  4.^  +  ^'xx—,j,  and  the  Area  (s^ACxAB)  js 
i7  V^^lTirT;  (*).     T^errfgre  jr  >f  jr  +  ^xx^Jy 

The  latter  of  thcTc  Equations  gives  V**— >7  = 
55—  i  wlicrdbre  1  write for  ^/x^c^yy  inthcfi»-. 

and  there  comes ovX  x^y-^  —  =5  a»  or  multiply^ 

Mig  ly />  ^^^  oidfliiiig  Ihe  Equation  yyzzay''Xy'^^Uk. 
Moreover,  from  «he  Parts  of  the  former  Equation,  I 
tadce  awsfcjr  ^  +  Jb  an<J  ^^^^«  remains  ^  xx—jy  t^$a 
..  «— «y,  and/quaring  the  Parts  to  take  «way  again  ibe 
Kfyametry,  there  ^otnes  «ut  jr r  -^  yy  ss  *«  —  »«;r 

*^  auiy  +  «<f  ■+  -atJ^fJP  HhiA  MflitcJb  ortercd  a^id  ili- 

vided 


i>uni>iiWM    ii>iiii»wt    I    t^  11    in   n0t9MmiM 


^ar  p  the  Siae  AC)  &c. 
PWb.ULt«)EucLI.47.       .(A)  3Btt9j:J.4r.   . 


ai4        RESOLUTION    OF 

■vidcd  by  2,  becomes  7/  =  tf  jr  —  apjt  +  a *•  —  4  uam 
Laftly,  making  an  Equality  between  the  two  Values  of 
yjr,  Ihave^i/  — ;py  — 2*4  ^  aj -^  xy\  qk  —  \aa. 

%hh 

which  reduced  becomes  4^  4  —  3=  *. 

••  • 

•  Thi  fami  ctherwife* 
Let  i  the  Perimeter  be  ==  a^  the  Area  :=  i  i,  and 
BC  =  ;r,  and  it  will  be  AC  -f  AB  =  2 ^  —  x.  Now 
fince.«;r  (BC^)  is  =3  ACy  -f-  ABy,  and  4**  =fi 
aACxAB,  xx  +  /^bb  will  be  ==ACy  + AB^-f- 
a  Ac  X  AB=  to  the  Square  of  AC  4.  A  B  =  to  the 
JSquareof  20-;r=4tftf-4<7;r  +  xx.  Thatis>  xx-^r,^^^ 

cz  J^aa  -*-  4.ax  -f-  xx^  which  reduced  becomes  a  — .  — 

Problem    IV# 

Having  given  the  PerimeUr  and  Perpendicular  of  a  rights 
4ingkd  Triangle f  to  find  the  Triangle  [See  Fig.  67.  j. 

.  Let  C  be  the  right  Angle  of  the  Triangle  ABC,  and 
tJI)  a  terpdndicular  let  fall  thence  to  the  Bafe  AB.  Let 
there  be  given  AB  +  BC  -|-  AC  :±£  0,  and  CD  =:  ^. 
Make  the  Bafe  AB  =  ;r,  and  the  Sum  of  the  Sides  will 
lie  a  —  X*    Put  y  for  the  Difference  of  the  IrCgs,  and 

the  greater  Leg  AC  will  be  =s  ^       ^     ''^  (^)  >  the  Ie(s 

BC==:  ^~^~^  {b).    Now,  from  the  Nature  of  a 

right-angled  Triangle,  you  have  AC;  4-'  B  C;  =  AB; , 

ttat  IS  .-^J — -^ — Li/.  =  ^;if  {c).    And  aMb 

AB  r-AG  ::BC  :  DC  (rf)  5  therefore  AB  x  DC  = 
AC X  BC 

Prob.  IV.  (fl)  Numb.  22.     (b)  Numb.  36.     (0  Eud." 
1.47;        {^EucLVI.».  *         -     - 


GEOMETRICAL  QUESTIONS.    2I5 
ACxBC.ifati.  *,  =  lirl!fil±ilIZlZZ.   By 

4 
the  fenner  Equadoa  /jr  r=  irx  -f-  2tf  x  —  aa.     By  the 
latter  /jr  ss:  at*  —  a* jr  +  tf «  —  4^4r.     And  coBfe-* 
quentlj  xx  -^zax-^aa  =  atat  —  2tfx  +  tffl  —  4ix. 
And,    by  RedudioD,  4«  x  +  4^x  z:  241 0»    «ir  x  =a 

2«  4-  2^* 

Gi9mitricaUy^  thus: 

In  evnj  rigbi  mtgled  Triangle^  as  the  Sum  of  the  Peri- 

meter  and  Pirpiudiadar  is  t9  the  Perimeter  y  fo  is  Half  the 

Perimeter  to  the  Bafe. 

ab 
Subtnfi  2x  from  tf,  and  there  will  remain  — r-r,  the 

a  -\-'  b 

Excefs  of  the  Sides  above  the  Bafe:  Whence,  again,  as 
in  every  rigbi  angled  Triangle^  the  Sum  of  the  Perimeter  and 
Perpendieular  is  to  the  Peri  meter  ^  Jo  is  the  Perpendicular  t§ 
the  Exeefs  rf  the  Sides  above  the  Bafe. 

P  E  O  B  L  £  M      V« 

Having  given  the  Bafe  ABof  a  right  angled  Triangle^  and 
the  Sam  of  the  Perpendicular  and  the  Legs,  C  A  +  CB 
•J.  CD  ;  to  fnd  the  Triangle. 

Let  CA-f-CB  +  CD  =  tf,  AB=:*,  CD  =  x, 
and  AC-f-CB  will  he  zsza-^x.  Put  AC  — CB 
a  y,  and  AC  wUl  =  ^— ^+7  ^^j^  ^^  ^^  _ 

tZl±IlZ(i).    But  ACy  +  CBj  IS  ssAB^  (0; 

that 


Prob.  V*  (a)  Nuiiab.  22.      (*)  Numb.  36,      (c)  Eu- 


9^6        R  JESO  LU.TION    OF 

tiiac  is,    -■   '  w  ■•'      '"  ss  4 «•     More- 

weritis  AC  X  CB  =  AB  X  CD  (rf)l   that  U» 

I»re4t  you^havc  %bh  —  aa +  2a3C'^xxz^yj^^am 
'^2ax+  XX  —  4**.  And  by RcdiiftJon,  xx:=2%aje 
^  2hx  '^aa  +  bb^  and  xzsia  +  b^^  V^TT^^T^ 

GemetrUalfyj   thus: 

In  any  right-angled  Triangle,  from  the  Sum  of  the  Ligs 
and  PerpenScidar,  fubtraa  the  mean  fropmimud  hetwam 
tbefaidSufn  and  tbeDmJde  rf  the  Bafe^  and-therf  mil  r#- 

nunn  the  Perpendieular. 

The  fame  oth^rmfe: 
Make  CA  +  CB  4- CD  gs  d,  AB  ss  h,  n$ 
AC  =  y,   and  EC  wUl  be  =  ^/bb  —  xx^  CD  = 

t;,^jIEJl.    And;r  +  CB  +  CD=if,  orCB  + 

i 

CD  =  tf  —  ».    And  therefore  -y^  •*'*—.>*  ra 

n  «^  jr  (/}.    And  the  Parts  being  fquared  and  multi^ied 

by 


»      iW  I  I       U|l| 


Prob.  V.  (<0  Eud.  VL  8.  AS;  AC : :  B  C  :  CD, 
i,  €.  i  :  *  : :  ^i"*  —  *■    : 7  '     ■  i  whenqc 

</.)  BC  :  AB  ::  CD;  AC  ^Eud.  V.  40.),  i*' 
'^hb^xx  :  *  ::  ^Y*'^""*.'  :  *i  «id  AC  +  AB 

:AB::DC4.CB:BC(£ud.V.  i8.)iua  «-fi 

:A::« 
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%f  H^  there  wfll  be  made  —  jt*  —  2 **'  +  2i' a-  +  *♦ 
tzaait-^zatix  +  Hiex.  Which  Equation  being 
ordered^  by  Tranfpofition  of  Parts,  after  this  Manner» 

Jtt*'  +}rU  '  XV'ab*  f/)  *^  «traaingthe. 
RAOtf  on  both  Sides,  there  will  ariie  xx  -^^bx  -^  bb 
•+-  II i  r5  ^  +  b  ^ zab  +  2*A.  And  the  Root  bc- 
iog  again  extraaed,  jf  =s  ~  4  ^  -f  V  4  ^^  ^  i.  g^  Hh 

72r  Gtmetricdl  ConftruBim  [See  Fig.  68.]. 

25iiU  <&^y6r»  AP  =  i  *,  PC  !=:  4  tf,  CD  =  t  AB, 
AE  tf  meimPr9p9rtional  between  b  and  AC,  and  £  F  m 


;  i  : :  tf  «^ X  :  Vi*  —  ;rjr  j  whence  «  —  ;^  =  DC  + 
CB  =  l^V^i— .^^  (EucI.VI.  11.) 

{/)   By  Tranfpofition  it  becomes  ;r*  -f-  2  ijr^  -f- 

*•»*  —  b^^a^b^^^Lp^+zTPx  ^i  and  adding  to 
each  Member  [in  order  to  compleat  the  Square  (CXLll)] 
2g^+  2^»X^*-jh  tx^b*=  2b*  +  2abX  x^  + 
zh  ^  2ab*  X  ;r  +  2  A*  +  zab^^  we  (hall  have  at*  + 
2bx^  +  3*»+  2/jA  X  **  +  2*»  +  2^*»  X  ^  +  i* 
+  2tf«*  +  2tf*i*  =  2^*+  2i7*X  *•*  +  T^M-T^ 

0-2 
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hth  Sides  a  mean  Proportional  between  b  and  D  E,  and  B  F^*- 
B  F.  will  be  the  two  Legs  of  the  Triangle  {g). 

Pro 8 IE M    VI. 

Having gi^eny  in  the  right  angled  Triangle  ABC,  the  Stmt 
of  the  Sides  AC  +-  B  C,  and  the  Perpendicular  C  D,  tm 
find  the  Triangle. 

Let  AC  +  BC  =  ^,  C D  =  *,  AC  =  ;r,  and  BC 
will  be=:tf  — »jk',  AB=:  ^aa— %ax'\'2xx' {a)l 
Moreover,  CD:AC::BC:AB  {b).     Therefore; 

again» 


Prob.  V.  {g)  For  the  Side  x -=,  v'4r^*  +  i«*± 

y/h^i  b*  +  i7b  —  ib^^iab^ibi  but  (be- 
caufe  A  B  =  4:  ^,  and  B  C  =  J.  ^7,  therefore  AC  =  AB 
4-BC=:^i  +  ~tfi  and  the  mean  Proportional  bcr 
tween  i  *  +  |.  /r  and  A  (  198 )  is  v'^i*  -f-  ^ab), 

VTF"+1T?  =  A  E  ;   and  (becaufe  B  D  =  B  C 

CD  =  \a—\b\  and  AD  =  AC  — CD  =  4.  A  4- 

ia  —  ib  =  ib  +  ^ia ;    and  becaufe  D E  =  A E 

AD  J  thence  DE^Vt^^-f-t^*— t*— t^; 
and  the  mean  Proportional  between  A,  and  Vib*+  ^ah 

--ib^ia{i()i),is\/  b^it^+iah^jb^^^ab)^ 

VbV-b^  +  frb  —  ib*  —  frb  =  EF;  and(bc^ 
caufe  BF  =  AE+EF  — AB)  v/x^x,^x^^  ^ 

V*  Vi^*-FT^— i^*  — t^i  — i*  =  BF: 
therefore,  ;c  =  B  F.         * 

Prob.  VL  {a)  Eucl.  L  47.  {b)  Eucl.  VI.  8. 
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CX  <*"  XX 

again,   AB  =  r-^ — .     Wherefore,  ax  •^  xxzz^  b 


Vtfa  —  2j;r-f-  ^xx  %  and  the  Parts  being  fquared  and 
ordered,  *♦-—  2tf;r*  j]^  ^^^  xx  -^^abbx  —  aabb 
r=  0.  Add  to  both  Parts  aabb  -{-  b^  (r),  and  there 
will  h%  made  *♦  —  ^  ^  *^  _  o  A  ^^+^aii;^^-** 
=  tffli^-|-**.  And  the  Root  being  extra<Sled  on 
both  Sides,  xx  -^  ax  —  bb  =:  -^  b  ^  a  a  ^  b  by 
and    the  Root    being    again    cxtra6led,    *"  =  4  «  + 

y/  J^aa^bb  —  b^  aa-^bb. 

The  Geometrical  Conjhru^ion  [See  Fig.  69.]. 

Take  AB  =  BC  =  ^^.  AtC  ereft  the  Perpen- 
dicular C  D  =  ^.  Produce  DC  to  E,  fo  that  DE  fliall 
t)e  =  D  A.  And  between  CD  and  CE  take  a  mean 
Proportional  CF.  And  let  a  Circle  G  H  defcribed  from 
the  Center  F  and  the  Radius  B  C,  cut  the  right  Line 
BC  in  G  and  H,  and  BG  and  B  H  will  be  the  two 
Sides  of  the  Triangle  (i). 

The 

«— ^— — *— ■■  ■     I   I  I  H    ■■        I  I  [■■■■■■I.      1    ■■■    I    M   ■  ■     M     II        ^       I       » 

Problem  VI.  {c)  Article  CXLII.  .- 
.  (i)  For  GHisbifeaed  in  C  (Eucl.  III.  3.),  and  GC 
=  CH  =  ^ BC^  —  CF*}  now  the  Side  x  =  \a  + 

Via»  -h  bb  —  b'^aa  +  bbi  but  t-a  =  BC,  and 
(  btcaufe  D  E  =  V  c»  +  ^%  whence  C  F  (198  )  = 
)/—J^^  b  V'«*"+^)  Vt  a»  +  b^  —  b  ^a*  +  b^  cz 
CH  (198)  J  whence  ^a  +  Vj:  a*+ b*— b^/a*  + b* 

=  BH  =  BC  +  CH;  andt«-Vt<»»+**-*V«M^ 
=  BG  =  BC  — CH. 

0.3 
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The  fiimi  etherwife. 
Let  AC  +  BC5=if,  AC^BC==j,  ABss*^ 
and  DC  =  i,    aad  ^^  will  be  as  AC  (a),  l^=iJ 

—  BC  (A),  ^^2-i^(f)=«ACy  +  BCf  ;;:ABy(rf) 

tffl  — vjr      ACxBC       ^«^^  ^^ 

SP9  ;ir«.  ■♦■  "•  .  =  — r^Q  =:  A  B  (#)  a:  jf.  There- 
fore, ^xx'^aazziyy's^aa'^i^b^ff  and  xict=.  aa 
9^  2  bx  (/),  and  the  Root  being  f xtraded»  jr  =  -—  i 
^  V^^^  ^  ^^.  Whence,  in  the  Confiru&ion  above,  CE 
is  the  Hypoihenufe  of  the  Triangle  fought.  But  the 
Bafe  and  Perpendicular,  as  well  in  this  as  the  Probleni 
above  being  given,  th,e  Triangle  is  thus  expeditioufly 
conftru£led  {Sec  Fig.  70.].  Make  a  Parallelogram  C  O^ 
^x  vrhofe  Side  C  E  fliall  be  the  Bafis  of  the  Triangle,  and 

the  other  Side  C  F  the  Perpen|iicular.    And  upon  C  E 

defcribe 


Problem  VI.  («)  Number  aa. 
(*)  Number  36. 


(0  For ^ ''  '^  ^    •       ^ 1 

^       2 
{d)  Eucli4  L  4,7, 

(/)  For  AB  :  AC  : :  SC  :  CD.    Ettol.  VL  1 

(/)  ea  J^yy  ^%xx  I  wYrn^t  %itJf--*aaiiyy% 
.ajidtftf — yy-sz  \bxi  whence  aa-^j^bx  s: yy:  Thcrcr 
fore  2xx'^aa'=zaii-^ji,bxi  and  aW^s^atflf  —  4^^^ 
and  xx^z  aa  'f^  zbx. 


GEOMETRICAL  QUESTIONS,    aji 

defaibe  a  Semicircle,  cutting  the  oppofitc  Side  FG  in 
H.  Draw  CH,  EH>  and  CHE  wil)  W  the  Triangle 
teght  {£). 

Problem    VII. 
hM  rigU  oHgUTfia^gU,  having  ghm  thtSm  rf  thi 
Ligsy  end  the  Sm  of  the  PHf0tuUaJar  and  B^fe^  U  find 
the  Triangli. 

Let  die  Sum  of  the  Iregd  AC  and  BC  be  a^  the  Sum 
oftlie&^ABmdef  the  Perpendicular  CD  be  »>  th« 
Lis  ACsx,  th«BaleAB=^,  and  BC  wiU  be  s 
4  — ;r,  CD=s*— 7,  aa^2ax+  2xxzs:ACi  + 
BCi:izABt=yj,  ax -^  xx  =  AC  X^C  =z  AB 
XCD  (a)  =:*jf-*-77xs*7~*tf-4-afl**^»**» 
and  bf^aa-^ax-^xx.  Mate  iti  Square  «*-* 
%a^x  +  3tfif * jr  —  %ax^  -+-  x*  equal  to  ffX  **,  thai 
h,  equal  to  aahi^^2aibx  +  2bhxx  (tf).  Aiid^^ 
dvbg  the  Equation,  there  will  come  out  x*f^%ax^ 

+  3"*i»T"zi;»+^\t=o.    Add  to  each 
—  afci         r^2abb     -^aabb 

Side  of  the  Equation  M —  nii^A  (^),  and  there  will  como 

out;r4-aii^i+3Jf  *;rT^f«*— 211-»**  = 
—  2bb       +  a«M     ^^^ 

i*  ~  tf  0^1.  And  the  Root  being  extrafled  on  jpo^ 
Side»  ##  ^-  tf jr  «f»  tfa  —  ♦*=?—*  V**  —  Jifj 
and  the  Root   being   again   extraded»    «*  s=  4  ^  £ 

PRMenVL  (f)  Eudid  IB.  31. 
Preb.  Vn.  {a)  Euclid  VL  8,  and  16. 
(b)  Article  CmiL 

(i}rori7a^^^cr«nlpoied,  it  ik'm^aai  tawlMk 
<^4  addAPg 


«3«        RESOLUTION     OF 

The  Giometrical  ConftruSion» 

Take  R  a  mean  Proportion^  between  b  J^  a  and 
t  ^^  a,  and  S  a  mean  Proportional  between  R  and 
i  ,--  R,  and  T  a  mean  Proportional  between  4-  tf  +  ^ 
^nd  ^tf  —  S;    and  ^  a  +  T,    and  4  «  —  T,   will  be 

the  Sides  of  the  Triangle  (e). 

Problem    VIIL 
Having  given  the  Area^  Perimeter^  and  one  §/  the  Angles  A 
I  \  of  any  Triangle  ABC,  U  determine  the  reji  [See  Fi- 

^gure-19.]. 

Let  the  Perjqneter  be  =  ^,  and  the  Area  :;?  i  ^9  and 

from  either  of  the  unknown  Angles,  as  C,  let  fall  the 

i  Perpeiidicular  C  D  to  the  oppoiite  Side  A  B  s  .and»  by 

I  jt^kfon  of  the  given  Angle  A,  AC  will  be^to  CD  in  a 

'  givfen  Riitio,  fuppofe  as  i  to  ^.    Call,  therefore,  AC 


adding  faa,  it  is  hh  —  aa^\aa  =  hh  —\aai 

^  ,   .    .  . ■ r- r^ ^ 

whence  ^he  Root  is  V  hb  —  ^aa  —  b  ^/bb-^aa. 
'->xobIen>  Vn.    (e)     For    the    Side    x  =  ia± 

\/4*r-:J^*-r  *  v^*^—  «*  5  an<}  "/ bf  —  a*  is 
ffic   mean   Proportional   between  b  -+-  a,    and  *  — « 

(  198  )  ss?  R  i  and  ^  b  ^h'^  —  a^—b*  +  « *  is 
flic* "mean  Pfopoftionah  between  K/b*—a*^  and  *— i 
i/f*— fl»=  S  i  and  V**  -T.  f  ^—  *  v^'pIT^  is  the 


mean  Proportionaf  between  t«  +  V*v^**—  «*—  i*+tf* 
and  i  a  ^\/  b  v^A*-  «»  - **  +  «*=  T;  wll^«e^  * 


GEOMETHICAL  QJJESTIONS.    233 


Double  of  the  Area,  and  there  will  come  out 


^^  X9  and  CD  will  be  =:  ^,    b/  which  divide  the 

ex      "^ 
AB.    Add  AD    (viz.    \/ACj  — CDy,    or    ~    x 

^dd  —  ee)  la)  and  there  will  come  out  B  D  = 

'  ^  *  ex 


+  -J  X  ^i^  —  ^^ i  to  the  Square  whereof  add  C  D  y, 

Ah^dd  J^hb     , 

and  there  will  arife 1-  jf*  +  v  dd  —  ee 

eexx  e 

=  B  C  f .     Moreover,   from  the  Perimeter  take  away 

Ml     *       .  ^hhd 

AC  and  AB,  and  there  will  remain  a  -^  x 

ex 

z=  BC,    the  Square  whereof  aa  —  2ax  +  xx  — 

4^^^^  4.  liii  +  £*lfi^.  make  equal  to  the  Square 
ex  e  eexx 

before  found  j  and  negk^ing  the  Equivalents,  you  will 

Abb    ,—- J^abbd 

have  ^  ^dd  —  ^r  =  «fl  —  2ax — h 

l£££     And   this,    by  affuming^tf/  for   the  given 
e 

jLbhd        Abb        

Terms     aa  + —  -j-  V  dd  —  //,  and  by  re- 

ducingf 


Prob.VIIL  (tf)    v'A^^  — CiJ^  =  V*»  — -J»- 
^/^*  x^         e^  x^         X     ,-3— • 
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dacing,   becomet  xx-st^f»-^ ,.or  xzstf^ 


\/ff^-^  (3). 

The  fanfie  Equation  woald  hsve  come  out  alfo.  hf 
iecking  the  Leg  AS;  for  the  Sides  A fi  «ndAC  are 
indifferently^  alike  to  all  the  Conditions  of  the  ProUenu 

Wherefore,  if  AC  be  made  =/  —  \///^iiii 

AB  will  be  =/+  V//~iiif,   and  reclprc 

cally ;  and  the  Sitm  of  thefe  2/  fubtraAed  from  the 
Pcnmeter,  leaves  the  third  Side  BC  =  <i  -^tf* 


Problem    IX. 

/fwm;  given  the  Altitude ^  Bafij  and  Sum  rf  the  Sides,  U 

find  the  Triangle. 

Let  the  Altitude  CD  be  =:ir,  half  the  BafisAB 
S£  h^  half  the  Sum  of  the  §ide$  :s;  c,  and  their  Semi- 
difference 


Prob.  VIIL-t*)  For  a^  +  l£lff  -*. ££!  ^;/»_^i 

±ab^d 
s  2i»4r  -f  — ^  ss  4^/5  which,  multiplied  by  ex, 

2b*d 
and  dividing  by  2ae^  and  tranfpofing  —  |  becomes 

Ib^d 
**  — 2/^—  ;   and  tranfpofing  2/;r,  is  ;r»  — 

^fx^^ltl,  whence  *  =/± V//-illi 
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diSerencc  =  s ;  &n4  the  greater  Side  as  BC  will  be  :=: 
^4  ^  (^)»  ****  *^  ^^^^  AC  :=:  r  —  a  {t),  Subtra<S^ 
CDf  from  CBf,  and  alfo  from  ACf,  and  hencct  will 
BD  i)e  =  ^c£  +  2ca  +  **  —  ^^»  ^^^l  thence  AD  =s 
^f f  «^  2(2  -|*  fi^ic  -«V*  aa*    §ubtr^A  alfo  A B  from  B  D» 

;uid  AD  will  again  be.==  ^/ cc '-{-  2£z  ^  zz  —  aa 
r— 2&.  Having  now  fquared  the  Values  of  AD,  and 
ordered  the  Terms,  there  will  arife  tt  ^+^  cz  z^  i 
^  c£  -^  2(%  -^  zz--^  aa.  Again,  by  fquaring  and  re^ 
ilucing  into  Order,  you  will  obtain  cczz  —  bhzz:^ 


^hcc^^bbaa'^l^.    And  z 
Whence  the  Sides  are  given. 


^bx's/TZ  *" 


cc 


::rFB  (')• 


P  R  p  B  L  S  M      X. 
flaving  given  the  Bap  A  B,  and  the  Sum  of  the  Sides  A  C 
4-  BC,  and  alfo  the  vertical  Angle  C,  id  determine  tbi 
Sides*  [See  Fig.  20.J 

Make  the  Bafe  ^  ^,  Half  the  Sum  of  the  Sides  =  t^ 
and  Half  the  Difference  ^1=  x,  and  the  greater  Side  BC 
will  be  =  }  4*  ^'  ^^  ^^^  ^^^^  '^C  =±  J  —  X.  From 
/either  of  the  unknown  Angles  A,  let  fall  the  Perpen- 
dicular AD  to  the  oppofite  Side  BC;  and,  by  reafoa 


pMUem  IX. 
H)  Number 

* 

(4)  Number  22« 

-*♦ 

wlienc^«s: 

-            *»-** 

b*t**-.i* 

ff»  — ^4                 W    •■ 

"    «» 

W    m. 
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of  the  given  Angle  C,  there  will  be  given  the  Ratio  of 
AC  to  CD>  fuppofe  as  i  to  /,  and  then  CD  will  be  s=: 

ek  —  ex      ..r     t             T?i        AC^     ABj  +  BC^ 
Alfo,  by  13.  2  Elem ^        l    >    — --^> 

.    T.bb-^'^xx  —  aa        ^^  .    -  , 

that  IS         ■     ,  ■,  ■    ■  =:  C D  i  and   lo  you  have 

%D  -|-  7,X  ' 

an  Equation  between  the  Values  of  C  D.     And  this  fc- 

.       J        i_  ,daa  +  7.ebb  —  0.dbb         . 

duced,  X  becomes  =  y^..        ^   ,  5  whence 

2i-f-atf 

the  Sides  are  given. 

,  If  the  Angles  at  the  Bafe  were  fought,  the  Conclufion 
would  be  more  neat  j  as  draw  E  C  bifediing  the  eivea 
Angle,  and  meeting  the  Bafe  in  E  ;  and  it  wiil  be 
AB  :  AC  •+-  BC  (  :  :  AE  :  AC)  :  :  ^ine  Angle 
ACE  :  Sine  Angle  A E C.  And  if  from  ihe  Angle 
AEC,  and  alfo  from  Its  Complement  BEC,  y^  ub^ 
traft  t  the  Angle  C,  there  will  be  left  the  Angles  AB  C 
and  BAC. 

Problem-    XI. 

Having  ihe  Sides  of  a  Triangle  given^  to  find  the  Angles. 

[See  Figure  72.J 

Let  the  given  Sides  be  AB  =  /7,  AC  =  *,  BC  =  r, 
to  find. the  Angle  A.  Having  let  fall  to  AB  the  Per- 
pendicular C  D,  which  is  oppofite  to  that  Angle,  you 
will  have  in  the  firft  Place,  bb  —  cc  •=,  KQq  —  l^Qq 
?=  ADf  —  BDj  (tf)  —  AD  +  BD^  x  AD  —  BD  (*) 
=:AB 

Problem  XL  (a)  For  AC*  =  CD»  ^DA*,  and 
B C *  =  B C»  —  D.C •  5  whence  A C *  —  B C *  = 
CD*  +  DA*  —  BD»  —  CD»  =  DA»  —  BD». 

{})  Euclid,  IL  5. 
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-sABxaAD  — AB(0  =  2ADx«  — «tf-    And 

confequcntly  i  a  -{ ^^^^  =  AD  (i).     Whence 

2  tf 
comes  out  this  ^rjl  Theorem* 

I.  As  ABtoAC  +  EC,  fo  AB  — BC  to  a  fourth 
Proportional  N.  ^^'+^  =  AD.  As  AC  to  AD, 
fo  Radius  to  the  Co-line  of  the  Angle  A. 

Moreover,  DCy  =  ACf  —  ADy  = 

2aa^h  +  2aacc  +  2bhcc  —  «♦—*♦  —  c* 

*  III  — ^^        II I  I       ■  ^  I      ■■    ■*  «jj» 

^  a  a 


a^  i,  ^  cXt4  +  0  —  cXa  —  ^  +  fX  —  a  -i-  h  ^  c 

Whence,  having  multiplied  the  Roots  of  the  Numerator 
and  Denominator  by  b,  there  is  made  this  fecond  The^ 
tfefUm 


n.  As  2flA  to  a  mean  Proportional  between  a-^-b-^c 

X  a  -t-  ^  —  c  and  a  —  b  -^  c  X  —  «  +>  +  c^  fo  i» 
Radius  to  the  Sine  of  the  Angle  A  (/)• 

Moreover, 

Prob.  XI,  [c)  For  AD  +  DB  =  AB  5  whence  ^ub- 
duding  2 AD,  then  DB  —  AD  =  AB  —  2ADi  or 
if  2AD  is  greater  than  AB,  then  BD  —  AD  =1  2AD 
—  AB  5  whence  AD  +  BD  x  AD  — BD  =  AB  x 
lAD  — AB- 

{d)  For  2ADtf  :=iaa  ^  bb  —  rr,  therefore  AD  = 
ea  A'bb  "^  cc         .       ,    bb  —  cc 

— — =**+—:; 

2tf  2a 

{i)  For  putting  AC  the  Radius,  DC  is  the  Sine  of  A, 
,  j^p       Mean  Proportional  Mean  Proportional  X  b 

an  3;  2a      .     ^'^  ^ ""  TTxl  * 
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Moreover^  on  A  B  take  AE  =  AC,  zni  draw  C  E# 
and  the  Angle  E  C  D  will  be  equal  to  Half  the  Angle 
A  (/).    Take  AD  from  AE,  and  there  will  rcmairt 

DE  =  *  —  i  i>  —  ttJ:J£  =  f f -^  <ia  +  2a*  ^  »i- 
*  2  a  za 

=  — =- — U— .      Whence  D  E  ^  := 


20 


400 
And  hence  is  made  the  third  and  fiurthTbnrtmt  vis. 

in.  Asiab%oe-\ra—b-iic—a-\-b  (fo  ACtoDE; 
fo  Radius  to  the  verfed  6ine  «/  the  Angle  A  (^. 

IV.  And,  as  a  mean  Proportional  between  «4.^4.« 
and  a  "^-b-^ef  to  3.  mean  Proportional  between  t  ^  m 

—  *  and  r  —  «  +  *,  (fo  CD  to  Dt)  fo  Radius  to  the 
Tangent  of  Half  the  Angle  A,  or  the  Co-tangent  of 
Half  ^  Angle  to  Rai^us  {b), 

-  titA&t&i 

Ptob.  XJ. ;(/)  Por  the  Angles  at  D  being  right,  thoa 
(EmcI.I.  32.)I>AC  +  X)CA  =  DEC  +  DCE  = 
ECA  (Eucl.  I.  sO  =  DCA  +  DCE  5  whence  DAC 
+  DCA  s=  DCA  +  2DCE,  and  DAC  ±i  2DCE. 

ii)  For  putting  AC  the  Rarfim,   DEisthewiW 

Sine  of  A,  and  DE  =  c  +  o  —  ^  X  <->»« -l».^  __ 

.. ^•  "~ 

<  +  g  — ^  X  f  ~tf-f^  X  b 

i^Xb 
Ih)  For  DC»  -<'-i-^H-*x7-f^-fX*~*4-fX-a+*+f 

and 
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fieito,  CEf  tt  s  CDf +DE,  a  ?f**i±£:i*!iZ*! 

« 

tti-x  7+T^-*  X  e  —  a  +  i.    Whence  the  Jjft* 
tsA  fixib  ThttTiKu 

V.  As  a  meu  Propordonal  between  Xii  and  2k^ 
to  a  mean  Proportional  between  c  +  a  —  i  and 
f  —  ii  +  i',   orasitoa  mean  Prcq>Qrtional  between 

*  "'"/^"'  ^   Hid  '""^^+*>  (0  (fo  ACtetCE. 

-or 


and  DE»  =  tf-*+^Xg>^+tx^^+^+cX>tf  +  *+f, 

md  tfaegfiare  CD*  ^  DB*  ; ;  

«+T+lXtf+*^f  Xtf  — ^  +  rX  — «+*  +  f. 

g_^,4.fXfl^^+fXi— 4+i-j-7x~g4-^+^  . 

i.  e.  (by  dmdiog  by  "  - '"^  '  ^^  "^  !L±i)  : : 
rpi+T  X  «+*  — '  •  a^*4>c  X  ^'g  +  i»^^i 
tiieirfQreCI)  ;DE::V*-h^  +  ^Xa  +  *  — <; 
V«  — *+*X  — 7+T+7. 
Prob.XI.  (/)  For  AC»  :  CE*  ::  *4  '•'-«  4.«  — * 

X  -^  a-4-T+'  tf,  !•  e.  by  dividing  by  —  j  ::/»*': 
i  — *-f-tf  X  -^«>f  i-t«  <;  whence  AC  :  CE  -. ; 
•  «*  ;  Vtf-**-+-tf  X  —  ^"^FT+'f  \.  %  ^ al  \ 


140  RESOLUTION     OF 

x>r  CE  to  DE)    fo  Radius  to  the  Sine  of  i  the 
Ariglc  A  {k). 

VL  And  as  a  mean  Proportional  between  2  a  and  a  >, 
to  a  mean  Proportional  between  tf  +  *  +  ^anda  +  i  —  c 
(fo  C  E  to  C  D),  fo  Radius  to  the  Co-fiiic  of  Half  the 
Angle  A  (/)• 

Put  if,  befides  the  Angles,  the  Area  of  the  Triangle 
be  alfo  fought,  multiply  CD f  by  j  ABy,  and  the  Root, 

yiz.i\/ a  +  b-i-cXa  +  i-^cXa^t  +  cX—a  +  i  +  c 
will  be  the  Area  fought. 


2  \/a^b  +  £  X  —  g  +  ^  +  ^ ;  whence  AC  :  a  y^tf ^ 
(=V^4fli)  ::  CE  :  2  V^ —  * +^g  x  —<>  +  *  + <^ 
(Eucl.  V.  i6.)  : :  ~  :  y/a  —  b^c  X  —  a  +  b  +  c. 

*  2 

Prob.  XL  (k)  For  the  Angles  at  D  being  right,  and 

CEAand  CED  being  equal  (Eucl.  I.  5.),  AC  :  t  CE 

::CE:ED. 

t  , -— — — 

(/)  For  CE»:  CD»::-r  +  tf  — ^  X  c^a-^-b 

;  a^h+7  X  a+b  —c  X  a  —  b  +  c  X  b  ^  a +  c  ^ 

4  g  g        _^««_— 

i. e.  dividing  by  c  +  a  -  i  X  c -^  a  +  i^    .,^^ 

whence  CE  :  CD  ::V4«*  •  V«  +  *  +  f  X  «  +  *—'• 


Problem 
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Problem    XII.- 
Having  the  Sides  and  Baji  of  any  right  Vtnedfriangle  giveti^ 
U  find  the  Segments  qf  the  Bafey  the  Perpendicular^  tb^ 
Area^  and  the  Angles  ['Sec  Fig;  40»]*' 

Let  there  be  given  the  Sides  AC,  B  C,  and  the  Baf% 
A  B  of  the  Triangle  ABC.  Bifed  A  B  in  I,  and  take 
on  it  (being  produced  on  both  Sides)  AF  and  A£  eaual 
to  AC,  and  BG  and  BH  equal  to  BC.  Join  CE,CF; 
and  from  C  to  ehe  Bafe,  let  fall  the  Perpendicular  CD. 
And  ACf  —  BCf  wUl  be  =  ADy-f  CD^  — CD> 
—  BD^=  AD^  —  BD#  =:AD  +  BD  J<AD  — BD 

=  AB  X  2DI  (a).    Therefore  ^?^"^^^^  =  DI. 

And  2AB  :  AC  +  BC  : :  AC  —  BC  :^DL    Which  Is 
a  Theorem  for  determining  the  Segments  of  the  Bafe  (^}, 
From  I  E,    that  is,  from  A  C  *-«•  i  A  B,  take  away 
DI,  and  there  will  remain  DE  = 
BC,-AC,+  .A>CXAB-.AB,  ^^^ .  ^^^  .^^ 

2  A  ijf 

s=BC 

Prob.  XII.  {ii)  199.  For  AD  =:  AI  +  ID  =  BI  ^ 
ID  =  BD  +  ID  +  ID}  whence  AD  —  DB  =  alD; 
Therefore,  bccaufc  AB  =  AD  +  BD,  KQor-  BC  j 
=  AD^  — BDf  =  AB  X  alD:  i.  e.  The  Difference  of 
the  Squares  of  the  Segments  of  the  Bafe ;  i.  e.  the  Rect- 
angle under  the  Sum  and  Difference  of  the  Segments  of 
the  Bafe  is  equal  to  the  Reftangle  under  the  whcflc  Bafe, 
and  doable  the  Diftance  of  the  Perpendicular  from  the 
Middle  of  the  Bafe.        {h)  See  Theorem  L  of  Prob.XL 

(0  ForDE  =  AC-.iAB-(DI=)^^|£!^ 

whence  pE  =.^^  "  ^  ^^  ^  ^f  ^  ^^^ -^  ^^-^ 

a  AB 

—  BC»  —  AC*  +  2AG  X  AB  -^  AB* 
_ -g  —      ♦ 

ft  ~ 


i4i         R£*S01»tJTlON    Ot 


_BC  +AC  —AB  KBC-^AC  +  AB   ^ 

^^  Ab^ ■f'''*    "^*^ ***y  DE  frota FE,  ot ^-Q 

and  there  will  trniaim  FD  ^ 

ACy  +  aAC  X  AS  +  ABf  -^^Cg.  jh^  j,^ 

•„  A'ib'  +  A'^  4-*^  »;  A<5  +'A^'^=^gg  or- 

^_  a  AB 

■  !■  ?w  ' '*  ABdlEnceCiD  iss«i6aii Fcoportionftl  between 

l)fe  iMid DF,  iani<}£  a ineahlP^opditfemd  betwMi  KE 
Md  SF»  aQtl  Cf  k  kii«an  AropoftiCEDal  betWMi  DF  aoJ 

iF(0,CD^aUe=:5i^2^l2S,CE- 
Multiply  C  D  into  ^  A  B>  and  you  will  have  the  Aita 

I--  *  ^*  -^  *      ■      -   •  —  ■•  "  I   -       r T      FT 

\ 

(J)  -f^r  8 C  +  G A  tx  B-H+  AE  =  BE  +'EH 
+  AR^ HE, ^bABE^ta  +  HA r=  fiAj  whence 
BC  +  "CA  it:  BA  :f  ftE  j  and  BC  +  CA  —  AB  = 
HE }  <md  BC  -^  CAc=  BG  —  AE ;  and  AE  +  EB 
=  AB :  Wbefloe  BC<— CA  +  AB  s  BG—  A£  J- 
A£  +  £B  =c  £G. 

(*)  For  ^A,  AG,  AF,  bemg  equal,  a  Semi^arcle 
from  the  Center  A,  with  The  "Radios  A  F,  will  pafs 
Ihrough  -C,  -and  Ej ^whence  FC E  is  •«  tight  A-ngle, 
Euclid  III.  91  {  whence  the  Propoft»M  tMom»  by 
Euclid  VI.  T  - 


^  iyVG  >ic  FH  KHE  X  EG.    Bpt  for  «^B^inii^ 
the  Angfe  A,  ihere  come  out  feveral  Theorems : 

I.  As  2AB  X  AC  :  HE  X  f<5  { ;:  AC  s  p.EJ 

: ;  ^«diHr  '  r^f^  ?«9e  of  the  Anj;!»  A. 
a.  lAB  X  AC  :  FG  X  FH  (::  AC  :  FD)  :i 
iU^iM  :  verfcd  Co-iiae  of  A. 

AC  rCD)  ::  kadius  :  Sine  of  A. 

4. /Rnrrrr  :  vTTFxT^  (:;  CF  i  CE) 
: :  Radius  :  T^,ngent  of  i  A. 

5.  V^EX  i:.G  -.yrdxFfe  (  : :  ,Gg  ,:  FC) 
.: :  -Radius  :  .Co-uij^ent  pf  ^.  A. 

6.  2  v'AB  X  AC  :  VHfe  x  t(5  (i :  F?  :  (C,E)  . 
::  Radius  :  Sine  of  ■.  A. 

7.  p^^T^WTW  :  l^TcT^'t^  (::  Fj:  :  FC) 
::  %^iivLS  ;  llo^ike  of  £  A  (/). 

y 
Pa^yaxaic  XIII. 
Ttf  Jubteni  the  given  Angle  C  B  D  with  the  given  right  Ling 
(GJO;  fo  OkitifhDh  iraum  frm  the  End  ^  Miti 
right  Line  D  to  the  Point  A»  giv0n  on  fbe  right  Ltu  C  8 
proiMcei^  the  Angle  ADC  jhaU  he  eaual  to  the  AngU 
TVB-D  [&eFlg.7i.]-  '  ^      ' 

Make  CDbit,  ABs^,  BDsjt,  andkwill  b# 
3p-B>V::<CD:0Ac=— (^).  .Lct.faU  thcPerpea^ 

•    dicuTar 

f/)  Th\s  Prpblfm  is  the  feme  with  XI.  apd  the 
I,  Ur.  IV.  apd  V.  Vi.  VIL  Theorems  of  this,  fall  in  with 
the  III.  H.  IV.  V.  VI.  of  the  «I,  refpcaivel7. 

JP^b.  ?CIIL    W  tf»  theTOaqgles^^Pjp  A  CD, 
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dicular  DE,  and  BE  wiU  be  =  ^^f^^V^^''^  (*) 

^*  .    By  rcafon  of  the  given  Tri- 

2* 
angle  DBA»  make  BD  :  BE  ::  ^  :  ^^^  and  you  will 

liave  again  B  £  =:  -r ,  therefore  * jc  — +  ^3  = 

%ex.    And  *♦  — 2^*» +  ***'*• —  tfni^sso. 

Problem    XIV. 
To  find  the  TrtangU  ABC,  wbofe  three  Sida  A B,  AC, 
B  C,  and  its  Perpendicular  DC  are  in  arithmetical  Pro* 
grejficn  [See  Fig.  46,]. 

Make  A C  =  tf,  BC  =r  jr,  and  DC  will  be  =  2jr 
—  g,  and  AB  =  %a^x  [a).  AlfoAD  will  be  (= 
VAC^  — DC^)  =  V4tf*  — 4*x,   and  BD  (  = 

•  BCf 


have  the  Angle  at  A  common,  and  the  Angles  AB  D, 
ADC,  equal ;  and  are  fmiiiar. 

{b)  For  AE  s:  £B  -*  BA,  and  AE»s:  £B*—  aAB 
X  BE  +  BA» (EucL  II.  7.)  =  AD»  —  DE%  the Tri- 
anglq  DAE  being  re^angular  ;  butD£«  =  DB*— - 
BE*,  the  Triangle  D B E  being  alfo  redangular  \ 
whence  £B*  —  2AB  x  BE  +  BA*  =  AD»  —  DB* 
-|-£Q^;  whence  abbreviating,  tranfpofing,  and  divid- 

ingby2AB,BE  =  B£lllMl±AB:. 
^  .  2AB 

Prob.  XIV.  {a)  For  AB,  AC,  BC,  DC,  being  in 
arithmetical  Progreilion,  if  AC  =  a,  auid  BC  =  ;r,  then 
ABr=:2a  —  jr,  and  DC  =  2#  — « ^  becaufe  2« — 
Xy  a,  Xj  and  2  jr  ^-  tf,  are  in  a  Progreffion,  whofe  com* 
mon  Difference  is  «  *-  jr. 
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•BCf  -  DCf)asv^4 a x^'^xx^ea.   And  fo  again 

ABs=^4gJg  — 4*^+ ^4^^- 3*^  -  tf^y*   Where- 

fore  2«  —  ^  =  V \ax^  4*Jf  +  ^ A-^*-  3**  -  gfl» 

or  2«  — *  — \/4<ijr  —  «'J'f  =  v^4«*  "^  3xjr  — ««i'- 

And  the  Parts  being  fquaied»  4««— j**  —  4^4"^^ 

X    ^/^ax-^^xx  as  4^ y  —  3jrx— tfg,    or    5«« 

—  4a;c  =  4«  —  2*x  ^/4«*  —  4  AT*.    And  the  Parts 

being  again  iquared,  and  the  Terms  rightl/  difpofed» 

16  x^—  8o«jr>  +  144.  tf  tf  xjr—  104«' jr  +  25  «♦ 

=  o.    Divide  this  Equation  by  2x  — >  ^,  and  there  «ri|l 

airife  8x'-^  36iixx +54tfax  —  250)  =  0  i   an 

EquadoO)  by  the  Solution  whereqf  x  is  given  from  a, 

being  any  how  aflumed.    a  and  x  being  had,  make  a 

Triangle,  whofe  Sides  fhall  be  2  a  —  x^  a  and  Xy  and 

a  Perpendicular  Jet  fall  upon  the  Side  2  a  —  x  will  be 

2*— «• 

If  I  had  made  the  Difference  of  the  Sides  of  the  Tri- 
angle to  be  df  and  the  Perpendicular  to  be  x,  the  Work 
would  have  been  fome thing  neater ;  this  Equation  at 
'  laft  coming  out,  via,  **  =  24  idx  +  48  d^  (b). 


Prob.  XIV.  (i)  For  DC,  BC,  AC,  AB,  being  the 
Terms,  and  D  C  =  ;r,  and  the  -Difierencc  zp  d^  the 
Terms  will  be  refpeftivcly  jr,  *  +  ^f  *  +  2  rf,  *  +  3  rf; 
and  AD  =  ^ \dx'\^\dd^  and  BD  Vai/^r  +  dd\ 
whence  AB  =  jr  +  3^  =  v^4^*  +  ^dd\^%dx\dd\ 
and  x'^zd—yt^dx^A,ddz=i^%dX'\^ddi  and 
fquaring  the  Parts,  and  reducing,  and  tranfpofing,  **^ 
%dx  '^  12  dd=i  2T+T3  ^/^dx  -h^ddi  and 
fquaring  again,  x^+ihdx^  +  88  ddx*  +  192  i/J;r 
+  iU^^  =  Hod^x  +  ii2d*x*+i6dx^  +14^^*; 
that  is,  by  tranfpofing,  and  dividing  byV,f*»  s=  2Ad^x 
+  48rf'.       .  ©    /-   a 

R  3  Problsm 


ii^:     txsotrUTioK   or 

^  /iJ  itftitigh  ABC,  whiji  i»a  Stdtt  A  B,  AG, 
*rkal  Pregnfim. 
MakiAOar^,  BO±sbJ  Inrf  AB «Rll  »f  =d ^', 

iii  "^-i-f^;  an4  66  (=  v^ir^llcfg^)  =, 

V  <»«  —  -?r    and  confcqucmly   £j^    (  ci:  AB  }    cx 

X  ^      *  tm  -^  >•       ^^  ■   '■• 


XX 


ahl  ^  Paft»  of  Ihc  E^uatittft  fcelHg 


OiL^ 


i»rt,B.  xt^  w  jTor  Afe,  Ag,  St,  Dfc,  b«i„e  ita 

ieomctrieal  Prpgreffion,  if  AC  =  *,  and  B  C  as  •,  thofa 
AB«^.^ebi=:^,fcr^,^,,,-^^,.^ 
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^  XX  —  41«  (3).    And  the  Parts  being  again  fquarcd» 

Jr»  —  aa^jT^ -[^  3«« ;r^  —  t /9^ 4r4r  +  «'«4«***  — 
4a*jr;r.  That  is^  ;r*— anfl**  —  tf*jp*+ a«*jr*  + 
«'  =  o.  Divide  tU^  Equatioft  Vf  4r4  •«.  a  a  jrr  «^  «S 
tod  Jtber«  wi)i  arife  jir^  t-  a  a;r;ir  — >  a*.  Wherefore  «^^ 
J9  s=  aas^x  ^  p^.    Ajid  extr^Aiag  the  Rpot  xx-^.^^ 

««+ V'i**»  ^  *='=*  VT4V1(<^)-  Tnkc  there- 
lore  m  or  BC,  of  aayL<Myh>  and  fi»^  BG  :  AC  : : 
AC  :  AB::i:%/|-t-v^|,  andthePMrpendictilvDC 
of  aTffiaogle  AB  C  made  oif  thefe  Sides,  will  be  to  the 
Side  BC  in  the  fame  Ratio. 

■  ■■1  ■  jnn  w\     %l\3\\  %% \    II    I     million  I   >    '  »    i         '      '■ 


'^  xs  «*  —  ^,  wlliGh,  by  ahbrariadng»  Mid  miHiply« 

«^bj  «*»  b^oroes  *4_  j^^;,»  V^»_f;!  4.^^ -^ 

^»*;  Mid  by  tranfpofing»  *♦  -^  ^»  ir*  +  «^  s=  a«^* 

^  «*  -^  —  5   or  putting  **  under  the  Sign,  we  hare 

2  a  Vtf»**—  i»*V»;  and  tke  ai^tfcal  Part  divided  by 
#**%  gin».jr«~«»j  viiici»  lieiqg  ^^t  under  tfec 
Sign,  and  the  Roc*  of  the  Dtyifer,  y^^.  «jr,  being 
drawn  into  2«,  we  have  aa*  x  y  *^  —  a». 

W  For  **  —  if  ^  Vs^!;  that  is,  by  dividing 
V7^  >yi/tf*i;r«  =  ff  +  *tf^|:  Whence  x  ea 
^  »  ^  «a  ^1;  that  is,  by.dividing  by  v^^S  at  s  « 
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The  fame  otherwife     [Sec  Fig.  47]. 

Smcc  AB  :  AC  : :  BC  :  DC.  I  &v  the  Anglp  ACB 
IS  a  rigbt  one.  For  if  you  deny  it,  cfraw  C  E,  malting 
the  Angle  £  C  B  a  right  one.  Therefore  the  Triangle^ 
BCE,  DBC,  arefimilar,  by  8.  6.  Eletn.  9nd  confe- 
quentiy  £B  :  EC  ::  BC  :DCj  that  is,  £B:EC  r: 
AB  :  A  C.  Draw  A F  perpendicular  to  C£>  and  by 
reafon  of  the  parallel  Lines  A  F,  B  C»  £  B  will  be  :  £  (j 
: :  AE  :  FE  ; :  AB  :  FC  {d).  Therefore  by  9.  5  Eletn. 
AC  is  =  F C ;  that  is,  the  Hypothenufe'  of  a  right* 
angled  Triangle  is  equal  to  the  Side,  contrary  to  the 
19.  I  Elem.  Therefoiv  the  Anele  £  C  B  is  not  a  right 
cnp  I  wherefore  it  is  neceilary  ACB  (hould  be  a  nght 
one.  Therefore  AC^  +  BCf  i8:?iABf.  But 
AC^rrABxBC,  therefore  ABxBC-f-BCf 
sr  A  B  ^,  and  extrading  the  Root  A  B  =  4.  B  C  + 

V|BCj.    Wherefore  take  B C  :  A  B  : :  i  :  ii^l?» 

and  A  C  a  mean  Proportional  between  B  C  and  A  B, 
'  and  a  Triangle  being  made  of  thefe  Sides,  AB,  ACj 
B  C,  D  C,.  will  be  continually  Proportionals. 

Problem    XVL 

To  make  the  Triangle  ABC  upon  the  given  Bafe  A  B,  wb$/e 
Vertex  C  Jhall  he  in  the  right  Line  E  C  given  in  Po^ 
Jition^  and  the  Bafe  an  arithmetical  Mean  between  the 
Sides  [See  Fig.  48.] 

Let  the  Bafe  A  B  be  bifefied  in  F,  and  produced  until 
it  meet  the  right  Line  given  in  Pofition  EC  in  E, 
and  let  fall  to  it  the  Perpendicular  C  D  i  &nd  making 

AB  =  ir, 


Prob.  XV.  {i)  ForEB  :  EC  : :  BE  +  £A  :  CE 
4  EF  (Eucl.  V.  12.)*  i.  p.  BA  :  CF  : :  BA  :  AC, 
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Afi  =  fl,  FE  s=  *,  and  BC  —  AB  =  *,  EC  wUl  be 
—  «  4.  X,  AC  =  tf  —  * }  and  by  the  13.  2  Elem.  BD. 
/-       BC^-ACy  +  AByN         ,^^.,     ^nd 

c<»fequendy,FD  =  2y  (a),  DE  =  *  +  a^,  and  CD 

(=  V"CJi?  —  Ki>f)  =  Vi««— 3**«  But  by 
reafon  of  the  given  Pofitions  of  the  right  Lines  C  £  and 
AB,  the  Angle  C ED  Is  given;  and  confequently  the 
"Ratio  of  DE  to  CD,  which,  if  it  be  put  as  rf  to  /, 
will  give  die  Proportion  i :  *  : :  *  +  2«  :  v^i  «<»  —  3**« 
Whence  the  Means"  and  Extremes  being  multiplied  by 
each  other,  there  arifes  the  Equation  **+  2**5S</ 
j-i  ad—  t**»  tbe  Parts  whereof  being  fquared  and 
rightly  ordered,  you  have  xx  =        ^ee.J^^dd 

and  the  Root  being  extraaed  x  = 

~  2<f^  +  d  ^  \eeaa  —  jetbb  +  ^ddaa    ■  g^j  ^ 

—  ^ee  -4-  Zdd  . 

being  given,  there  is  given  B  C  =  «  -H*,  and  AC  =s 


«  ^       Sum  •+•  DJfierence 
Prob.  XVI.  (a)  For  B  D  =  ? 3L; 5S 

Sum       2  Difference  .  nowBD  =  BF+FDs=i« 
2     "*'        2         '  ' 

4.2X}  and  BF=  |fli  whence F D  ==> »• 


Problbk 


jfjo        KB  SOLVTIOK    OW 

r^^BLtu  xviL 

timing ghimth^Sidts  ef  altf  FaraUehgram  AB,  BS\  D(% 
tfv^  AC,  <»Mr  0»^  of  the  Diag&nals  BC»  ufrultbe  Mer 

Let  £  be  fht  Coiicdurfd  of  tke  Diagmalii  and  to  die 
JDfagonal  BC  let  foH  the  Perpendicular  AF,  and  by  At 


2 


TT 


ACf  T  ^^^  ^  ^?y  a  C F.    Wherefore,  fince 

EC  Is^r^  BC(if)^»d  AE  =  |  AD,ft  wiHIv 
ACf -^  ABf  4-  BC^  _  ACf-^^  ADf  ^  \  BCg 

^®^  BC  ^  ^ 

and  hirf ing/cd»^,  AD  =  VaACf + aAB;  -  BC^  (<}. 

Whence»  ly  tfee  bye,  i)»  anf  fareWfigram^  ibe  Sum  &/ 
tHrSjMamffikSidefitt/mfl  HAtStmrfthii^uara^ 
the  Diagonals  \e). 

PiRomai 

Prob.  XVn.  (a)  aoo.  /«  every  ParaBebgram  tie  DU 
0gomU  i^  fa(b  oiierj  for  the  Triangles  C  £  D,  A  £  B» 
tumng  the  Angle*  C£D»  AEB,  verticaTly  mff^itt^ 
equal  (EucL  I.  15),  and  the  alternate  Angles,  CDA, 
J>  AB»  ei|ual  (E^cL  I.  39.),  will  be  MMunguIarj  b«t 
alio  the  Bares  CD,  AB,  are  equal  (Eucl.  I«J409  there^ 
fore  the  Triaogiis  avemiial,  and  die  Stde  C£  ==  £B, 
imd  DE  =  £A(EucK1.  26.) 

(h)  For  multiplying  to  exterminate  the  Fradions» 
and  dividing  the  Terms  bvBC,  we  have  A D*;:;^ 
a  AC*  H-  a  AB«  >-^  B  C  *  i  whence  A  D  =; 
V2AC*+aAB*  — BC». 

(e)  201.  In  every  Parallelogram,  ibeSumoftbeSfMorei 
of  the  Sides  is  equal  to  the  Sum  of  the  Squares  ofAeDiagomis^ 

fee 
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PftOBLtM     XVltl. 

H0vh^  ^vtn  the  df^lei  rf  thtTr^^vm  kBCT>  alfr'm 

Perinuur  and  Area^  U  ditimdm  the  Sidei  [See  Fig.  ai.] 

Produce  any  two  of  the  Sides  A  B  and  D  C  till  they 
meet  in  E,  and  let  A  B  be  =  ;ir,  and  B  C  ==  y^  and 
becade  all  t^t  Angles  ard  given,  there  ai'e  given  the 
Ratto'^  of  BC  t6  Ct^  and  BE,  which  make  d  to  t 

and/i    andCEwiil  be  =  i^  and  BE= -^,and 

confequendy  A£s:;ir4*-^.  TYOkt  Are  alio  given 
die  iftatfo'S  of  AE  to  AD  and  td  D£ ;  v^hkh  make  ai 

r  and  as  i&  to  dy  and  AD  will  be  a  ^  'X  'X  and  EO 
*  g 

«  ^^  +  /^,  and  confcqucntly  C  D  =3  £f  ±Zi  -• 

11,  and  the  Sum  of  all  the  Sides  ^  +/  +  il^LU 

•      ^,[  :Q  «^  ^  J  which,  fince  it  is  given,  call  it  ^ 

and  the  Terms  will  be  abbreviated  by  writing  ^  for  the 

given 

■  mi'  ii  ■  \ 

for  if  the  Parallelogram  is  redangular,  it  follows  from 
flie  47.  of  I.  of  Euclid }  and  if  not,  the  Anglei  at  the 
fame  Side  are  equal  to  tw\>  right  ones  (EucKay.  I.)| 
Whence  if  one  is  obtufe  ^e  o^her  is  acute,  and  raifing 
Perpendiculars  from  the  Ends  of  die  opp<ifit6  Sides,  die 
fifuare  of  the  DiagoAal  Oppofite  the  obtufe  Angle  will 
exceed  the  Sum  of  the  Squares  of  the  Sides  of  diat  Angle 
(Ettd.  II.  12.),  bf  th*  &M  double  ReaaAgie,  by  whurli 
the  Square  of  the  Diagonal  oppofite  the  acute  Angle  is 
exceeded  by  the  Sum  of  the  Squares  of  the  Sides  contain- 
ing ^  acute  Angle  (EucK  IL  j^}. 
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given  Quantity  i  -| ^  j,  — ,  and  1  for  the  given  i 

+  -^  4-  4-  — ^»  and  you  will  have  the  Equation 

P^  +  ^y  ^a 

r 

Moreover,  by  rea/on  of  all  the  Angles  being  givca, 
there  is  given  the  Ratio  of  B  C  ^  to  the  Triangle  B  G  E, 
which  make  as  m  to  «,  and  the  Triangle  BCE  will  be 

=  —  y7'    There  is  alfo  given  the  Ratio  of  A  E  j  to 

the  Triangle  ADEj  which  make  zs  mtoJ-,  and  the 

Triangle  ADE  will  be  =  ^^^^  +  2</Ay +  //yjF 

Wherefore,  fincc  the  Area  AC,  which  is  the  Differ- 
ence of  thefe  Triangles,   is  given,   let  it  be  Ai,   and 

And  fo  you  have  two  Equations,  from  the  Reduaion 
whereof  all  is  determined,  viz.    The  former  Equation 

^ivcs  LIZJJ!  =  *,  and  by  writing  ^JLzlZ  for  x  in  the 

*  P 

laft,  thve comes  out  ^'^'""'  —  "i'^qray  +  dg^yy 

ppm  + 

iafry^ifqyy        ffyy^dnyy 

J^  +  dlk =  **•    And^<^ 

Terms  being  abbreviated  by  writing  s   for  the  gi»ea 

.Qiiantky  ill  ^l^  + /f  ^n,    and  ,,  for  the 

given  +  f^  -^»  and  x/v  for  the  given  iim 

.—     //-'  *««  "if»  /J»  s=  «'jr  +  /w,  or  y  =  /  + 
Yif/+  tv. 
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Problem    XIX. 

Ti/arrffund  iheFi^poml  AE CD  with  a  Walk  kBQD 
£PGH  of  apvenAreOj  and  of  the  fame  Bnadtb  every 
where  (Sec  Fig.  23.]. 

Let  theBreadkh  of  the  Walk  be  ;r,  and  its  Area  atu 
And^  letting  fall  the  Perpendiculars  AK,  B  L,  BM^ 
CN,  CO,  DP,  DQ^  AI,  from  the  Points  A,  B, 
C>  D,  to  the  Lines  EF,  FG,  G  H,  and  HE,  to  di- 
vide the  Walk  into  the  four  Trapezia  I K,  LM,  N  O,' 
PQ^,  and  into  the  four  Parallelograms  AL,  BN,  CP; 
D  I,  of  the  Latitude  Xy  and  of  the  fame  Length  with 
die  Sides  of  the  given  Trapezium.  Let  therefore  the 
Sum  of  the  Sides  (AB  +  BC  4.  CD  +  DA)  be  =:  h^ 
and  the  Sum  of  the  Parallelograms  will  be  =:  ^  jr. 

Moreover,  having  drawn  A  £,  B  F,  C  G,  D  H ;  fince 
A I  is  s  AK,  the  Anglcf  AEI  will  be  =  Angle 
AEK  =  4IEK,  orl^UAB.  Therefore  the  Angle 
AEI  is  given,  and  confequently  the  Ratio  of  AI  to  IE, 

which  make  as  1/  to  r,  and  IE  will  be  ;=  -~.     Mul- 

d 

tiplj  this  into  t  A  I,  or  4.  ^,  and  the  Area  of  the  Tri« 
angle  AEI  will  be  =  li^.    But  by  rcafon  of  equal 

Angles  and  Sides,  the  Triangles  AEI  and  A  E  K  are 
equal,  and  confequently  the  Trapezium  I K  (=  2  Tri- 
angles A  E 1}  =:  1^.    In  like  manner,  by  putting  B  L 

:  LF  ::  d.f  and  CN  :  NG  ::  rf:^.  and  DP  : 
iPH  : ;  i  :  £  (for  thofe  Ratio's  are  alfo  given  from  the 
{ivcn  Angles  B,  C,  and  D),  you  will  have  the  Trape- 

zium  LM  =  l^,  NO  =  C^i,  and  PQ.=  ^' 
m  d  d 

Wherefore 


Wherefore  ---+-L_.^..^^--,    or  C_, 

by  writing  ^  for  /  +/  +  ^  +  A  will  be  equal  to  the 
four Trapc2iimns  \%  +  LM  +  NO  -f  PQ^   ^d 

confequently  i-44  +  ^^  ^I'l  ilf  ^ml  to  il|e  wtiale 
Wjilk4r4i.  WJuch3:«PPi<j<|ii»'b^4iTJdk«iiiUcKeTer]iis 
ky  £»  «ni  cxtmaing  its  Root^    y  viU   bpppmc  ^^ 

n^f  tX*y^^  ♦^^P,  And  the  Breadth  pf  the 
Walk  beiag  chue^Mmd»  it  k  eafy  to  defcribe  it» 

P^OB.LEIf     XX' 

/y-M  theghm  P/nm  Cy  U  draw  Jbe  right  Lim  C<F,  whiA 
tQgetherwith  two  Qther  right Utus  A£  an4  AF gitf^  hf 
Pojition^  jhaH  comprehend  or  conjiitute  the  TrfongU  A£ F 
rfa  given  Magnitude  [See  Fjig.  24*  j 

Dnuw  CD  parallel  to  AE,  ^  CB  «nd  EG  perpen. 
dici4«ur  to  AJ,  «d  Jet  AD  =^,  CB  =  *,  ^^  AF 
s=  ;r)  and  the  Area  of  the  Triangle  AEF  be  cc^  an4 
by  xeafon  of  ^e  proportional  (^antides  DF  :  AF 
(::X)C:-(V»J::JP9;  E.Gi  that  *$,  it +ir  :#::*  : 

JtiLj  it^ia,be  ^  «:  £^.    Muhiply  itk  iiuo 

4-  AF,  ^nd  there  will  QO|Vie.out ^ — ,  the  Quaa- 

tity  of  the  Area  AEF^  ;vhi<:^  is  ^<c.    Apd  fo  die 
Equation  being  ordered,  jrx  wHl  be  =  ^'^^^tcxa 

After 


GEOMETSaCAXQJEFESnO^S.    «u 

Mcer  the  ^SM  ^maMnsx  %  rigjbt  Linp  ioaj  be  4rzwu 
tiMough  «gfren  Point,  which  &all  divide  any  Triangle 
•r  TrapeKiom  lA  a  given  HbSd  la^» 


tidttifmim  4r  tf^^wr  C  iir  Ae^ivmri^  ijim»D¥^  Jmm 
^MA  the  right  Lmes  hti  «mcf  BC  dNtumi$>lmmAir 

fenna.  ffiee-Kg.  25.3  [Sec  Pro».  rfv.J 

Fnm  the  giivn  Roiota  let  /all  .(lieP0q)fndiculan  AH 
and  BF  totJieghren  right  Line,  and  sake  AD  s:  «j  AF 
=  *,  DF  =  ^,DC  =  ;r,  and  AC  will  be  =  y^gg  +  ;ry^ 

FC  =  4r  — ^,  andBC  =4^77+77^^777^177. 
Now  let  their  give»  Difference  be  ^  AC  being 
yeatqr  than  fl  C,  then  V  ji?  +  x^  —  ^  will  be  =2 
^^i^  *-h  yy  -^  A  ex  H*tf  c.     And  fquans^  ^e  Rarta 

-4-  ^.f«  And  reducii^,  and  (for  Abbreviation  fake) 
writing  2^^  infiead  of  the  given  Q{iantities  aa  ^  dd 
•^  hb  ^^  ctf  there  wiD  £ome  out  ei+  ex  :sz  d  X 
V«4i  +  JpJT,  And  ^gaioy  JunuBg  *fqiuu»d  Ae  ftul^ 
^'^zc^ex^texx  sz  ddaa'^ddxx.    And  4hc 

Equation 


Prob.  XX.  {a)  For  let  the  Area  of  the  given  Triangle 
AEF  be  to  the  Area  of  the  fought  Triangle,  m-mk^ni 
then  the  Area  of  the  fought  Triangle  muft  bo^equal  to 

the  Area  of  ihe  given  one  multiplied  into  ^  and  will 

«r 
therdbte  be^cn  3  «ia-thcProMe«i.wai^be  the  fcniMi 
«UilwenUctb» 


2j«  RESOLUTION     OF      • 

Equation  being  rc4uccd  jcx  =  ^^'"'^^'^''''^^'^ 

etc  +  J  i^dd —  aad^  +  aaddcc 

or  Ap  =  ■  ■  ^  ^ ^TT -!- . 

dd  —  f  r 

The  Problem  will  be  refolvcd  after  the  fame  Way,  if 
the  Sum  of  the  Lines  A  C  and  B  C,  or  the  Sum  or  the 
Difference  of  their  Squares,  or  the  Proportion  or  Re£b- 
angle,  or  the  Angle  comprehended  by  them  be  given  : 
Or  alfo,'  if  inftead  of  the  right  Line  D  C,  you  make  ufe 
of  the  Circumference  of  a  Circle,  or  any  other  curve 
Line,  fo  t)ie  Calculation  (in  this  laft  Cafe  efpecially) 
relates  to  the  Line  that  joins  the  Poinia  A  and  B. 


Problem    XXIL 
Having  the  three  right  Lines  AD,  A E,  B F,  given  hy 
Po/aion,  to  draw  a  fourth  DF,  whofe  Parts  DE  and 
E  F,  intercepted  by  the  former^  Jball  be  ^f  given  LengAt 
[See  Fig.  49  J 

Let  fall  £  G  perpendicular  to  B  F,  and  draw  E  C  pa- 
rallel to  AD;  and,  the  three  right  Lines  given  byPo- 
fition  meeting  in  A,  B,  and  H,  make  A  B  =:  tf,  B.H 
=  *,  AH=r/,  ED  =  rf,  EF  =  ^,  and  HE=rx. 
Now,  by  reafon  of  the  fimilar  Triangles  AB  H,  ECU; 

it  is  AH  :  AB  ::  HE  :  EC  =  —,  andAH:HB 

c 

4:.  HE  :  CH  =  — .    Add  HB,  and  there  comes  CB 
c 

hx-hb€ 


_  Moreover,  by  reafon  of  the  fimilar  Tri- 

anglesFEC,  FDB,  it  is  ED  :  CB  ::  EF  :  CF  = 

li!4^-lif.  Laftly,bythei2andJ3.  2Elem.youhave 
d  c 

'  ECf 
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aaxx 

c  c  ihx  «4»  ebc 

4  CH  W;    that   U,     .,,^  ^  ,,^  +  --^ 

Tc      " 
aaxit  ' 
**        TT"      **      r»    a.aixx-^etdte      ebx 


a'JJ:.^  '    -  -        Hcrci   for  Abbrcvia* 


tion  lake»  for  iiZlff 1^  ^  ij  Ivrite  «,  and  you 

.^  a 

wai  have  ^fi^J^-'[^''  jLitS  =  mxi  and  all  the 

Tcnns 

'-      ■_  •     .      ^      ~.s    ■       ,  .     ,  ^.    .  1.1.1 1  I       I  1    i 


P«)b. XXn.  (a)  For  £F*  =  EG»  +  FC*  —  aFC 

X  G  G  (Eud.  n.  13.)  i  whence  C  G  x  a  FC  =  EC^ 

•pc* EF»4-FC« 

—  EF*  +  FCs  dnd  CG  s  .  ^    1  ^^J  ^ ^J 

but  FC*  =  a  FC  X  T  EC^  (Eucl.  11.  a.) :  Whence 

CG=  ^£l^H!  +  iFC.    Alfo  EH'ssCE* 

4^CH»-f-CG  xaCH  (Eucl. IL  12.) 5  whence 

CG  =  ^Slll£^n£!L*:  But  CH*=  aCH 
2  CH 

X  i  CH  (EodrH.  a.) }  whence  CG  =;  .  "^^  ■■ 

8 


Torms  Witig  Anultiplicd  ty  ;r  +v,  there  WAlfconfc  6ik 

aadxsc  "^  eedc         ebcx         ebcc  . 

■  —   —5—  4.    — --  =:  mxx^  mex. 

eb  d      ^      d 

Again,  Tor  11 79i writcy,  txA  fbr  Mc'+  1^5  Wri* 

fb  d 

j  c  ^b'ce        eedcc       .      ^  . 

%pqy  and  for*-^  — -  j^  — -p.  wrac  prr^  and  jr* 


will  'become  r=:  ^-y-*  +  riS'  and  w  sc  f  ^  ^^^  «4-  ''''• 
Having  found  x  or  H  £,  draw  EC  parallel'to  AB,  and 
take  F C  :  B C  : :  ^  :  i»  and  having  drawn  FED,  it 
will  fatbfytlieConliitioiu.oI^'the'Qu^&ioti, 

Pro^libm   4(^11. -^ 

To  determne  the  Point  Z,  frmi  which  .if  .four  right  Lims 
4^ A,  2B,  ZtH,  ^ft^/'^Z-b,  aredrawnyt-gfd^'An^ 
to  four  right  Lines  given  by  Pojbiony  viz.  FA,  EB, 
FG>  6-D,  the  Re^anglaef  two.  of  the  given  Lines  Z  A 
and  Z  B,  and  the  Sum  of  the  other  two  ZC  and  Zl) 
Tnay-bi'^Ven^Ste  fig.  tif.^ 

From  amoilg  'tKe  Liilfes  'Aiife  orfc,  as  Pi^y  ^en  Uy 
Pelkioo,  as  alfo  an^thei,  Z  A,  not  given  by  Pofition, 
and  which  h  drawn  to  it,  from  the  Lengths  whereof 
the  Point  Z  may  b^  detenhlhed,  land  ^rt)dQCtf  the  othir 
tines  given  try  Pofition  until  thcjr  rfne'et  theft,  'or  be  pro. 
duced  farther  out  if  there  BeOccafion,  as^ybuifeelieife. 
And  having  fnaileE A  isY,  and  AZ%^h)r«ieafoii«f 
the  ^iven  Angles  of  the  Triangle  A£H,  there  will  be 
given  the  Ratio  of  A  E  "to  "AH,  'wMdnirake  tis  ^  -to^y 

-and-AH  wUl^e  ^  If.    Add  'A  Z,  and  -Z  HirUI.  be 

s  y  ^  Lf ,  A^d  thence,  tiri(ft  hy  reaifon  of-thc  .givctt 
Angles'ot  the  Triangle  HStB,  there  is  given  the  Ratio 


J 
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bf  HZ  to  BZ,  if  that  be  made  as  0  to ^  you  will  have 

ZB:=,tL±JI. 
n 

Moreover,  if  the  given  E  F  be  called  tf,  A  F  will  be 
tea  —  Jr,  and  thence,  if  by  reafon  of  the  given  Angles 
of  theTriftngie  AFI,  AF  be  made  to  AI  in  the  fame. 

Ratio  as  ^  to  r,  A I  will  become  z:    ■  ,  Take  this 

P 

from  AZ  and  ^lerewill  remain  IZ  =  »  — ^  — 31 — « 

^  P 

And  by  reafon  of  the  given  Angles  of  the  Trianglo 
tC  Zy  if  you  make  I Z  to  Z  C  in  the  fame  Ratio  as  m 

to  *,  Z  C  will  become  ==  PJ-^ra  +  rx^ 

m 

After  the  fame  Way,  if  you  snake  EG  sr  5.  AG  : 
Alt  : :  / :  J,  and  Z  K  :  Z  D  : :  ^  :  /,  there  will  be  6b^ 

taiaedZD=:^^-^^^-/^ 
P 

Nowj  from  the  State  of  the  Queftion,  if  the  Sum  of 

the  two  Lines  ZC  and  ZD,  viz.  P^^^^-^rrx  ^ 

■  "*"•■     "^^^?  be  made  eqtial  to  any  given  Quantity /j 

n»i  the Re^angle  of  tlie  other  two  ^P   ^^^^  be  made 

n 

^^iii  you  will  have  two  Equations  for  determining  x 
and  t.    By  the  latter  there  comes  out  x  ss  "^^  "^Z,^^ » 

lad  by  writing  this  Value  of  x  in  the  room  of 
that  in  the  former  Equation,  there  will  come  out 
Py-  r4    ^    rngg  ~  rpyy    _^    sh  ~  ly   _. 

m  ^  iy  ^ 

.     S  a 
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sngg  ~  spy,    __  -.     jyjj    by  Reduaion    7>    sSS 

Pit. 
cpqry  —  imqsj+ffnpqy-jrggmnt  —  gg.npr.y^ 

'    ~~.      '.     ppq.—  ppr  —  mlq  +  mps  . 

and  for  Abbreviation  takCf  wddng  2  i&.  for 

"Mr-bmqs+Jmp^f,      ^  ^^   ^^^ 

p  p  q  '^  pp  r  ^^  m  I  f  ^  mp  s 

2-i i      . >    you  will  have  f  >  := 

P^f — PP^ —  mlq  ^  mps      ■  ^^ 

2hy  +  ii^    or   jr  i=  A  ±  4^Tf+Tjt.     And  fincc  > 

is  known  by  means  of  this  Equation,    the  Equatioa 

^^g-^pyy  ^  ^  y^\i  giy^  ^^    •yyrhi^jj  j,  Efficient  to 

9y 
determine  the  Point  Z. 

'  After  the  fame  Way  a  Point  may  be  determined  fiom 
which  other  right  Lines  may  be  drawn  to  more  or  fewer 
right  Lines  given  by  Pofition,  fo  that  the  Sum,  or  i>if- 
ference,  or  Re<Siangle  of  fome  of  them  may  be  given,  ot 
may  be  made  equal  to  the  Sum,  or  Difference,  or  Red- 
-angle  of  the  reft,  or  that  they  tnay  have  any  other  af* 
figned  Conditions^ 


Prob.  XXIIL  (a)  For  tranfpofing,  and  abbreviating^ 
m         mq         p         q         m        p    '^ ^  "^    pqj 

^S"'  ^^'^  "^"^'*P'y'ng  ^y  « ^yp^  we  have  ^*  J  y  *  — 
^Vy»  —  mqly^  +  pmsy^  =  apqrj  ^  bmsqy  -f- 
pfm  qy  +  rng^ns  -^  g*npr;  which  dividing  by 
p*  q  —  p^r  —  mql  +  pms^    isy*=i 
^J^9^y  rrbmqsy  +fmpqy  +  g^mns  ^g^^npr 
ppq^ppr^mlq^mps 

PftOBMBt 
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Peoblsm    XXIV. 

Yi  fukUnd  tbi  right  AngU  E  A  F  with  the  right  Line  E  F 
pvtn  in  Magmtuiiy  which  JhaU  pafs  through  the  given 
Pnnt  Qy  equiSJlant  from  the  Lines  that  comprehend  the 
right  Angle  (when  they  are  produced)  [See  Fig.  27.  J. 

Complete  the  Square  A  B  C  D,  and  hik&  the  Lin^ 
EFinO.  Then  call  CB  or  CD,  a-,  EG  orFG,  h-^ 
and  CQ,  xi  and  C  £  will  be  =  ;r  ~  ^,  and  CF  =  ;r 
4.*.  Then  fince  CF^-r  BC^  =  BFy,  BF  will 
be  =  ^xx  +  2bx  +  6h  —  aa.  Laftly,  by  reafon  oiF 
the  iifflilar  Triangles  C  D  E,  F  BC,CE  :CD:;CF: 
BF,  OT  X'^b  :  ai\  X'\'bi  ^  xx+  2bx  j-bb — Tg» 
Whence  ax  +  ahzz:  x-^bX  Vxx+  2bx  +  bb^aa. 
f  ach  Part  of  which  Equation  being  fquared,  and  the 
Terms  that  come  out  being  reduced  into  Order,  thejp 

fomes  out  ;r4=  ^  ^"  ;,;.+  ";**  And  extraa. 
ing  the  Root  as  in  Quadratic  Equations,  there  comes 
092t  XX  =  aa  +  ^3  +  Vtf^  + 4^^^;   and  confe* 

quaitly  ^=  V<ttf-|-**+  v^tf*H=-  ^aabP*  And 
CG  being  thus  found,  gives  CE  or<;F,  which,  by 
determining  the  Point  E  or  F,  f^tisfies  thp  Problem. 

The  fame  otherwife. 

LetCEbe=:;r,  CD=:g,  and  EFs:^;  and  CF 
will  be  =*  +  *,  andBF  =  ^  xx  ±  bb +  2bx  ^  aa. 
And  then  fince  CE  ;  CD  ::  CF  :  BF,  or  *  :  ^  : : 
*  +  *  :  i/  xx  +  2bx  +  bb  ^aa^  ax  +  « i  will  be 
;-  *.  X  V^^+  2^;r  +  bb'^aa.  The  Parts  of  this 
S3  Equation 


96i         RESOLUTION     Of 

Equation  being  fquared,  and  the  Terms  reduced  into 
Order,  there  will  come  out  M^^^hx*   *  ^        xx  ^-^ 

,  —f  2  tf  tf 

2aiibxr— aabbz^o^  a  biquadratic  Equation,  the  Ia« 
yeftigation  of  the  Root  of  which  ia  more  difficult  tbam  ia 
the  former  Cafe,     But  it  maj  be  thus  iaveftigated ;  put 

x^  +  2**1  itj *f  '*  —  i ^^*^  +  tf*  =  tftf *4  +  a\ 
and  extrading  the  Root  on  bothStdea  xsf  -{-  tx^^aa 

Si  +  fl  V'ai?  -f-  **. 

Henc^  I  have  an  Opportunity  of  giving  qRjfih  fortht 
ple^ion  ef  Terms  for  tbi  Calculus^ 

CIX.  Viz.  TVhen  there  betpfem  to  he  Jkeh  em  Afieky  «r 
Similitude  of  the  Rekti§n  of  two  Terms  tef  the  other  Terms  of 
the  ^eflion^  that  you  fbould  be  obliged  in  making  Vfe  of 
either  of  them  to  bring  out  Equations  exa^ly  alike  j  or  th^ 
^oth^  if  they  are  made  Vfe  of  together^  Jball  bring  out  the 
'fame  Dimenfons  and  the  fame  Form  {only  exceftinf  porhapo 
the  Signs  +  and  -r-  }  r«  thefmal  Equation  {whtch  will  be 
eafdyfeen)  then  it  will  be  the  befl  Way  $o  make  Vfe  of  neither 
•^  thom^  but  in  their  room  to  dn^  fome  thirds  wiick  JhaU 
tear  a  Uke  Relation  to  both  y  asfuppofethehalfSum^  or  half 
Difference^  or  perhaps  a  mean  Fropoportuinaly  or  any  othen 
'Quantity  rotated  to  both  indifferently^  and  without  a  Hie* 

Thus«  in  the  precedent  Problem,  when  I  fee  the 
Line  EP  dike  related  to  both  AB  and  AD  (which 
will  be  evident  if  you  alfo  draw  £F  in  the  Angle 
BAH)  ^nd  therefore  I  can  by  noReafon  by  perfwaded 
^hy  £  u  {hould  be  rather  made  IJfe  of  than  B  F,  or 
A£  rather  than  AF,  or  C£  rariier  than  CF  for  the 
Qvantity  fetight ;  Wherefore,  in  tbe  room  of  the  t^>ints 
fe  and  F,  fropi  whence  this  Ambigtiity  cones  (in  the 
former  Sc^ution),  I  made  Ufe  of  the  intermediste  Point 
<j,  which  has  a  like  Eelatioii  iobot^  tbe  Lines  Afi  and 
AD.  Then  from  this  Point  G,  i  did  not  kt  fall  a  Per- 
f  endicular  to  AF  for  finding  the  Quantity  fought,  be» 
•  *  -  caufc 


Equation  without  the.  oddTwqw. 

I  miaht  «Ifo  (taliing  Notices.  tl»t  the  Ppio^  G  lies  in 

»>  4 


"rT" 


Prob.X?:iV.  («)  Fpr  drawing  AG,  and  wnting 
CE»».  ED  =  *J  then  AE^«-*.  an^  ^^* - 
^.  =  ?<7<7.  IntheT«M>glpCPE,CE«  =  ED  -f. 
qP' •  ^heace  ««  =  «*  +  *».  Jn  the  «nular  Tn. 
in5esF?A»CDE.AE:Ep::FE(=aEG): 
E?:;  whence AExEC  =  2EGX  ED,  and  «=.- 

«Bsiai*^  awl  «»a==  a **.+  ****''*'""' - 
.,15,  ;  and  .»  ==  ^"[t-f^^'  '-"^'^ '"  *' 
ohtutleled  Triangfe  CAG,  GC^  =  AG»  (=  EG*) 
+  AC»  +  2AC  X  AK}  whence  A»  +  »*2  +  ««: 
j_  ^«.f.  «»  +  2«^,  or  ai»  •4'  »?=:  <*4-  Z'3\ 
Now,    becaufe   «»  +  **  =  «»}    therefore    «»  + 

<»*  g*   • =  »» }  that  is,  2  a*  z»  +  4  «•  *« 

»dV  +  4  *«*  4- 4  **»*  =  '♦  +  +  ''/  + 4 ''>V 

4  *    >  '  i 
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have  been  ereded  the  Perpendicular  K  G  meetioe  tho 
^forefaid  Circle  in  G,  through  which  C  F  wou]4  pals. 

Taking  particular  Notice  of  this  Role  in  Prob.  DC* 
and  X.  where  the  like  Sides  BC  and  AC  of  theTrU 
^nde  were  to  be  determined^  I  rather  fought  the  Semi«» 
d^erence  than  either  of  them.  But  th^  iTfefulnefs  of 
this  Rul?  wjli  be  mo|:e  evident  from  the  twtnty-eighth 
Problem. 

Problem    XXV. 

To  a  CircU  defcribed  from  the  Center  Ct  and  with  the  Ra^ 
dius  CDj  to  draw  a  Tangent  Hh^  the  Part  wberoof  P B 
placed  between  the  right  Lines  given  by  Pofition^  AP  and 
AB»  fiaU  be  of  a  given  Length  [See  Fig.  j;o.  ]• 

From  the  Cent9r  Q  to  either  of  the  right  Line^  |iven. 
by  Poiltion,  as  fuppofe  to  AB,  let  fall  the  Perpendicular 
C  £,  and  produce  it  till  it  meets  the  Tangent  DB  in  H. 
To  the  fame  AB  let  fall  alfo  the  Perpendicular  f  G,  and 
making  E  A  =  i7,  EC  =  »,  C  D  =7  r,  BP  =  ^,  and 
PG=iA',  by  reafon  of  the  fimilar  Triangles  PGB» 
CDH,  you  will  ha?e  GB  {Vdd-^xx)  :  PB  ::  CD 

:CH=         ^^  Add  EC,  and  you  will  have 

^^dd-^xx 

FH^A+  '^  Moreover  PG  is  :GB:: 

V  dd  —  x'x 

EH:  llB 


4 f  ^ j^ *  ;  that  is,  dividing  by  e^y  z*  ^  %  bz  +  2  ^^ 
=: /*  +  4'J'  +  47*>  and  becaufe  «a+ a  *«^-#* 
+  %fyy  '*+  2^J'  +  a^*  =  '*  +  4.'>  +  4/*5  that 
ii,  by  ReduAion  and  dividing  by  4,  ^  A*=  4  /7  -|*/^ 
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JH  :  EB  =  i  ^dd^xx  4-  — •    Farther,  b^caufc 

X  *      X  .. 

of  Che  given  Angle  PA  G)  there  is  given  the  Ratio  of 
PG  to  AG,  virhich  being  made  as  e  to  /^  AG  will  be 

=  ^.  Add  £A  and  BG,  and  you  will  bave,  U%, 
EB  =5  a  +  -ti  +  i/dd^xx.  Therefore  it  is  —  + 
^  '/dd^xx  =  a  ^.-^  +  ^dd'-xxy  and  byTranf- 
pofition  of  the  Terms,  a  +  ll  —  —  z=i  .~  m 
i/i/i/  —  XX.  And  the  Parts  of  the  Equation  being 
/quanri,  «a  +  If^  -  l^  +  ^^Zfif  -  IfiT 

T   • =    m — ^r-  -^ppf^  --, —  ^2Px+  dd 

XX  XX  X  ^  ^ 

—  **.     And,   by  a  due  Redu6kian 

-f*  aaee 
^+2tf//  .  4.  ***/        +2bddei    +€cdd^e 
^'^ibef'^  ^ddee^'^^ia^dee  ""—bbdd^e 

^2cdef    . 


..+// 


S70. 


Problem    XXVI. 

9#  fitid  the  Poinf  D,  from  which  three  rigk  Lines  D  A, 
DB,  DC,  let  faO  perpendicular  te  fi  rnanj  other  right 
Lines  A  £,  B  F,  C  F,  given  in  Pofition^  jhaU  obtain  a 
given  Ratio  to  one  another  [See  Fig.  44« }• 

Of  the  right  Lines  given  in  Pofition,  let  us  fuppofe 
one  as  BF  be  produced,  as  alfo  its  Perpendicular  B  D, 
till  tbey  pieet  tl^e  reftAE  and  CF,  viz.   BF  in  E 

I  and  f , 
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mi  ft  and  3P  in  H  ivid  6.  Now  let  £Q  In»  :?  «, 
and  E  F  =  a  i  and  B  F  will  be  =:  a  —  #.  But  fince, 
hy  reafito  of  the'  given  Pofitioo  of  tb«  right  l^ifies  (  f , 
£  A,  and  F  C^  t^^  Anglsi  £  and  F^  and  coofeijue^fjjf 
the  Proportioos  of  the  Sides  pf  th?  Triai^gles  £  B  (i  and 
FBG  are  given  ;  let  £B  be  to  BH  as  </  to  e;  and 

9H  will  b*  ?p  ^»  and  E»  (  s?  y£A;  +  Bf^f )    . 

35  y  *  *  +  i^,  tjiat  i»,  jic  V<^4+**,  Let 
alfe   B  F  be  to  BG,    ^is  </  to/j    ?nd  BG  will   be 

~  '^~*  ^"^^  ^Q  (=  v^Bi-f-taft,)  = 

that  is,  w  i=;f  Vdd+ff.  B«fid«,  make  BD  =:/, 
and  HD  wUl  be  =  ^  -^,  and  GD  -/»->     _y. 

and  fo,  fince  AD  is  :  H©  {  :  :  E »  ^  EH  )  : :  ^  ; 
V</^+  /^  and  DC  :  GD  (  ::  BF  :  FG)  ::  i  ,' 

Vdd+f/,  A  D  will  be  5=  -f^^,  and  DC  = 

^  dd+ff   *       ^*'^'  '^  ''^^*  ^^  ^**^  6'^^°  Pro- 
portions «f  tkeLiim  BD,  AD,  DC,  let  BD:AD 

: :  v^i?7qp77:  *  -r-  rf,  ami  ~Vt~^  will  Ijc  (»:  AD) 

ex-^dy 
^  V^^-i^^/  9r^^/=;:^4r,    Let  ajfo  BD  :  DC  :: 

^4J^/fit^^^  Tttpl^^'»  bc(=:OC) 


GEOMETHCAL  a^ESTIONS.    ^7 

^''iZilZf^  -  ^-  -  ^.  ^  ^-     Ti..^^^  11 

(^sjp)  13  =:  w^pLf }  aiKl  by  Redu^on    r  \%l  ^  ^* 

I  Wherefore  take  EB  :  E F  : :  A  :  fi  +  A,  Acn  BD  j 

£B  ; :  f  :  i,  and  you  wilt  have  the  Point  fought  D* 

I  Probxim    xxvir. 

V2r  find  ibt  P^int  D,  from  winch  Aret  rigifi  Lbm  O  A» 
DB,  DC,  draum  to  the  three  given  Points^  A,  B,  C, 
jBd/  beiVB  0 given  Ratio  among  tbenifehe^.  [Sfe  Fig-  45* J 

Of  the  givpn  three  Points,  join  any  two  of  them,  as 
fuppofe  A  and  C,  and  let  fall  the  Perpendicular  B  £ 
'irom  the  third  B,  to  the  Line  that  conjoiiM  A  and  C,  aa 
^(b  the  Perpendicular  D  F  from  the  Point  fought  D  ;. 
Md  making  AEsa,  kCzs-b^  £B:siCy  AF;^:^» 
aadFDiP^ys  and  AI)y  will  be  4:;  ;r;r  +  jr>  FC 
I  z=:h  —  x,    CDq{:^FCq  +  FDj)=bb^2&x  + 

£y+y£_EF=  *•  —  tf,  and  BD^  (1=  EF^  •+• 
KB-4-FDf }  {a)  =:  xx^-^zax  +  0^  +.ff  -ir  2ey 
H-  />    Now,  fince  AD  is  to  CD  in  a  given  Ratio, 

let  it  be  as  ^  to  /  ^  and  C  D  will  bt  si-^  ^x  x  4-  yy. 

Since  alfo~AD  is  to  B  D  in  a  giyeu  ilatio,  let  that  be  as 

4  to  /,  and  B D  will  ^e  =  ^  >/xx  +  yy.     And,  con- 

fcqueqtly 

Ptob.  XXVII.  (a)  For  if  t)F  wa»  produced,  fe  as  &» 
vhple  Length  ihoiJd  be  equal  to  D  F  +  E  B,  U  would 
be  the  Side  of  a  right-angled  Triangle,  whofe  Bafe  equals 
£F,  and  Hypothenufe  is  B  D. 
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fcqucntly  it  is  '''''' f/^^^  (=  CDy  )  =  A*  —  2*  je 
+  **  +  yy,  and  ff^'^'+J'/yy  (=  nDq\^xx  — 
^ax-^aa-^^cc  +  Q.cy  +  yy.    In  which  if^  for  Ab- 
breviation iake,  you  write  p  for  ZZJlf,    and  q  bx 

d 

*T     »  there  will  come  out  bb'^^bx  '^t.xx  ^ 
d  ^  d       ^^ 

^yjr  =:o  (*),  and  aa  +  cc^2ax+2cy  +  l.  xjf 
«  4 

+  i  yy  z=:  0    (c).    And    by  the   fornner  you  liayc 

2hqx  —  ibf 
.  P 

(>)  For  by  multiplying  ^    ^*  j[  ^*'^*  =  A  *  -^  2  i  ;p 

*|-Jf*+J'*>  '>y^%  *t  becomes  f»f  *  + /*y*=:  *»rfa 
—  2  **4*  +  **  rf*  +  >*  ^*.i  which,  by  tranfpofing, 
and  dividing  by  d\  it  becomes  ^*  -.  2  i;r  4.        — /* 

;^*  +  ^lj^— y*=  05  and  bySlfbftitution,  A*— ?*^ 

rx*+ry*   — 

W    7;^^^-^  =  **— 2tfjr  +  tf»  +  c»  +  2^jf+y* 

X  ^%  the  Terms  then  being  tranfpofed  into  one  Mem- 
ber^ and  divided  hj  d*;   and  the  Subftitution  being 

inaj^c,  it  becomes  tf •  +  r*  —  2  «a*  +  2  f j^  +  1  *»  +  1 
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ihlIll^^l:c*  +  lfflJ).    Wherefore,   in 

p  da 

the  latter,  for  t  xx  +  tyy,  write  L.il±_J,  and 
ad  p 

Acre  wW  come  out  LJJLZ^  +  aa  +  ec'^  lax  + 

P 
%cy^ 0%    Again,  for  Abbre?iation  iake»  Write  m  fat 

^  .^  it    and  Z€n  for  -*^  «^  a « ^^  cc,  and  you  will 

have  2  MX  +  2r»  =s:  2cjr,  and  the  Terms  being  divided 

by  2^,  there  arifcs  —  +  »  =s  y.    Wherefore,  in  ther 

Equation  *^  — 2**+  J   **+^  yy  =  Oj    for  y^ 
write  the  Square  of  —  +  «,  and  you  wUl  have  i*  — 

Where,  laftly,  if,  for  Abbreviation  fake,  you  wnte  - 

fc,  I  +  i^,  ..d  'i  for  *  - 1^.  ^  iii  fo.  ». 

4-  ^^^^  you  will  have  *jf=2xx  — /*.    And  hav- 
ing extradcd  the  Root,  *  a:  x  ±  ^  ss^tb.    Having 

found 


W)  For^**  +  5/*=a*^  — **J  which,  mul- 
«plied  Intoi,  becomes  Ja*  +-J  y*  =  ■       ^ 


ayo        RKSOLUTlONOf 

found  jr,  dM  Equation  -«— -  ^nssy  will  give  y  ^   uad 

from  4r  znd^y  giVcn,  that  is,  AF  and  FD«  the  givea 
Point  D  Is  determined. 

Problem    XXVIH. 
fif  tB  mferihe  4hi  right  Line  DXl  ef  a  gtoM  LexgA  in  tbi 

given  conic  Seifion  D  A  C,  that  it  may  pafs  tbret^b  tbi 
Peon  G  yrww  byf^pioH.  {Sec  Fig, «.] 

Let  A  P  be  the  Axis  ef  tkeC«rve,  and  from  tlitf 
Points  D,  G,  and  C,  let  fall,  to  k  the  Perpefidiculars 
r>H,  GE;  andCB;  Now  to  determine  the  Pbfitioa 
of  the  right  Line  D  C,  it  may  be  propofed  to  find  out 
«be  l^oiat  D  or  C  ;  but  fince  thefe  are  relMed«  and  i# 
alike,  that  there  w^uld  be  the  like  Operation  in  deter- 
mining either  of  them,  whether  I  were  to  feek  C  G,  C  B« 
or  AB;  or  their  likes,  DG,  DH,  or  AH;  therefore 
I  look  after  a  third  PoAnt,  that  jr^ards  D  and  C  alike, 
4til  at  the  fame  Time  determines  them*  And  I  fee  f 
10  be  fuch  a  Point. 

Now  let  AE  be  =  a,  EG  ==  i,  DCs:  ^,  and  EF 
z:^'%l  and  befideB,  fince  the  Relation  between  A  B  and 
B  C  is  had  In  the  Equation,  I  fuppofe,  given  for  de« 
termining  thp  conic  Sedion,  let  A  B  =  at^  B  C  :=  jt, 
and  PB  will  be  =  ;r  — ^  ^  +  2.     And  becaufe  G  £  i 

£F  : :  CB  :  FB,  FB  mil  agaio  be  sac  ^.    There.' 

iarc^  jf  — u  4- a;  = -^t 

0 

Thdb  Thipgt  being  th«a  lai^  dowo,  )ake  awaj  ir, 
by  the  Equation  that  denotes  die  Curve.  As  if  the 
CttTTC  be  aPirabola  cx|u«fied  by  the  Equation  rjr  c: 

f  n  write  tl    for  ;r ;    and  there  will  arifc  tl   m^  m 

r  r 


GEdMErRlCAiLQpfc-STlO^JS.    4^1 
*4-  »  ■=  i^,    and  exmiSii^  the  Root  f  H:'^  ± 

_ 

I       Vilfi  +4«  r  —  4  r-a  &  'tlft  Bifi»fcl«re  of  ti»t 

i       double  Value  of  y  i  that  is,  of  the  Lines  -|-  B  C  and 
i        —  D  H,    and  confeqUCfttly  (liiviiig  ^ec  fall  D  K  per- 
pendicular uponClL)  that  Difference  is  equal  to  CK> 
But  FG  :GE::DC:  CK;  that  is,  V*^  +  aa  :  A 

b  b 

1 

Arid  b^  -otAef^Xjmi  Ae  5<JUa*esrof  5flife  Mttuis,  and 
alfo  the  Squares  df  the  Extrea»»  into  one  another,  and 
ordering  the  l^roikias,  there  wHl  a'rife  aj* -t 

,,     ,       *■*■  W\«~i    -.  .f 31-24£,  «r  Equa. 

r  r        '         >    •  - 
tion  of  fourJDimenfions,  vJhich  would  lirfve  rifen  to 
one  of  eight toioJehTicyns,  *if 'I  \tiA '  fctfgKt  feilfcl»  CO, 

Proble^    XXSJS.         '1 

to  multiply  &  Mvide  a  given  j/iigl^  tjf'a:;p9fiHViinAir. 
[See  Figto-e  29.] 

In  any  Angle  FAG  inlcrihe  the  Lines  A B",  BC, 
CD,  to:fe,  '&C.  eiif islliy  -Ae^femeieiigth,  and  the  Tri-' 
angles  aSC,  BCb,  CDE,  I>EF,  &c.  will  belfofceles, 
and.  confequently  by  the  32/*!.  Eudl.  the.  Aiagle^C B  D 
•«01  «b  dc'itoigle  *A^  AC  B  =  2  Angle  A,  ^nd  the 
Angle  D  C  E  =  Angle  A  +^A  ©  C  »  5  Angle  4\,  and 
theAnglcEDFs:  A+  AED  =  4  Angle  A,  and  the 
Aqgle  T  £  Q  =  5  Angle  A,   and  .fb  ^OTrwands..  ,Vo^^ 

making 
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making  A B,  BC,  CD,  &c.  the  Radii  of  «qoalCirclM^ 
the  Perpendiculars  BK,  CL,  DM,  &c.  let  f^l  upon 
AC,  BD,  C£,  &c.  will  be  the  Sines  of  thofe  Angles, 
mnd  AK,  BL,  CM,  DN,  &c.  will  be  their  Sines  Coot- 
plement  to  a  right  one  5  or  making  AB  the  Diameter» 
the  Lines  A K,  BL,  CM,  &c.  will  be  Chords.  Let 
therefore  AB  =:  2  r,  and  A  It  =  «^,  then  i¥ork  thus'  r 

A6  :  AK  ::  AC  2  AL, 


XX 

r 


And 


C-AL— ABl 

\f^  ,^  Mf    >5sBL,thc Duplicadom 

AB  :  AK  ::  AD  (aAL-^-AB)  :  A^. 

7.  X X  jr' 

2  r  :  «  : :  ZZZ  —  a  r  :  —  —  *. 
r  rr 

CAM —  ACT 

And  I  «*  I  s  CM»  the  TripiicUioii< 


rAM  —  ACl 


AB  :  AiC  : :  A£  (aAM  —  AC)  :  hU. 

««*        ^  _  .  **        »'* 
a  r  :  *  : :  —  —  4«  :  --  —  .— . 
rr  r*  r 

{AN  —  AD        -1 
**      4*«  .  --  J=  DN,  theQuadniplicatioBl 

AB  :  AK  ::  AF  (2  AN  — AD)  :  AO. 

r»  r     •  r*        irr 

5AO  — A£        T 
**      5**  1  ^  .  ?  =  20,  the  QjuntuplicatioA. 
;:?-  — +  5*3 

And  A»  onwards. 
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Now  if  you  would  divide  an  Angle  into  any  Number 
^f  Parts,  put  q  for  BL,  CM,  DN,  &c.  and  you  will 
have  XX  '•-'2rr  zz  gr  for  the  BifeSioh  ;  xxx  —  3  rr:^ 
t=i  qr*  for  the  Trifefiion  j  xxxX'^J^,rrxx^^2r^:=:l 
q  H  for  the  QMadrifeaion  ;  xxxxx  — *5r**J4-5'^* 
=:  ^r^  for  the  Q^inquife&ion,  fcc. 

Paoblbm    XXX. 
Ti  deter  mini  the  Pofition  of  a  Comeths  Courfe  that  moves  uni- 
forndy  in  a  right  Line^  as  B  D,  from  tbrte  Obfervations^ 
[Sec  Fig.  30.J 

Suppofe  A  to  be  the  feye  of  the  Spe£latorj  B  the  Place 
of  the  Comet  in  the  firft  Obfcrvation,  C  in  the  feconrf, 
iind  D  in  thcf  third ;  the  Inclination  of  the  Line  BD  to 
the  Line  AB  is  to  be  found.  From  the  Obfervations^ 
therefore,  there  are  given  the  Angles  B AC,  BAD;  and 
confequentlv  if  BH  be  drawn  perpendicular  to  AB>  and 
meeting  A C  and  AD  in  £  and  F,  aiTuming  any  how 
AB,  thefe  will  be  given  BE  and  BF,  viz.  the  Tangents 
of  the  Angles  in  rcfped  of  the  Radius  A  B.  Make 
therefore  AB  =  <7,  BE  =  b^  and  BF  =  c.  Moreover, 
from  the  given  Intervals  of  the  Obfervations,  there  will 
be  given  the  Ratio  of  BC  to  B  D,  which,  if  it  be  made 
as  b  to  ^,  and  DG  be  drawn  parallel  to  AC*  fmce  B  E  itf 
to  B  G  in  the  fame  Ratio,  and  B  £  was  called  ^,  B  G 
will  be  =  /,  and  confequcntly  GF  r=  ^  —  c.  Farther, 
if  you  let  fall  DH  perpendicular  to  ^&G^  by  reafon  of 
theTriangJes  ABF  and  DHF  being  alike,  and  alike 
divided  by  the  Lines  AE  and  DG,  FE  will  be  :  AB  : : 

FG:HD(fl),  that  is,  r-.^  :  a  ::  e^c  :  flHfJl 

c  "^  b 

^  =  HD. 


Prob.  XXX.  (a)  Becaufe  AFE,  FGD,  are  fimilar, 
FE  :  EA  ::  FG  :  GD;  and  becaufe  A EB,  DGH, 
Hre  fimilar,  EA  :  AB  ::  GD  :  OHi  whence  FE  : 
AB  ::  FG  :  DH  (Eucl.  V.  i8.) 

T 
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s  H  D.    MoKom,  FE  will  be  :  FB  : :  F6  :  FH  (3}, 

that  is»  f  —  *  :  f  : :  *  —  «  :  liHl^  =  FH;  to  which 

c  -^  b 

»(]d  BFi  or  r,  a>id  BH  will  be  =:  iil=4^.    Where* 

fore  —  IS  to  — — --  (or  ct"^  eb  to  ae^^ac^ 
€  —  b  c  —  b 

or  ^^~^t  to  a)  as  B H  to  HD ;  that  is^  as  the  Ta»- 

e  —  c 

gent  of  the  Angle  HDB,  or  ABK  to  the  Radius. 

Wherefore  fince  a  is  fuppofed  to  be  the  Radius,  ■  "^    .■ 

•will  be  the  Tangent  of  the  Angle  ABKi  and  there* 
fore,  by  refolving  them  into  an  Analogy,  it  will  be  as 
$  —  c  to  €  —  ^(orGFtoGE),  fo  tf  (or  the  Tangent 
of  the  Angle  B  A  F  )  to  the  Tangent  pi  the  Anglft 
ABK. 

Say,  therefore,  as  the  Time  between  the,  firft  and  fe* 
'cond  Obfervation  to  the  Time  between  tb^  firft  and 
third,  fo  the  Tangent  of  the  Angle  BA£  to  a  fourth 
PfoportionaK  Then  as  the  Difference  between  that 
fourth  Proportional  and  the  Tangent  of  the  Angl« 
B  A  F,  to  the  Difference  between  the  fame  fourth  Pro» 
portional  and  the  Tangent  of  the  Angle  B  A  £,  fo  the 
Tangent  of  the  Angle  B  A  F  to  the  Tangent  of  th« 
Angle  A  B  K. 


{b)  Becaufe  FE  :  EA  ::  FG  :  GD,  andAE* 
EB  ::  DG  :  GH,  therefore  FE  :  EB  ::  FG  :  GH 
(Eud.  IV.  i8.)  ^   whence  FE  :  FB  ::  FG  :  FH, 

(Euck  V.    22,). 


pROBLJilt 
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Problem    XXXI. 

Rays  rflAgnt  from  any  /hining  or  lucid  Point  diverging  to  4 
tefraSfing  Jpherical  Surface ^  to  find  the  Concourje  of  each 
of  the  refra£fed  Rays  with  the  Axis  of  the  Sphere  pajftng 
through  that  kcid  Point.  [See  Fig.  31.] 

Let  A  be  that  lucid  Point,  arid  BV  the  Sjjhcre,  the 
Axis  whereof  U  hDy  the  Center  C,  and  the  Vertex  V; 
find  let  AB  be  the  incident  Ray,  and  B  D  the  refraded 
Hay ;  and  having  let  fall  to  thofe  Rays  the  Perpendicu* 
lars  CEand  CF,  as  alfoBG  perpendicular  to  AD,  and 
having  drawn  BC,  make  AC  =:  j,  VC  or  BC  =:  r^ 
C  G  =  Jr,  andCp  =  2,  and  A  G  will  be  =:  g  —  *» 
BG  as  V^* -**«•*>  h'Q-zz  ^ aa-^^a X  •^-jrr'i  and 
by  rcafon  of.  the  finnilar  Triangles  ABQ  and  ACE, 

Cf;^    ,  ,^^r,~.^^n    .     Alfo  GD±:«  +  ;r, 
^  tf  fl  —  1  tf  jr  -f-  r  r 

BD  t=V'2z-J-2z;r-|-  ^^i  ^^^  ^y  reafon  of  the  fimilar 
Triangles  DBG  and  DCF,  CF=;      g^^/-  — ^^  ,.. 

Befidcs,  fince  the  Ratio  of  the  Sines  of  Incidence 
and  Rcfraftion,  and  confcqucntly  of  CE  to  CF,  is 
giren,    fuppofe    thstt   Ratio  to  be    as    a    to  /,    and 

fay/rr-^xx  a%^  rr-^xx 

vf  ■■T will  be  rr:  *■  -"^ 

Vfltf  —  ^**+  ^^  V'  z  »  •+"  2  z  X'\-rr    . 

^  multiplying  crofs-ways,  and  dividing  by  a  ^rr—xx^ 
It  will  bc/V»z+  2ftA^+  rrz=z  %y/aa  — .  axtf  +  rr, 
i(nd  byfquaring  and  reducing  the  Terms  into  Order,, 

„  s  ,    ^ff'^-^ff'\.,,.   ThcA  for  the  given >Z 

IMif»  ^  and  f  for  tli6  given  «  +  CT  -«  /i,  upd  «z  will 
Ta  be  = 
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q—2x  q  —  2X 

Therefore  z  is  found;  that  is,  the  Length  of  C  D,  and 
confequently  the  Point  fought  D,  where  the  rcfradlca 
Ray  B  D  meets  with  the  Axis.     Q.  E.  F. 

Here  I  made  the  incident  Rajrs  to  diverge,  and  fall 
Xipon  a  thicker  Medium ;  but  changing  what  is  requiflte 
to  be  changed,  the  Problem  may  be  as  eafily  refolved 
when  the  Rays  converge,  or  fall  from  a  thicker  Medium 
into  a  {hinner  one. 

Problem    XXXIL 
Jf  aXlam  he  cut  by  any  Planij  U  find  the  Figure  of  the 
Se£Hon,  [See  Fig.  32  and  33. J 

Let  A  BC  be  a  Cone  (landing  on  a  circular  Bafe  B  C, 
and  I  EM  itsSe£lion  fought;  andlet.KILM  be  any 
<>ther  Section  parallel  to  the  Bafe,  and  meeting  the  for* 
n)er Section  in  HI;  and  ABC  a  third  Sedion,  perpen- 
'dicularly  bifcfting  the  two  former  in  EH  and  KL,  and 
the  Cone  in  the  Triangle  ABC.  And  producing  E  H 
^ill  it  meet  AK  In  D  }  and  having  drawn  £F  and  PG» 
})arallel  to  KL,  and  meeting  AB  and  AC  in  F  and  G) 
call  EF=  tf,  DG  =  ^,  ED  =  ^  EH  =  ;r,  and  HI  ny  ; 
find  by  rcafon  of -the  fimilar  Triangles  £  H  L,  EDGf 

ED  will  be  :  DG  ::  EH  :  HL  =  ^.     Then   by 

reafon  of  the  fimilar  Triangles  DEF,  DHK,  DE  will- 
be  :  E  F  : :  D  H  :  (  r  —  Jf  in  the  thirty-fccond  Fi- 
gure, and  c  -{^  X  in   the   thirty-third  Figure  )  H  K  =s 

* — — — .    Laftly,  fince  the  Sedion  K I L  is  parallel  to 
the  Bafe,  and  confequently  circular,  H  K  X  H  L  will 
1w  «=  HI  jf  that  is,  —  *  ::j:  1-  *  Jf  c;  yy,    an  Equa- 
tion 
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tion  which- cxpreffes  the  Relation  between  EH  (x)  and 
HI  (jf),  that  is,  between  the  Axis  and  the  Ordinate  of 
the  Sedion  £  I M  ;  which  Equation,  fmce  it  exprefles 
an  Eilipfe  in  the  thirty-fecond  Figure,  and  an  Hyperbola 
in  the  thirty-third  Figure,  it  is  evident,  that  that  Sec* 
tion  will  be  Elliptical  or  Hyperbolical. 

Now  if  E  D  no  where  meets  A  K^  being  parallel  to 

it,    then  HK  will  be  is  EF  («),  and  thence  tt  x 

c 
(HK  X  HL)  z^yjy  an  Equation  exprcffing  a  Parabola. 


Problem    XXXIII. 

If  the  right  Line  XY  be  turned  about  the  Axis  A  B,  at 
the  Difiance  C  D,  with  a  given  Inclination  to  the  Plane 
DCB,  and  the  Solid  PQ^RUTS,  generated  by  that 
Circumroiation^  be  cut  by  any  Plane  as  I  N  Qh  K,  to 
find  the  Figure  of  the  Section.  [See  Fig.  34.] 

Let  B  H  Q,  or  G  H  O,  be*  the  Inclination  of  the  Axis 
AB  to  the  Plane  of  the  Section  ;  and  let  L  be  any  Con- 
courfe  of  the  right  Line  X  Y  with  that  Plane.  Draw 
DF  parallel  to  AB,  and  let  fall  the  Perpendiculars 
LG,  LF,  LM,  to  AB,  DF,  and  HO,  and  join 
FG  and  M  G.  And  having  called  C  D  =^,  C H  =  *, 
KM  =  AT,  and  ML  =  ^,  by  reafon  of  the  given  Angle 

GHO,  making  MH  :  «G  .\  d  \  e^—  will  be  =s 

d 

G H,  wA  h-^-i^zp  GC  or  FD.  Moreover,  by  rea- 
son of  the  given  Angle  LDF  (viz.  the  Inclination  of  the 
right  Line  XY  to  the  Plane  G  C  D  F)  putting  FD  :  FL 

ii  g  X  by  \t  will  be  —  +  -^  =:  FL,  to  whefe Square 

add  ^Gq  (DC?,  or  a  a)  and  there  will  come  out  QL^ 
T3  ^aa 
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fs  aa^  . }.  _- +  -— J. — -     Qence  ft;b^ 

gg  ^gg 


traa  MG^  (HM^— -HG^,  pr  ;r*  — 4A  ^r^ri  wi4 

there  will  remain  — fffi    ■  ■  .     ■  «^  +   — 1  se  -f- 

^^  ^^gg 

^»gg 
Equation  that  exprefles  the  Relation  between  x  and  y^ 
that  18,  between  HM  the  Axis  of  thd  SeAion,  and  MIv 
its  Ordinate.  And  therefore,  fince  in  this  Equation  x 
and  y  afcend  only  to  two  Dimeniions^  i(  is  evident,  that 
the  Figure  INQ.LK  is  a  conic  Sedion.  As  for  Ex- 
ample, if  the  Angle  M  H  Q  is  greater  than  the  Angle 
|lrDF>  this  Figure  will  be  ^n  Ellipfe;  bpt  if  jcf?,  ail 
hyperbola ;  s|nd  if  equal,  either  4  Parabola,  or  ((he 
Points  C  and  H  mpreover  coinciding)  a  Paralleloguqi. 

ijf  you  €nB  kjirfa  givfn  Lmgtb  parptudicuiar  to  A  F  9 
and  £  D,  one  Leg  rf  0  Square  D  E  F,  ptf/i  €09tinualfy 
tbrough  the  Point  JD,  while  the  other  Leg  £  F  oqu^l  /| 
AD^/A  upon  A  F  ;  'to  find  the  Curve  HI  C,  wbich  th^ 
Leg  E  F  defcribes  by  its-  middle  Point  C.  [See  Fig.  35.  J 

Let  E  C  or  C  F  be  3:  tf,  thp^  Perpendicular  CB  35  /g 
Alizzx\  and  on  account  of  the  fimilar  Triangles 
FBC,  FPG  W,  it  will  be  BF  Waa—yy)  :  BC  + 
CF(y  +  ^)  ::  EF  (2^) :  EG  +  GF  (AQ  +  GFJ 

or  AF 


Prob.  XXXIV.  [a)  For  they  arc^  redangul^  in  E, 
•nd  B,  and  have  the  Angle  EFG  common* 
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or  AF  (*}.    Wherefore  ^fy  +  20a  ,  _  ^y  ^  ^g 

n/  a  a  — y  y 
+  BF)  =  jf  +  ^  aa^^yy.  Novr  by  multiplying  by 
Vaa^-^yyy  Ihcre  is  made  2  tf  ^  +  2  tf  a  ==  ^^ — yy 
+  ;r  s/'aa-^yy^  or  2«;'+  ^^^  ^'^J'  =  *  ^  \^fla  — J'j, 
and  by  fquaring  the  Farts,  divided  by  v' «  +  ^  (^), 
and    ordering  them»    there    c?omcs    out  ^  '  +  3  « j'  / 

7i^  y2nw<  othertvife    [See  Fig.  36.]. 

On  B  C  take  at  each  End,  B  I,  and  C  K,  equal  to  C  F ; 
and  draw  KF,  HI,  HC,  and  DFj  whereof  let  HC 
and  DF  meet  AF,  and  IK.  in  M  and  N,  and  upon  HC 
kt  fall  the  Perpendicular  I U  \  and  the  Angle  K  will  be 
»i  BCF  =  iEGr  =  GFD  =  AMH  =  MHI 
?=  CIL  {d)  I  and  confequently  the  right-angled  Tri- 

.     .         angles 

'  >    ■  II         I  I  ■!  I  III  II  II. 

[b)  The  Triangles  DAG,  FEG,  are  reaangular  in 
A,  and  E,  and  have  the  Angles  at  G  vertical,  that  is, 
equal,  and  the  Side  D  A  equal  to  £  F  by  Suppofition, 
whercfpre  AG  =  GE  j  and  Triangle  DAG  =  FEG. 


(^)  For  tf*  -k-i^y  +  ^*  =  tf,  +  >=5:tf  +  ;'X 
y  a^  y  xV  a  +yi  but  at  ^a^—y''  =  x  Va+y 
X  Vfl  — y  =s  V  fl  4"  J'  X  *V  i»  — y;  whence  dividing 
by  v^a  +y,  and  fquaring,  « '  +  3  « *  /  +  3  gj>*  +7' 
zzM^a-^yx^  and  iranfpofing,  /  +  3  ^/  +  3  b*  +\jr* 

(J)  The  Triangle  CKF  being  cquicrufal  byCon- 

ftru6Uoii>   the  exterior  BCF  is  double  of  CKF,  or 

T4  CFKs 


a«o         RESOLUTION     OP 

angles  KB F,  FBN,  HLI,  and  I  tC  will  be  fimilar. 
Make  therefore  F  C  =  <?,  H 1  =  jk*,  and  I C  ==  j> ;  and 
BN  (2tf  — j^)willbe  :BK{y)  ;:  LC  :  LH  ::  Cly 
(>/)  :  Hl^  (^*)>  and  conl'equcntly  2  tf  4r^  — -;r  at  ir 
zcy^.  From  which  Equation  it  is  eafily  inferred,  that 
this  Curve  is  the  CiiToid  of  the  Antients,  belonging  to  a 
Circle,  whofe  Cepter  is  A^  and  its  Radius  A  H> 

Problem    XXXV, 

ff  fl  right  Line  "ED  o/  a  given  Length  fubtending  tbenvem 
Angle  E  AD,  befo  moved^  that  its  Ends  D  and  £  always 
touch  the  Sides  A  D  and  A  E  ^  that  Angle  ;  let  it  be  pr»* 
poled  to  determine  the  Curve  FC  G,  which  any  given  Point 
C  in  that  right  Line  E  D  defcribes.     [See  Fig.  37. J . 

Fropi  the  giv/en  Poiijt  C  draw  C  B  parallel  (o  E  A  s 
;ind  make  AB  =iyr,  BC  =/,  CE  —  n,  anc}  CD  =  b^ 
and  by  r^afon  of  the  fimilar  Triangles  DC  0,  P  E  A»  it 
will  be  EC  :  AB  ;:  CD  :  BD;  that  is,  a  :  *  ::  k  i 

h  X 

BD  =  — .    Befides,  having  let  fall  the  Perpendicular 

a 
CH,  by  rcafon  of  the  given  Angle  DAE,  or  DBC, 
and  confequently  of  the  given  Ratio  of  the  Sides  of  the 

right- 


C F K  5  but  the  Triangles  B C  F,  and  EG  F,  being 
fimilar,  EGF  is  double  of  GFD,  orGDF,  (EGF 
and  3  CF  being  equal)  therefore  the  Triangle  DG  F  is 
cquicrurali  whence  the  Angles  FDG,  GFD,  KFC, 
C  KF,  are  equal :  But  the  Angles  B  CF  +  CFB  make 
one  right  Angle  ;  whence  N  f  K  is  alfo  a  right  Angle  5 
and  a  Circle,  whofe  Center  is  C,  and  Radius  C  K«  will 
pafs  through  the  Points  F,  and  N :  Whence  N  C  s=: 
FC  =  DH,  and  HC  and  DF  are  parallel  j  a^d 
GFD  =  AMH;  andAMH  =  MHri  andMHI  = 
CIL,  for  the  Triangles  H I C  and  CLI,  being  red- 
angular  at  1  and.  L,  and  having  HCI  common,  ate 
i;ip/lar. 
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right-angled  Triangle  BC  H,  you  wiH  have  tf  :  #  : :  BC 
:  BH,  and  BH  wiU  be  ±1  H.    Take  aw:\y  this  from 

B  D,  and  there  will  remain  H  D  ;:?  JLULlZ.    Now  1a 

a 

the  Triangle  B  C  H,  becaufe  of  the  right  Angle  B  H  C, 

itisBC^-BHy  =  CH^;thatisyy--lfZ?=:CH^ 

Xn  like  manner,  }n  the  Triangle  C  D  H,  becaufe  of  the 
nghtAngleCHD,  it  isCD;-CH;  =  HD;  i  that  is, 

'      aa     \  a  J 

Ibxx  -r.  2bexy  -f-  eeyy  ,  ,     «  j   «. 
: 1 ^  5  and  by  Rcdufiion  f  r  55 

ahe     ^         ,    aabb  —  bhxx      ,«..  ^ 

^ —  X  'J'  4- Where,  fince  the  un- 

I  aa  ^  a  a 

\  ^nown  Quantities  rife  but  to  two  Dinienfions,  it  is  evi- 

dent that  the  Curye  is  a  conic  Seftion.  Then  extrading 

,    -.  .,,  ,  bex  +  b^/eexx^  aaxx^i^ 

the  Root,  you  will  havcy= = '  ^ 

I  ^  aa  ^ 

Where,  in  the  radical  Term,  the  Cocfiicient  of  xie  \% 

0e  —  aa.    But  it  was  tf  :  ^  : :  BC  ;  BH  s  and  BC  is 

ncccffarily  a  greater  Line  than  B  H,  viz.  the  Hypothe- 

nufe  of  a  right-angled  Triangle  is  greater  than  the  Side 

of  it  J  therefore  a  is  greater  than  /,  and  ie^^aa  \%% 

negative  Quantity,  and  confcquently  the  Curve  will  be 

^n  Ellipfts* 


P&OBLrM 


I 
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.*         Problem    XXXVI. 

If  the  Ruler  E  B  D,  forming  a  right  Angle^  be  fo  movei^ 
ihat  QTu  Lig  rf  ii-,  E  B,  lontinually  fitbtends  the  right 
jfn^leZ  A  B,  while  the  End  of  the  other  Leg^  B  D,  de^ 
fmbes  fome  curve  Line^  a5YD\  to  find  that  Line  F  D^ 

.    which  the  Point  D  defcribes.  [See  Fig.  38.] 

From  the  Point  D  let  fall  the  Perpendicular  D  C  to 
Ae  Side  A  C  ;  and  making  A  C  =  jr,  and  D  C  =  jf, 
9nd  ES  tzia^  and  B  D  =  b.  In  the  Triangle  B  DC, 
T?y  r^afon  of  the  right  Angle  at  C,  B  C  ^  is=  B  D  y  — » 
V>Cq  —  bb  ^yy.  Therefore  BC  =  \/bb—yy\  and 
AB  "^x  -^  k/bb  -  yy,  Befides,  by  reafon  of  the  fimilar 
Triangles  BEA,  DBC,  it  is  BD  :  DC  ::  EB  :  ABi 
thar  isy  b:y:ta  :  x  —  ^bb—yy.  Wherefore  ^jr  —  ^ir 
^bb'-^yy^^ayyOthx  —  a  y  -^ib  s/  hb  '^  y  y* 
And  the  Part^  being  fquared  and  duly  reduced  >^  = 

,    III  /,i.r  »  And  extracting  the  Root  v  = 

aa  -^  bb 

abx  +  bb  s/ aa  -^-bb  —  xx     -,.,  -^  .  -    ^- 

J.   ;  ir^...     I      7  ,\  ....    .  ,  „   Whence  it  is  again  evi- 
aa-^'hb 

dei>t,  that  the  Curve  is  an  EUtpfis. 

This  is  fo  where  theJVngles  £BD  and  EAB  are 
right  \  but  if  tbofe  Angles  are  of  any  other  Magnitude» 
M  long  as  they  »re  equal,  you  may  proceed  thus  :  [See 
^*g-  39']  ^^^  {^^  D  C  perpendicular  to  A  C  as  before, 
and  draw  D  H/making  the  Angle  D  H  A  equal  to  the 
Angle  H  A  E,  fuppofe  obtufe,  and  calling  E  B  =  ^, 
B  D  =  i,  A  H  =:  *•,  and  H  D  =  v ;  by  reafon  of  the 
fimilar  Triangles  E  A  B,  BHD,  BD  will  be  :DH  :: 

EB  :  ABj    that  is,   *  :  jr  ::  ^  :  AB  =  V.    Take 

b 

this  from  A  H  and  there  will  remain  B  H  =:  *  —  5j? . 

h 

Befides, 
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SeSde«,  In  the  Triangle  D  H  C»  by  reafiui  of  all  tha 
fogies  given»  and  confequently  the  Ratio  of  the  Sid» 
given,  affiuneDHtoHC  In  any  given  Ratio,  fuppofp 

iu  k  to  ti  aiM  fyK$  PIf  is  ff  HC  vVi  be  i^,  $.ui 

HB  X  BC  5=  'J^^t^,  Laftly.  by  the  la. 
2  Elcm.  in  the  Triangle  BHD,  it  U  BOf  c=  BHf  4« 
DHj  +  aBHxHC}  that  is,  i*=:;r*  — i^-f 
*^+^,+2^-i^.    And  extraaing  the 

Root  ;r  =  ^^-^^;^^'^y^-*^>  +  **i*.    Where 

when  h  is  greater  than  e^  that  is,  when  ee^-^bb  is  e 
negative  Quantity»  it  is  aj^aio  eyident|  that  the  Curve  is 
sin  EUjpfe. 

Pro^j^km     XXXVII. 

Jn  ibf  givm  Anglf  PAB  having  any  haw  drawn  the  right 
Lines  J  BD,  PD,  in  a  given  Ratio,  on  this  Condition,  that 
B  D  Jball  be  parallel  to  A  P,  and  P  D  terminated  at  the 
given  Point  P  in  the  right  Line  A  P  j  tg^nd  the  Locus  af 
thePmtD.    [See  Fig.  41.] 

Praw  C  P  parallel  to  AB,  and  D£  perpendicular  to 
AP I  and  m^ke  AP  ac  tf,  CP  =  *•,  and  C D  s=  /,  ind 
kt  BD  be  to  PD  in  the  fame  Ratio  as  d  to e,  and  AC, 

pr  BD  will  be  =fl  —  Jr,  ?nd  PD  =  t^ZliZ,    More- 

d 

over,  by  reafon  of  the  given  Angle  D  C  Er^let  the  Ratio 

pf  CD  to  C£  bo  as  d  to/,  andC^will  be  =  ^^, 

d 

and  £  P  =  JT  •-<•  ^  •  But  by  reafoo  of  (he  Angles  at  E 
*       '  d 

bding 


i«4  R  E  S  O  L  U  T  r  O  N     O  F 

,  f 

being  right  ones,  it  is  CDf  — CE^  (=:EDy)  irPDj— 

EP^- that  is    ,/     fffj       teaa^/ietax^eexx 
jsrj ,  tnat  is,  yy       -jj-^  -^  —^  d 

*;r  4-  ^f^y  L^JjJJL'^  and  blotting  out  on  each  Side 

d  d  d 

^  illl^  and  the  Terms  beiilg  rightly  difpoftd,  yy=zL 

dd 
nfxy  J,     eead^-^T^eeax  +  eexx  —  ddxx    ^^^  ^y^^ 

trading  the  Root  jk  = 


/ 


e  e  a  a  ^^  7.  e  e  a  x  —  ddxx 


1  ^  d 

Where,  fince  x  and  y  in  the  lad  Equation  afcendt 
only  to  two  Dimenfions,  the  Place  of  the  Point  D  will 
be  a  conic  Se£lion,  and  that  either  an  Hyperbola,  Para- 
bola, or  Ellipfe,  zs  ee  —  dd  -^- ff^  (the  Co-efficient  of 
XX  in  the  laft  Equation)  is  greater,  equal  to,  or  lefs  than 
notliing. 

Problem    XXXVIII. 

The  two  right  Lines  V  E  and  V  C  being  given  in  Pofition^ 
and  cut  any  how  in  C  and  E  by  another  right  Line^  P  E 
turning  about  the  Pole  P,  given  alfo  in  Pojition^  if  the 
intercepted  Line  CE  be  divided  into  the  Parts  C  D,  D  E» 
that  have  a  given  R^:^  to  one  another,  it  is  propojid  to 
pud  the  Place  of  the  Point  D.  [See  Fig.  42.] 

Draw  VP,  and  parallel  to  it,  DA  and  EB,  meeting 
V  C  in  A  and  B,^  Make  V  P  =3  ^7.  VA  =  x,  and  AD 
=  y  i  and  fince  the  Ratio  of  C  D  to  D  E  is  given,  or 
converfely  of  C  D  to  C  E,  that is>  the  Ratio  of  DA  to 

E  B^  let  it  be  as  i  to  e,  and  E  B  will  be  =  Ij?.     Be- 

a 

fides» 
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fides,  .fince  the  Angle  £  V  B  Is  given,  and  confequently 
the  Ratio  of  E  B  to  VB,  let  that  Ratio  be  as  ^  to  /,  and 

VB  will  ht'=zil.    Laftly,  by  reafon  of  the  iunilar 
d 

Triangles  CEB,  CDA,CPV,  it  is  EB  :  CB  : :  DA 

:  C  A  ::  VP  :  VC,  and  by  Compofition  EB.  +  VP  : 

CB  +  VC  ::  DA  +VP  :  CA  +  VCi    that  is, 

iZ  ^  a  :  JJ  ::  y  '^-  a  :  Xy  and  multiplying  together 
d  d 

the  Means  and  Extremes  eyx  -^-dux  "si  fyj  ^  fay* 
Where  fince  the  indefinite  Quantities  x  and  y  aJcend 
only  to  two  Dimenfions,  it  follows,  that  the  Curve  VD, 
in  which  the  Point  D  is  always  found,  is  a  conic  Sec« 
tion,  and  that  an  Hyperbola,  becaufe  one  of  the  inde- 
finite Quantities,  viz.  x  is  only  of  one  Dimenfion,  and 
In  the  Term  e  xy  is  multiplied  by  the  other  indefinite 
one  y. 

PaosLSM    XXXIX. 

If  two  right  Lines y  AC  and  B C,  in  any  given  Ratio y  are 
drawn  from  the  two  Points  A  and  B  given  in  Pofttion^  to 
a  third  Point  Cy  to  find  the  Place  of  C^  the  Point  of  Con^ 
courfe.  [Sec  Fig.  43.] 

Join  A  B,  and  let  fall  to  it  the  Perpendicular  C  D  ^ 

and  making  A  B  =:  ^,  A  D  :;=  »,  D  C  =s  y,  A  C  will  be 

fir  ^xx+yy.BDz^x-^ay  and  BC  (=  VBDy  +  DCf) 

c:  vJr^^^^^^TflT+^fllT+^.    Now  fince  there  is  given 

the  Ratio  of  AC.  to  BC,  let  that  be  as  </  to  ^  j  and  the 

Means  and  Extremes  being  multiplied  together,  you  will 

have  e  ^ xx  -+  yy  =:  J  ^ xx  —  2a x  +  aa  -^  yyy  and 

•     -o   J    rt-      A/ddaa  '^2ddax  ••., 

by  Redufiion  V Tj ^xxz=:y.     Where 

'  ee  —  aa 

4nce  XX  is  negative,  and  afFefted  only  by  Unity,  and 

a^lfo  the  Angle  ADC  a  right  one,  it  is  evident,  that  the 

Curve 


28«         R  E  S  O  L  l^  t  I  0  k     OF 

meeting  AD  in  F.  Moreover,  let  fall  the  Perpen- 
dicular DE  to  BF,  as  alfoDC  perpendicular  to  A  Bf 
meeting  JB F  in  G.  And  making  AB  =  ^,  AC  =  ^-^ 
and  C  D  2=  jf,  B  C  will  be  z=La  —  x.  Now,  firfce  in 
the  Triangle  BCG  there  are  given  all  the  Angles,  there 
will  be  given  the  Ratio  of  the  Sides  BC  and  GG,  let 

that  be  as  d  to  ^,  and  C  G  will  be  =  ^JLZlll,  take 

d 

away  this  from  DC  ox  y^  and  there  will  remain  D G 

~    ^-^tftf-t-gy    g^fjjgg^  bccaufeof  thefimilarTri^ 

a 
angles  BGC,  and  DQE,  it  is  BG  :  BC  ::  DG  :  DE. 
But  in  the  Triangle  BGC,  it  is  a  \  d  \\  CG  :  BC. 
And  confequcmly  aa  :  dd  ii  CGq  :  BC^,  and  by 
compounding  00-+-  dd  \  dd  :  i  BG q  :  BCq^  and 
fxtraiaing  the  Roots  ^  aa-^  dd  :.rf  (  ::  BG  :  BC  ) 

::DG:DE.     Therefore  DE  =  ^4^:^=^^. 

y/  aa  +  dd 
Moreover,  fincc  the  Angle  A  B  F  is  the  Difference  of 
the  Angles  BAD  and  ABD,  and  confequently  the 
Angles  BAD  and  FBD  are  equal,  the  right^-angled 
Triangles  C  A  D  and  E  B  D  will  be  fimilar,  and  there- 
fore  the  Sides  pro|K)rtional,  or  DA  :  DC  : :  DB  :  DE. 
But  D  C  is  —  y.  DA  (  =  v^aO^  4-  DC^)  =r 
^xx-h  yy.  DB(  =  ^BC^  +  DC^)  — 
i/tftf  —  ^ax^xx-^-yy^    and  above    D E    was 

dy^aa  +  ax  __ 

=  — ;        '      ^  -r* .    Wherefore  ^  xx  ^  « y 


^  a  a '^  2a  X  "^  X  X  "+- yy  :  __««.^.^ 

^  aa  +  dd 

and  the  Squares  of  the  Means   and  Extremes  being 
multiplied     by    each    olhcr,  aayy  —   2ax'yy  -4- 

xxyy 
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f^  *  y  J  -+•  ^*  =   '    ■      I  ^  \~/jj  '  ^     ■  » 

aa  -ir  dd 
^2aadxxy^2Mady^  +  2adyx^'^2adxy^+a^x*+a^yy 
aa^  dd 

'^taix^^^ta^  xyy  +  aax^+a^x^y^      •.  -.  . 

mum  J    j-i»    I "11  j     J  ■  77     <.  .     Multiply 

all  tbe  Tenns  by  ttaJ^^  and  reduce  tho&  Terms  that 
com?  put  info  due  Order,  and  there  will  arUb 

—  tftf        ^^%dy        -J.— .jr»        ^^idyy 

X*  X^  ,  XX  X  —'2dy^  ZS.Q. 

pmde  this  Equation  by  xx  —  ax  i  '^  «nd  there 
vrSkmS^xx    .   %d     x        .    s=4>s  tfai»e  conae  out 

therefore  two  ^Equations  in  the  Solution  of  this  Prob« 
lert:  Tbefirft,  **  — tf;r  +f'  =0  is  to  a  Cirql^ 

vis.  the  Place  of  the  Point  p,  where  the  Angle  Ffi  O 
is  taken  on  the  other  Side  of  the  right  Line  fi  F  than 
what  is  defcrihed  in  the  figure,  tbe  Angle  ABF  being 
the  Sum  of  the  Angles  D  Afi  and  D  B.A  at  tbe  Baf<» 
suid  fo  the  Angle  A  D  B  at  the  Vertex  beiiig  given* 

TheJaft,  viz.  xx    ,    %d    x        .    =  o,   is  an  Hy- 

nerbfila»  die  Place  of  the  Point  P,  where  Ae  Angle 
•FBD'Obtains  the  Situation  from  the  right  Line  BF» 
•which  we  dercribed  in  the  Figure  ^  that  is,  fo  that  the 
Angle  ABF  mav  be  the  jQifFerence  of  the  Angles  pAB, 
DBA,  at  the  Bafe*  And  this  U  th^  Determination  of 
the  Hyperbola :  Bifea  AB  in  P^  draw  PQ^  maldng  the 
Angle  BPQ^  equal  to  Half  the  Angle  ABF :  To  this 

U  draw 


ago         H  E  S  O  L  U  T  I  ON     OF   • 

Araw  the  Pcrpcndtcdar  P R,  and  P.CL  and  PR  will  be 
the  Afyoiptotes  of  this  Hyperbola,  and  B  a  Point  thro' 
whkh  the  Hyperbola  will  pafs. 

Hence  arifes  this  Theoreip.  y/i^DiameUry  as  AB, 
ef  a  righunngied  Hyperbola^  bting  drawn^  and  having 
drawn  the  right  Lines  AD,  B  D,  AH,  B  H,  from  its 
Ends  to  any  iwd  Points  D  and  H  of  the  Hyperbola  ; 
ihefe  right  Lines  will  make  equal  Angles  D  A  H,  D  B  H» 
at  the  Ends  of  the  Diamiter. 

The  fame  after  a  Jborter  Way. 

At  Problem  j^xiv.  I  laid  down  a  Rule  about  the^ 
moft  commodious  Eledion  of  Terms  to  proceed  with  in 
the  Calculus  of  Problems,  where  there  happens  any  Am* 
biguity  in  theElefiionof  fuch  Terms.  Here  the  Dif- 
ference of  the  Angles  at  the  Bafe  is  indifferent  in  refped 
to  both  Angles  ;  and  in  the  Conftru^Uon  of  the  Scheme» 
it  might  eaually  have  been'  added  to  the  lefler  Angle 
DAB,  by  drawmg  from  A  a  right  Line  parallel  to  BF; 
or  fubtracled  from  the  greater  Angle  DBA,  by  drawing 
the  right  LincBF.  Wherefore  I  neither  add  npr  fub^ 
tradl  it,  but  add  Half  of  it  to  one  of  the  Angles,  and 
fubtra£l  Half  of  it  from  the  other.  Then  fince  it  is  alfo 
doubtful  whether  A  C  or  B  C  muft  be  made  ufe  of  for 
the  indefinite  Term  whereon  the  Ordinate  D  C  ftands, 
I  ufe  neither  of  them ;  but  I  bifeA  A  B  in  P,  and  I 
make  ufe  of  PC;  or  rather,  having  drawn  MPQ^ 
J^See  Figure  53.]  making,  on  both  Sides,  the  Angles 
APQ,  BPM,  equal  to  Half  the  DifFcrencc  of  the 
Angles  at  the  Bafe,  fo  that  it,  with  the  right  Lines 
AD,  BD,  may  make  the  Angles  DQP,  D MP,  equal*; 
I  let  fall  to  MCt  the  Perpendiculars  AR,  BN,  DQ> 
and  I  ufe  DO  for  the  Ordinate,  and  P O  for  the  in- 
definite Line  it  ftands  on.  I  make  therefore  P  O  z:  jc, 
DO  =  y,  AR  or  BN=:^,  and  PRorPNrrc 
And  by  reafon  of  the  fimilar  Triangles  B  N  M,  DO M» 
BN  will  be  :  DO  :  :MN  :  MU.  And  by  DJvifiaa 
DO  — BN(f  — *):DO(v)::MO  — MN 

(ON 
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(ON  or  ^  _  jr)  :  MO.    Wherefore  m'o  =  'JLHHl. 

In  like  manner  on  the  other  Side,  bv  reafon  of  the 
fimilar  Triangles  A  R  Q.,  D  O  Q^,  A  R  wiH  be  :  D  O 
:  :  R  Q^  :  QO,  and  by  Compofition  D  O  +  A  R 
{y  +  h)  I  DO(^)  ::  QP  +  Ra(OR  or  c  +  x) 

:  QjO.     Wherefore  QO  =r  iL±J2.    Laftly  by  rea- 

fon  of  the  equal  Angles  DMQ,,  DQM,  MO  and  QO 

are  equal,  that  Is,  iLlZJil  :=z  USsJLl.     Divide  all 

by  jt  and  multiply  by  the  Denominators,  and  there  will 
^M'iie  cj  -f-  cb  -^  xy  -—  xb  ^  ey. —  cb  -4-  xy  —  xb^ 
or  cb  ■Si  xyy  the  mou  noted  Eqtiation  that  expreflies  the 
Hyperbola. 

Moreover,  the  Locus  or  Place  of  the  Point  D  might 
have  been  found  without  an  algebraic  Calculus ;  for 
from  what  we  have  faid  above,  D  O  '—  B N  :  ON  :  : 
DO  :  MO  (0.0)  ::  DO  +  AR:  OR.  That  is, 
DO  —  BN  ;  DO  -I-  BN  :  :  ON  :  OR.      And 

mixtly  («),  D  O  :  B  N  : :  Q  ^  +  O  R  (  n  P)  : 
OR  — ON  ^Qp^  ^^j  confequently,  DO  X  OP 
=  B  N  X  N  P. 


Prob.XLI.  (a)  For  DO  —  B N  :  DO  +  B N  : ; 
ON  :  OR;  whence  DO  —  BN  -f-  DO  +  BN 
(=2DO):D0  +  BN::NO4.0R:  OR; 
whence  alfo  DO  +  BN  :  DO  -f  BN  —  DO  +  BN 
(=2BN)::OR:OR  —  ON ;  confequently 
«X  aequo  ord,  2DO:2BN  :  :  ROH-ON: 
R  O  —  O  N  i  and  dividing  by  2,  D  O  :  B  N  : : 
RO  +  ON   .  RO  — ON 

2  2 

U  2  Problem 


I 


%<i%         RESOLUTION     OF 

Problem    XLII. 

To  find  the  Locus  or  Plaa  of  tf)e  Vortix  of  a  Tr'umgU  wbafe 
Baft  is  ghen^  and  one  of  the  AngUs  at  the  Bafe  iiffkrs  fy 
a  given  Angle  from  being  doubli  of  the  other. 

In  the  laft  Scheme  of  the  former  Problem»  let  ABI> 
be  that  Triangle»  AB  its  Batfe  bifeaed  in  P,  A  PQ^or 
9  PM  the  third  of  the  given  Angle,  b/ which  DBA 
Exceeds  the  double  of  the  Aiigle  DAB;  and  d^  Angle 
D  M  Q^  will  be  douMe  of  the  Angle  D  O  M  la).  Ta 
PM  let  fall  the  Perpendiculars  A R,  BN,  DO,  and 
bifeA  the  Angle  D  M  Q^by  the  right  Line  M  S  Jtaeetiog 
DO  in  S;  and  the  Triangles  DOQ.,  S^OM,  will  bp 
iimilar;  and  cpnfequently  O Q, :  OM  ::  OD  :  OS, 
and  by  dividing  OQ  — OM  :  OM  :;  SD  :  OS  :: 
(by  the  3.  of  the  6th  tlem.)  D  M  :  OM.  Wherefore 
(by  the  9.  of  the  5th  Elem.)  OCL— OMssDM. 
Now  making  PO  =  *,  O  D  5=  j^,  AR  or  BN  zz  *, 
and  Pk  or  1'  N  =  ^,  you  will  have,  afs  ih  the  former 

Problem,  OM  :=:  f^  T  ^/,    and  0<i=  ilJULl^ 

and  confequently  O  (^— O  M  =s  IlijLiL±-if2Z  • 
Make  now  DO;  +  OM;  =:  DM;,  that  is,  ^^  + 

yy^Zhy+  bb^^  y*—2i,tfyj+^4  ^^ 

and 


Prob. XLII.  ia)  Becaufe B PM  =  DBP~aPAQ^ 

and  becaufe  D  B  P  =  D  M  Q^+  B  PM,  therefore 
DMQ,=  2DAQ.+  3BPM  —  BPM  =  aDAO 
4.  2  BPM  =  2  DACL+  aAPQ.1  but  DQ.M  a 
DAQ.+  APQ.-,  therefore  DMQ^ssiDQ.M. 
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tad  by  due  £efl6AkMi  dwre  will  at  leagth  aiife 

+  ^vCC  111 

DWi4e  all  by  y  — -  f»   and  it  Will  jbtfcome 

-.  2XX       ^^  b X X 

VT\^ttfort  the  Point  D  it -in  a  Curve  of  three  Dimen- 
fions ;  whicbt  however,  becomes  an  Hyperbola  when  the 
Angle  BfM  vanishes  or  becomes  nothing ;  or,  whibb 
is  the  /ame  Thing,  when  one  of  Uie  A;igles  at  this  Balb 
DBA  is  douUe  of  the  other  DAB.  For  then  B  N  or  ^2 
vihifhi^,    the  Equation  will  become  yysz  %xx^ 

And  JTrom  the  ConftruElion  of  this  Equation  there 
comes  this  Theorem.  [See  Fig.  J4.3  If  to  tbt  CerOmr 
C,  and  AfyfftpUta  C  S,  CT>  containing  the  Angle  S  CT 
of  i  20  Degrees^  you  Ji/criie  any  Hyperbola j  as  DV, 
whofe  Semi'Axi^s  are  C  V,  C  A;  proJua  C  V  to  li, 
fiibat  VB  Ml  if  =  V  C,  and  firm  A  0n4  B  you 
4rmo  am  bow  the  right  Lines  AD^  fi  D,  meeting  at  the 
Bj^erh^  ;  the  Angle  B  AD  will  be  Half  the  Angle 
ABD.  but  a  third  Part  of  the  AnAe  ADE,  whiA  the 
right  Line  A  D  comprehends  with  8  D  produced.  This 
is  to  be.  vndeirftood  of  the  Hyperbol^  that  pajTes  through 
the  Point  V.  But  if  the  two  right  Lines  A  d  and  Bi/, 
U  3  dr^WA 


(*)  Becaufc  y^—  2**y»-tr  i4  =zy^—2by+bn'^ 
it  is  fuflkient  ftp  multiply  jr%  byjr*—  2b*y^  ^^b^i 

I  breviating,  and  tranrpofmg,  the  Biquadratic  emerges. 


^94  RESOLUTION     OP 

drawn  from  the  fame  Points  A' and  B,  meet  in  the  op^ 
pofitc  Hyperbola  that  paflcs  through  A,  theaof  thofc 
two  pxternal  Angles  of  the  Triangle  at  the  Bafe,  that 
at  B  will  b^  double  of  that  at  A.  .         ' 

Pro«;.bm    XLIII. 

To  defer tbe  a  Circle  ibreugh  two  given  Point s.,  that  Jhatt  touch 

a  right  Line  given  inPoJition.  [See  Fig.  55.] 

Let  A  and  B  l)e  the  two  given  Points,  and  EF  the 
right  Line  given  in  Pofitlon,  and  let  it  be  required  to 
idefcribe  a  Circle  ABE  through  thofe  Points  which  Hfoil 
touch  that  right  Line  FE.  Join  AB,  and  bifeS  it 
in  D.  Upon  D  crcdJ;  the  Perpendicular  DF  meeting 
.the  right  Line  FE  in  F,  ^nd  the  Cepter  of  the  Circle 
will  fall  upon  this  laft  drawn  Line  D  F»  as  fuppofe  ia 
C  Joiuj  therefore,  CB  ;  and  on  FE  let  fall  the  Per- 
pendicular C  E,  and  E  will  be  the  Point  of  ContaS^ 
and  C  B  and  C  E  equal,  as  being  Radii  of  the  Circle 
fought.  Now  fince  the  Points  A,  B,  D,  and  F,  are 
given,  let  DB=:  ^,  and  DFrr  ^;  and  feek  for  DC 
to  determine  the  Center  of  the  Circle,  which  therefor? 
call  X.  Now  in  the  Triangle  C  D  B,  becaufe  the  Angle 
at  D  is  a  rip^ht  one,  you  have  \/ DBq  J^  DCq^  that 
>  v^77=F77  =  C B.  AlfoDF~DC,  oib  —  x 
=  CF.  And  fmce  in  the  right-angled  Triangle  CFE 
the  Angles  arc  given,  thefe  will  be  given  the  Ratio  of 
the  Sides  C  F  and  P  £•     Let  that  be  ^s  i  to  #  s  and  C  £ 

will  be  =  4-  X  CF,  that  is,  =  iLZLU! .     Now 
d  '  d 

put  C  B  and  C  E   (the  Radii  of  the  Circle  fought) 

equal  t0  one  another,    and  you  will  have  the  Equa. 

^^  ^  a  a  J^'x  X  -=.  ^^- •     Wbofe  Parts  being 

fquared   and   multiplied  by  ddy    there  arifes 
'madd  ^  ddis»  rs  eehb  —  2  eehx  +  eexsci    pr  xx 
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-^  2eehx  ^-^  aadd  -+-  eebb 


And  extraSing  the 


^     ^  ''^  eebA- d^  eebb  ^  e'eaa '-^  ddaa 

Root,  X  =;;  ^- — ,  .       ' ^ • 

a  a  -^^  e  i    y       : 

Therefore  the  Leng.th  of  D  C,  and  confequently  the 
Center  C  is  found,  from  which  &  Circle  is  to  be  def-* 
«tfibpd  throiigh  the  Points  A  and  B  that  Ihal.l  touch  the 
right  Line  FE, 

Problem    3(LIV, 

Jo  defcribe  a  Circle  through  a  given  Pointy  that  jhall  touch 

two  right  Unei  given  in  FoJiUon.  [See  Fig.  56.] 

N.  fi.  This  Proportion  is  refolved  as  Prop.. 4 j,' 
for  the  Point  A  being  given^  there  is  a^9 
given  the  other  Point  B, 

Suppofe  the  given  Point  to  be  A  ;  and  Jet  EF,  FG^ 
be  the  two  right  Lines  given  by  Pofition,  and  AEG 
the  Circle  fought  touching  the  fame,  and  paffing  through 
that  Point  A,  Let  the  Angle  EFG  be  bifefted  bv  the 
tight  Unc  C  F,  and  the  Center  of  the  Circle  will  h^ 
found  therein.  Let  that  be  C  5  and  having  let  fall  the 
Perpendtcdars  CE,  CG,  to  EFand  FG,  E  and  O 
will  be  the  Points  of  Co|ita<a.  Now  in  the  Triai\gktf 
CEF,  CGF,  fincc  the  Angles  at  E  and  G  are  right 
ones,  and  the  Angles  at  F  are  Halves  of  the  Angle 
EFG,  all  the  Angles  are  given,  and  confequently  the 
'iRatio  of  the  Sides  CF,  and  CE  or  CG.  Let  that  b« 
ss  </  to  /;  and  if,  for  determining  the  Center  of- 4he 
Circle  fought  C,  there  be  aflumed  CF  =  a-,  C£  orOG 

will  be  =:  —.    Beftdes,  let  fall  the  Perpendiculai^A  H 
d 

to  FC)  and  fince  the  Point  A  is  given,  the  rightLine^ 

AH  and  FH  will  be  given.     Let  them  be  called  a  arid  h^ 

and  taking  FC  or  x  from  FHorA,  there  will  rei^4^ 

CH  =  ^  —  *.      To  whofe  Square  hb  —  %kx  -f-  *^ 

^dd  the  Square  of  A  H  or  <?  ^,  and  the  Sum  aa  -^blf  — 

U  4  %bx  +  XX 


ihx^xx  will  be  ACf  by  the  47.  i*  Slid.  bccAule  tte 
iLn^  AHC  IS,  bjr  Siippoiition,  a  right  one.  None 
malce  the  Itadii  of  the  Circle  AC  and  CG  e^ual  to  ^aclv 
ether }  that  ia^  make  an  Eqoalicy  between' dieir  Vdues^ 
or  between  their  Squares,  and  you  will  have  the  £qua<. 

tion  ««4- ^^-<*a^4r  +  «4r  =:_^.   'I'ake  away  ^tm 
from  both  Sides,  and  changing  all  (he  S^ns,  ydU  Wi& 
have— 'tfa--*  JA  '{-aix  =;;r;r-«--l-^.     Maltipfy 
til  by  Jsl^  and  divide  by  /i-—  /^,  and  it  will  become 

The  Root  of  which- Equation  being  extraOed,  is  ;r  s: 

hdd — d  ^ iibb-^^r  eeaa  -*  ddaa       mL      /.         . 
i  4  '■      ■  "  '  Therefore  the 

Length  EC.  is  found,  and  confequently  the  Point  C; 
ivhich  is  the  Center  of  the  Circle  fought. 

If  the  found  Value  x  or  FC  be  taken  from  i  6rtlf" 

ftere wiU  remain  HC ;=  -^^^Uy/tAt^eiaa^d'hl 

^  .  da  •—  / 0 

itit  faoie  Equation  which  came  out  in  the  fotmcr  Prtth- 
kita,  ft»  deteroiiniiig  the  Length  of  DC. 

ftiOti.tiA    XLV. 
r*  ^ih.a  QjreUtbromh  twt  given  PtinH,  iMcb&af 
mtKkamtbr  Circle  givett  i»  P^Uon^  [See  Probkm  2(4 
«rf  Figure  57,  J  "•  * 

.  t«  A,  B»  he  tile  t»oPoitits  ^iven,  EKtheGi»el* 
gy«|  in  Magnitude,  and  Poation,  F  its  Center»  ABE 
I^CIrcle  fought,  paffirtg  through  the  Points  A  and  B; 
ttd  tOBching  the  other  tirefe  In  E,  and  let  C  be  its 
Cotter.  Let  fril  Ae  Perpendiculars  C  D  and  P  G  ti 
AB  Wiig. produced,  and  d«w OF  cuttiitg  the  Cifcles 
lA  the  P*iaf  bf  Cofttad  E,  jind  dnw  ajfo  FH  panuiel  tft 
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DGy  and  meeting  CD  in  H.  Thefe  being  thus  con* 
ftniaed,  make  AD  or  O  B  =s  a,  D  G  or  HF  =  ^, 
GFs:;:  c,  and  £F  (the  Radius  of  the  Circle  given) 
s=i,  and  DC  =r  :fi  and  CH  will  be  (=  CD  —  FG) 
CSX  — c,  andCFj(=:CHj+HF4)=4r;r  — if* 
+rf  +  **,  and  CBf  (ssCD^  -f  D  Bg)  =  X^f+aa^ 

iai  confcquentlj^  CB  or  CZte:  V  ^;r  -f*  a  a.  To  this 
ftdd  EF,  and  yeu  will  have  CF  =  d+\/  jtx  ^  aa\ 
wfaofe  Square  ifi •+•*<•+ **-f*2rf i/#*-+-tf3s  w 
equal  to  the  Vahie  <>f  the  fame  C P^  fbund  before,  viz. 
xx*^aex  ^  cc^-hb.  Take  away  from  both  Sides 
xx^  and  there  will  remain  dd^  aa  +  id  Vxx  -f  V^a 
s=^f  +  ii*— 4f;if.  Take  away  moreover  dd -J-  a«^ 
and  there  will  come  out  %dy/ xx  +  ««  =r  rr-f-  bh-^ 
id'^aa  —  icx.  Now,  for  Abbreviation  fake,  for 
(C-^  hi  —  dd^^aey  write  2/^,  and  yaa  will  have 
%d  a/  xx-\-  aa  zs,igg  -^  2€x^  or  d  tj  xx  ^aast: 
M  —  '*;  And  the  Parts  of  the  Equ&tio»  being  fquared. 
there  will  come  out  ddxx  -f-  dda^  =^'*  -—  ^ggcx 
"4^  f< ar ;r*  Takie  from  both  Sides  ddaa  and  tcxxy  and 
thero  will  remam  ddxx  ^^c ex x  =  gi^^dd^a  -^ 
%gg€X.  And  the  Parts  of  the  Equation  being  divided  by 

rfrf  —  C€^  you  will  have  ;r *  =  ^♦~^^tf^~  2/£f^. 

,    ad—cc 
Mi  by  Extraaion  of  the  afTeaed  Root»  4-  s 

'^ti^^  ^  g^dd^^  d^aa  ^  d  da  act, 
dtl  '^  cc 

HwAg  found  therefore  x^  or  the  Length  of  DCS» 
wk&  A  B  in  D,  and  at  D  erea  the  Perpendicular  D  C 
^  ^ggr^d^g^^nadd^a^         Then  from 

dd  -^  c  c 
the  Center  C,  through  the  Point  A  or  B,  defcribe  the 
Chde  ABE;  for  that  will  touch  the  other  Circle  E  iCj^ 
^i  pds  through  both  the  Points  A,  B.    Q.  E,  F. 


Problem 
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Problem    XLVI. 

To  defer ibe  a  Circle  through  a  given  Point  which  JhaH  toi/cB 
'    a  given  Circle^  and  atfo  a  right  Line^  both  given  in  jP»- 
fiiion.  [Sec  Fig.  58.] 

Let  the  Circle  to  be  diefcribad  be  BD,  its  Center  C, 
and  B  a  Point  through  which  it  is  to  be  defcribed,  and 
i\  D  th{;  right  Line  .which  it  ihall .  touch  ^  the  Point  of 
Contaa  D,  and  the  Circle  which  it  /hall  touch  GEM» 
its  Center  F,  and  its  Point  of  ContatSl  E.  Join  C  B, 
CD,  CF,  and  CD  will  be  perpendicular  to  A  D^  and 
C  F  will  cut  the  Circles  in  the  Point  of  Qjntafl:  E. 
Produce  CD  to  Q.,  io  that  D CL A^a"  be  =  E F,  and 
through  Q^  draw  Q^N  parallel  to  A  D.  Laftly,  from  B 
•rid  F  to  AD  and  QN,  let  fall  the  Perpendiculars  BA, 
FNj  and  From  C  to  AB  and  FN  let  fall  the  Perpen- 
diculars C  K,  C  L.  And  fince  B  C  is  =  C  D  or  A  K> 
BK  will  be  (=r  AB  —  AK)  =  AB  —  BC,  and  con- 
fequently  BK^=ABf  — 2AB  x  BC  H-BC^. 
&ubtra£b  this  from  B  C  ^,  and  there'  will  remain  2  A  B 
^  BC  —  AB^  for  the  Square  of  C  K.      Tbeivfore 

A  B  X  2  B  C  —  A  B  is  =  C  K  ^;  and  for  the  fame 
Reafon  it  will  be  F  N  x  2FC-1fN  =  C  Lf,  and 
confequcntly  £^  +  A  B  =s  a  B  C,   and  ^^  + 

F  N  =  2  F  C.  Wherefore,  if  for  A  B,  C  K,  F  N.  tX» 
and  CL,  you  write  a^  jf,  b^  ^,    and  c — y,    you  wiH 

have  11  J^  4  «  =  B-C,  and  ilZ2ltl±Jl  -h'  •  b 
=  FC.    Froip  FC  take  away  BC,  and  there  will  re- 

main  EF  =  £iZl£i2±2Z  ^  j  i  ^  U  —  ^  a 
.    .  7.b  '         •  ^        ^     , 

Now,  if  thePoipts,  w.hereFN  being  produced  cats  the 
right  Line  AD  and  ^e  Circle  GEM,  be  marked. with 
the  Letters  H,  G,  and  M,  and  upon  HG  produced  you 
take  HR  =:  AB,  fince  HN  (=  D(i=:  EF)  is  =GF, 

I  by 
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tv  adding  FH  on  both  Sides,  you  will  have  FN  riGHf 
and  confequen%  AB  —  FN  {=  H  R  —  GH)  =  GR, 
and  AB-FN+2EF;  that  is,  «-*  +  2EF  =  RM, 
^nd  ia  —  ii  '■i-'ET=z  iKM.     Wherefore,  fince 

above EF  was  = '-iHiil+i^  +  1  *  - 2>  1 4  ^. 
2b.  2a 

if  this  be  written  for  E  F  you  will  have  4  R  M  =a 
^c^tcy+yy  _  yy^ ^     Call  therefore  R M,.  ^ j  and 

4  will  be  =  cc  —  2cy+yj  _  yi  ^     y^^Xix^^y  all  the 

b  a 

Terms  by  a  and  h^  and  there  will  arife  abd-^siacc  -^ 

^tary  +  ayy  —  byy.     Take  away  from  both  Side» 

ucc  —  2tff^>  and   there  will  remain  aid  —  ace  + 

Tracy  ss  ayy  *—  ^/j^.     Divide   by  a  —  by  and  there 

.,,      \g,    abd — acc'\'2acy  *    *     »     1  n- 

Will  arifc 1 ^  =:  ;^ jr.     And  extracting 

,  a  '-^  If 

.-t>      ^  .       ^^      _i       .aabd  "^  abbd  +  abcc' 

t^cRoot,  y  = ±  0/ L       LL • 

^  -^        a  —  b        ^  aa  —  2ab  -^  bb 

Which  Conclufions  may  be  thus  abbreviated ;  make 
fi  :  b  : ;  d  :  e^  then  a  —  b  \  a  w  c  \  f\  and  fe  ^^  fc 
+  2fy  will  be  =:  yy^  or  y  =,  /±  %/  ff-^fe  ^fc. 
Having  found  y  or  K  C  or  A  D,  take  A  D  :=  /  ^ 
^/f+/^—fCy  and  at  D  erefi  the  Perpendicular  DC 

(=  BC)  =  ?£^  +  i  AB  ;  and  from  the  Center  C, 
^  2AB 

at  the  Interval  CB  or  CD,  defcribe  the  Circle  B  DE, 

for  this  paffing  through  the  given  Point  B,  wiil  ;  uch 

the  right  Line  A D  in  D,  and  the  Circle  G £  iM  j:.  £• 

Q,  E.  F. 

Hence  alfo  a  Cirde  may  be  defcrJbed  v-^'^.h  ihsll 
touch  two  given  Circles,  and  a  right  Line  -*!  >:,  i  Po- 
fition.  [See  Fig.  59.]     For  let  the  gtven  i'i    ^  'IT, 

5  V,  their  Centers  B,  F,  and  the  right  .'  ::  .1  in 
Pofition   PQi    From  the  Center!',  wiiii   t'.j  Radius 

3  *S 
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FS  —  B R,  deCcx'iht  the  Circle  EM.  From  die  P^int 
fi  to  the  right  Line  PQ,  let  fall  the  p€f)>endicuUr  BP, 
and  having  produced  it  to  A,  (o  that  PA  fball  be  ;:=  BR, 
through  A  draw  AH  parallel  to  PQj»  and  dercribe  t 
Circle  which  ihall  paft  through  the  Point  B,  an4  touch 
the  right  Line  AH  and  the  Circle  £  M.  Let  its  Center 
be  C  9  join  BC,  cuttii^  the  Cirdk  RT  io  R ;  and  thq 
Circle  K  S  defcribed  from  the  fame  Center  C»  and  the 
Radius  CR  will  touch  the  Circles  RT,  SV,  and  th» 
right  Line  P  Q^  as  is  manifeft  by  the  ConftruAion. 

Pjioblbm    XLVn. 

Ta  defcribe  a  CircU  that  Jhail  pafs  thrwgh  a  ^iveh  Pmii 
4md  touch  two  other  Circles  given  in  Pojbion  and  Magm 
futude.     [See  Fig,  60.] 

Let  the  given  Point  be  A,  and  let  the  Circles  given  in 
Magnitude  and  Pofition  be  T I V,  R  H  S,  their  Centers 
C  and  fi;  the  Circle  to  Be  defcribcd  AIH,  its  Center  D; 
aod  the  Points  of  Cqntaa  I  and  H.  Join  AB,  AC# 
AD,  DB,  and  let  AB  prgduced  cut  the  Circle  RHS 
in  the  Points  R  and  S,  and  AC  produced,  cut  the  Circle 
T I V  in  T  and  V.  And  having  from  the  Points  D  and 
C  let  fall  the  Perpendiculars  D  E  to  A  B,  and  D  F  td 
A  C  meeting  A  B  in  G,  and  C  K  to  A  B  j  in  the  Tri- 
angle ADB,  it  wilt  be  AD^  —  DB^-f-ABtf=i 
a  A  E  X  A  B,  by  the  13  of  the  2  Elem.  But  D  B  =:^ 
AD  -f  BR,  and  confequcntlj  DBf  =  AD^  -f  2AD 
xBR  +  BRy.  TAe  away  this  from  AD ^  +  AB^, 
and  there  will  remain  ABj  —  2ADxBR  —  BRf 
f or  2  A  E  X  A  B.  Moreover,  AB^  —  BRfisss 
AB  — BR  X  AB  +  bk  =  AR  X  AS.  Where! 
fofc,  AR  X  AS  — 2AD  X  BRsaAE  x  AB. 
.,,  ARxAS  —  2ABXAE  ..^ 

— —      Bft =  2  A  D. 

And 
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And  by  a  like  reafbning  in  the  Triangle  ADC« 

tbeie  will  come  out  again  2 AD  s  .T'J^ 

-_      -      RAS  —  aBAE  _  TAVr-^aCAF 
Wherefore ■■■  ^^ =  CT 

.    .  TAV        RAS    ,    aBAE         aCAF      .    . 
TaV         RA8     .    aBAE     ^     CT    _  .« 

-ST"  "  "BIT  ^  ""ffir  ^  rre  -  ^** 

Wlience  fince  it  isAKiAC;;  AF:  AG,  AG  will  be 
^ItaV       RAS   ,   aBAE^    CT       t,v.  „„ 

this  from  AE,  or  ^^^  X  JET,  and  there  wHl  re- 
.   nv       RAS       TAV       aBAE  j-aKAE^ 

™"°°^=irR""TrT~'"Bir+-cT-^ 

£iL.  Whence  fince  it  is  KC  :  AK  ::  GE  :  DEj 

aAK  «_______,», 

r»ir  «m  \^^  RAS      TAV  _  aBAE  .  aKAE  ^ 

.£Z..    UponAB  ti^eAP,  which  let  be  to  AB  as 
2  JCC 

CT  teBR,  and  l?il  wiU  be  =  1^,  and  fo 

aPKxAE  ^  aBAE  _  aKAE  ^^  ^  ^g 

CT BR  CT 

RAS^TAV^.PKXAE^   CT^    UponAB 
BR         CT  CT  aKC        " 

^   .   »         J-    1     A  r»      RAS       TAV  -,  CT 
«red  the  Perpendicular  AQ.s=^  —  -^  X  -gjjj 


I. 


and. 
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and  in  it  take  QO  =  L^A^,  and  AO  will  be 

=  DE. 

Join  DO,  Dd,  and  CP,  and  the  Triangles  DOQ^ 
C  K  P,  will  be  limilar,  becaufe  their  Angles  at  O  and 
K  are  right  ones,  and  the  Sides  (  K  C  :  P  K  : :  A  E, 
or  D  O  :  Q^O  )  proportional.  Therefore  .the  Angles 
O  Q,D,  K  P  C,  are  equal,  and  confequently  Q^D  is 
perpendicular  to  C  P.  Wherefore  if  AN  be  drawn 
parallel  to  C  P,  and  meeting  Q^D  in  N,  the  Apglc 
A  N  Q^  will  be  a  right  one,  and  the  Triangles  A  QNf 
PCK,    fimilari     and    confequently   PC    :   K  C  ;  : 

AQ.:  AN.     Whence  fince  ACL  is  ^K  ~  J^  ^ 

CT  AXT  .,IU         RAS  TAV^CT  jy         , 

_— - ,  A N  will  be  .--_  —  ^^  X  ^—^.  Produce 
2KC'  BR         CT       2TC 

AN  to  M,  fo  that  N  M  {hall  be  —  AN,  and  AD  will 

be  =2  DM,  and  confequently  theCircle  will  pafs. through 

the  Point  M. 

Since  therefore  the  Point  M  is  given,  there  follows 
this  Refolution  of  the  Problem,  without  any  farther 
Analyfis* 

Upon  AB  take  AP,  which  muft  be  to  A B  as  CT 
to  B  R  i  join  C  P,  and  draw  parallel  to  it  A  M,  which 

fliall  be  to  ^^  —  I^,  as  GT  to  PC  j  and  by  the 

Help  of  the  forty-fifth  Problem,  defcribc  through  the 
Points  A  and  M  the  Circle  A I  HM,  which  (hall  touch 
cither  of  the  Circles  TI V,  R  HS,  and  the  fame  Circle 
(hall  touch  both.     Q^  £•  F. 

And  hence  alfo  a  Circle  may  be  defcribed,  which 
Ihall  touch  three  Circles  given  in  Magnitude  and  Pofi- 
tion.  For  let  the  Radii  of  the  given  Circles  be  A,  B,  C, 
and  their  Centers  D,  £,  F.   From  the  Centers  £  and  F» 

with 
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with  the  Radii  B  +  A  and  C  +.  A  dcfcribe  two  Circles, 
and  let  a  third  Circle  \^hich  touches  thefe  two  be  alfa 
dcfcribed,  and  let  it  pafs  through  the  Point  D  j  let  its 
Radius  be  G,  and  its  Centci*  H,  ahd  a  Circle  dcfcribed 
on  the  fame  Center, H,  with  the  Radius  G  +  A>  Ihall 
touch  the  three  former  Circles,  as  was,  required. 

Problem     XLVIII. 

If  at  the  Ends  tf  the  Thread  DAE,  moving  upon  the  fixed 
Tack  A,  there  are  hanged  two  Weights  t>  and  E,  whereof 
the  Weight  E  JHdes  through  the  oblique  Line  B  G  j  to  find 
the  Place  of  the  Weight  E^  where  thefe  Weights  are  in 
Mfpiilibrio.     [Sec  Fig.  63.] 

Sitppofe  the  Problem  done,  and  parallel  to  AD  draw 
EF,  which  let  be  to  AE  as  the  Weight  E  to  the  Weight 
D.  And  from  the  Points  A  and  F  to  the  Line  B  G  lee 
fall  the  Perpendiculars  AB,  FG.  Now  fincc  the  Weights 
are,  by  Suppofition,  as  the  Lines  A  £  and  E  F,  exprefs 
thofeWcights  by  thofe^Lines,  .theWeight  D  by  the  Line 
EA,  and  the  Weight  E  by  the  Line  EF,  Therefore  the 
Body  E,  direfted  by  the  Force  of  its  own  Weight  E  F, 
tends  towards  F,  and  by  the  oblique  Force  E  G  tends 
towards  G*  And  the  fame  Body  E  by  the  dired  Force 
AE  of  the  Weight  D  is  drawn  towards  A,  and  by  the  ob- 
lique Force  B  E  is  drawn  towards  B.  Since  therefore  the 
Weights  fuftain  each  other  in  /Equilibrio,  the  Force  by 
which  the  Weight  E  is  drawn  towards  B,  ought  to  be 
equal  to  the  contrary  Force  by  which  it  tends  towards  G, 
that  is,  B  E  ought  to  be  equal  to  E  G.  But  now  the 
Ratio  of  AE  to  K  F  is  given  by  the  Hypothefis  ;  and  by 
reafon  of  the  given  Angle  FEG,  there  is  alfo  given  the 
Ratio  of  F£  to  EG,  to  which  B  E  is  equal.  Therefore 
there  is  given  the  Ratio  of  A E  to  BE.  AB  is  alfo 
given  in  Length  ;  and  thence  the  Triangle  ABE,  and 
the  Point  E  will  e^fily  be  given,  viz  make  A  B  =1  tf^ 
BE  =  ;r,  andAE  will  be  z:z*Jaa'-\-xx\  moreover, 
let  A  £  be  to  B  £  in  the  given  Ratio  of  d  to  e^  and 

e  ^ aa  4-  XX 
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e  ^  ^d  +  xjf  will  he  =  dx.    And  die  Parts  pf  tkc 
Equation  being  fquared  and  raduced,  ^/^a  ae  ^^a-at  -* 

/  if  ...^ 

^^;r;ci  or  --i  *  .  ■■■■■-   =  *•    Therefore  the  Length  BE 

fs  found,  which  determines  the  Place  of  the.  Weight  E. 
Q,  E.  F. 

But  if  both  Weights  defcend  by  oblique  Lines,  the 
Compuution  may  be  made  thus.  [Sec  Fig.  64.]  Let 
G  D  and  B  £  be  oblique  Lines  given  in  Pdfitira»  through 
which  thofe  Weights  D  and  £  deiccDd;  From  the  fixed 
Tack  A  to  thefe  Lines  let  fall  the  Perpendiculars  AC, 
A  B,  and  let  the  Lines  EG,  D H,  ereded  from  the 
Weichts  perpendicularly  to  the  Horizon,  mieet  thecaia 
the  Points  G  and  H  j  and  the  Force  by  which  the 
Weight  E  endeavours  to  descend  in  a  perpendicular 
Line°  that  is,  the  whole  Gravity  of  E,  wfll  be  to  the 
Force  by  which  the  fame  Weight  endeavours  to  defcenJ 
in  the  oblique  Line  BE,  as  G£  to  BE  ;  and  the  Force 
by  which  it  endeavours  to  defcend  in  the  oblique  Line 
BE,  will  be  to  the  Force  by  wtuch  k endeavours  to  de- 
fcend in  the  Line  AE,  that  is,  to  the  Force  by  which 
thel^hicad  AE  isdiftelidcd  or  ftrctched,  as  BE  to  A £. 
And  confequently  the  Gravity  of  E  will  be  to  the  Ten- 
fion  of  the  Thread  A  E,  as  Q  E  to  AE.  And  by  the 
fame  reafon  the  Gravity  of  D  will  be  to  the  Tcnfion  of 
the  Thread  AD,  as  H  D  to  AD.  Let  therefore  the 
Length  of  the  whole  Thread  D  A  -f-  AE  be  r,  and  let 
its  Part  A  E  be  =  *■,  and  its  other  Part  A  D  wiU  be 
—  r  —  X,  And  bccaufe  AEf  —  ABf  issBEf^ 
and  A  D  ^  —  A  C  ^  =  C  I)  ^i  let  moreover,  A  JB 
be  ==  a.  and  A  C  =:  K  and  BE  will  be  ss 
*J  XX  —  tffl,  and  CD=  ^  xx  — 2fJir*t-fc  —  b  b. 
Farther,  fince  the  Triangles  BEG,  CDH,  are  given 
in  Specie,  let  BE  :  EG  : :  / :  E,  and  CD  :  DH  : :/:  ^, 

and  EG  will  be  =  ^  ^xx  —  aoy   and  DH  =  L, 

^  xx-^^c^  +  cc'^hb.    Wherefore  fince  G£  :  AE 

>;  Weight 


(}EOKfE'fRJCAt  QHfiSTldNS;    '^ojf 

i :  Weight  E  :  Tenfion  of  A  £  ;  and  It  D  :  A  D  : : 
i|¥eigbt  D  :  Tcfrifion  of  AD  ^  and  thofe  Tenfions  2ie 

Ex 
equal,  joU  will  hare  IT"— ===r :::::  Tenfion  of  AE 

,       Dc—Dx 

s:  the  Tenfion  AD  tz  g    ,  ,  ■, ;  ffom 

^wxx^^tx^cc  -^bb 

Che  iiedudion  of  which  EqiTatibn  there  comes  out  gxx 
^icii'^Xtx^cc-^bb  =:  Dr«— Dif  »J  xx  —  aa^ 

+  DDzifl 
2pDrd<^;r  -f-  HHtcai  =  d. 

but  if  yoii  (lefire  a  Cafe  wherein  thisProhlem  may  kc 
oonfiruded  by  a  Itule  and  Compafs^  make  the  Weight  D 

to  the  Weight  E  z%  the  Ratio  |^  to  fh*  Ratio  ^^ 

iind  g  will  become  =:=  D  (^ }  ;    ahd  fo  in  the  Room 

^f  Ac  precedent  Equation  you  will  have  this^ 

^:,  f  at     "" 

tf?  X4f  —  2  Jtf;r +  tftftfcr  =20,  or  Jf  =s:  -«  .    .  • 

iiii__^jiji^i-n    1  ••■    -'    *i     '         '     '        '  *     ^'     -*- -^ — ■^^.-—^ 

trOb.  XLVIIL  (^)  For  ||  =  ^,  and  ^  =  Z , 

and  4  ••  ^  •••  D  =  E>  whence  -/  =/j    whcnci 

E      ^  ^ 

Dc:^. 


%  Problem 
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PHOBXIW  ^QJX. 
Jf  on  the  String  D  AC BF,  that  JSdes  ahut  tBe^HvpTTrnk 
AwidBy  then  art  hmg  ibretfyp^y  P,  E,  Pf  O 
and?  at  the  Enis  rf  Oi  Sirhg^  mtd  E  at  iis  muUle 
Point  C»  placed  betvfeen  the  Tacks:  From  the  ggvea 
freights  and  Pcjbim  ef  theTaeis^  ieind  tbt  Sittui^  ef  * 
the  PeintCj  where  tie  middle  W^gbt  hangs^  and  whert 
they  are  im  JEfmShrie^    [Sec  Fig.  6^  J 

$mcc  tBe  Tenfion  of  the  Ttoad  AQ  j«  ffual  f  Af 
Tenfion  of  the  Thread  AD»  and  the  Tenfion  of  the 
Thread  fi  C  to  the  Tenfio»  of  tbe  Thread  B  F,  die 
T^iifi^ns  of  the  Strings  or  Threads  A  C,  B  Q,  £  C»  iriD 
be  as  the  Weiriits  D,  E,  K  Then  take  the  PvtB  of 
the  Thread  CG>  CH,  CI,  i^  the  fiyme  Ratip  at  *tf 
Weights.  Coflnpleat  the  Triangle  GHL  Produce  iC 
tUl  itmeetGH  in  K,  and  GlCwUl  be  =  KH»ani 
CK  =  I CI9  and  confc^uently  C  the  Center  of  Gra* 
vity  of  the  Triangle  G Hi.  For,  dhiw  PCttfaroa^  C; 
perpendicidav  to  C  Ef  and  pefpeodicidir  to  theti  Sam 
the  Points  G  and  H,  draw  GP,  HQ^  And  if  the  Force 
kf  which  theThread  AC  hjfihe  Foree  of  the  W^C  D 
draws  the  Point  C  lomiv^  A»  ^  espcffiM  ^thfUof 
GC»  the  Force  by  which  that  Thread  will  draw  the 
ian^e  Point  towards  P,  wiA  be  exprefied  by  the  Line  CP; 
and  the  Force  by  which  it  draws  it  towards  K,  will  be 
cxpfciled  bythexiiae  OP«  And  in  wBe  wtuutntf  SM 
Forces  by  which  the  Thread  BC,  by  means  of  the 
Weight  F^  draws  the  fiUM  Point  C  towards  3,  Q^  and 
K»  will  be  expreied  by  t^e  LinerC  H»  CQ^  and  H  Q^ 
and  the  Force  tw  which  the  Thread  CE,  by  in^ns  of 
She  Weigbt  £»  draws  that  P<Hnt  C  «mards  £,  will  bo 
oxjprefled  by  the  Line  C  I.  Now  fince  die  Poin^C  it 
futtained  in  ^quilibrio  by  equal  Forces»  tboSiim  of  the 
Forces  by  which  the  Threads  A  C  and  BC  4^  eoseshar 
draw  C  towards  K,  will  be  equal  to  the  contrary  For^ 
by  which  tfa^  Thread  E  C  draws  that  Point  towards  E  f 
that  is,  theSurnGP+HQ^willbeequal  toCI;  and 
tbiFoi«ebywhicbtheTlq|AdAC  draws  the  Point  C 
3  towaad» 
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t6vnri$  P,  will  t>e  eqaal  to  the  contrary  Force  b^ 
which  the  Thread  BC  draws  the  iame  Point  C  towards 
O ;  that  is,  the  Line  PC  is  equal  to  the  Line  C  Q. 
Wherefore,  fincc  PG,  CK,  %tid  QJl   are  parallel, 

GK  will  be  alfo  =  KH,  and  CE  (=  ^L±ii2^ 

=  ^  C  L  Which  was  to  be  ibewn.  It  remafais  there- 
fore to  determine  the  Triangle  OC  H;  whofe  Sides  GC 
and  HC  are  given,  together  with  the  Line  CK,  which 
is  drawn  from  the  Vertex  C  to  the  Middle  of  the  Bafe* 
Let  fall  therefore  from  the  Vertex  C  to  the  Bafe  C  H 

the  Peipcndicular  C  L,  and  2£L;z£3J  wiU  be  = 

2  Cj  ri 

Kh-^^^^-^^^jf^^i.    For  2GK  write 

G  H,  and  bavir^  rejeded  the  conMnon  Divifor  G  H, 
and  ordered  the  Terms,  you  will  have  GCf  —  iKCf 
-f  CH}  =  2GK9,  orViGCj  — Kci  +  4CHf 
=:  GK.  Having  found  G  K,  or  KH,  there  are  givea 
leather  tbeAa^es  GCK,  KCH,  orDAC,  FfiC. 
Wherrfore,  from  the  Points  A  and  B  in  thefe  given 
Angles  DAC,  FBC,  draw  the  Lines  AC,  BC,  me#t« 
iag  ia  tht  Point  C ;  and  C  will  be  the  Point  fought. 

But  it  is  not  afway»  neceilar  v  to  folve  Qj^eftions  that 

are  of  the  fiune  Kind,  particularly  by  Algebra,  but  from 

the  Solution  of  one  of  them  you  may  moft  commonly 

*  infer  the  Solodon  of  the  other.    As  if  now  there  0iould 

be  propofed  that  Qjieftion. 

^  Thread  ACDB  being  divided  into  the  given  Farts 
AC,  CD,  DB,  emd its  Ends  being  faftened  td  tb$  tw 
Taeis  ^iven  in  Po/hion,  A  and  B  ;  and  if  at  the  Points 
ofDivifiony  C  and  D,  there  are  hanged  tie  tv/o  fFeigbis 
E  and  F  i  Jrom  the  Men  ft^eight  F,  and  the  Situation 
ef  the  Points  C  and  D,  U  know  the  fTeigbt  £«  [See 
Figure  66.] 

From  th«  Solmion  of  the  former  ProUem  the  Sola* 

tioQ  of  this  may  be  eallly  enough  found.    Produce  the 

X  2  Lines 


308         RESOLUTIONOF 

Lines  AC,  BD,  till  thevmcet  the  Lines  DF,  CE,  m 
G  and  H  ;  and  the  Weight  £  \vill  be  to  the  Weight  F 
asDGtoCH. 

And  hence,  by  the  bye,  may  appear  a  Method  of 
making  a  Balance  of  only  Threads,  by  which  the 
Weight  of  any  Body  E  may  be  known,  from  only  one 
given  Weight  F. 

P&OBI.£>f     L. 

A  Stone- falling  down  into  a  JVell^  from  the  Sound  of  the 
Stone  Jlriking  the  Bottom^  to  determine  the  Depth  of  the 
Well. 

Let  the  Depth  of  the  Well  be  i,  and  if  the  Stone  At^ 
fcends  with  an  uniformly  accelerated  Motion  through 
any  given  Space  a  in  any  given  Time  i,  and  the  Sound 
pafles  with  an  uniform  Motion  through  the  fame  gives 
Space  a  in  the  given  Time  i,  the  Stone  will  dcfbend 

through  the  Space  x  in  the  Time  b  tf  ^\  but  the  Sound 

which  is  caufed  by  the  Stone  firikrng  upon  the  Bottom^ 

of  the  Well,  wiU  afcend  through  the  fame  Space  ;r,  ia 

dx 
the  Time  r— •     For  the  Spaces  defcribed  bydefcending 

heavy  Bodies,  are  as  the  Squares  of  the  Times  of  De- 
fcent;  or  the  Roots  of  the  Spaces,  that' is,  ^a*  and  ^tt 
are  as  the  Times  themfelves.  And  the  Spaces  x  and  a^ 
through  which  the  Sound  paffes,  are  as  the  Times  oi 

Pailage.    And  the  Sum  of  thefe  Times  *  4/-,  and  ^, 

^  et 

ii  the  Time  of  the  Stone's  falling  to  the  Return  of  the 

Sound.  This  Time  may  be  known  by  Obfervation. 
Let  U  be  1,  and  you  will  have  3  v*-  +  —  =  ^    And  * 

v'  1  =  /  —  If .    And  the  Parts  beiiig  fquartd  ^l^L  = 
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tt  _  nil  +  l£lf .    And  by  Rcduftioii  x  x  s^ 


a  4  a 


s — ^p^- X  —  -5--. .    And  navtns;  extracted  the 

da  da 

Root*=: J.^.2_^   ---xVirn^V 


P  R  O  B  L  S  M      LI. 

Having  given  the  Globe  A,  ^wrf  the  Pofitton  of  the  JVatl 
D  E,  and^'Q  the  Dijtance  of  the  Venter  of  the  Globe  B 
from  the  fVall  \  to  find  the  Bulk  of  the  Globe  B,  on  this 
Condition^  that  if  the  Ghbe  A  {whofe  Center  is  in  the 
Line  BD,  which  is  perpendicular  to  the  ff^all^  and  pro- 
duced out  beyond  B),  ^r  moved  in  free  abfolute  Space^  and 
where  Gravity  cannot  aif^  with  an  uniform  Motion  towards 
D,  until  itflrikes  againji  the  other' quiefcent  Globe  B  ;  andi 
that  Globe  B,  ^er  it  is  re  flexed  from  the  JFall^  Jhall  meet 
the  Giohf  A  in  the  given  Point  C.     [Sec  Fig.  81.] 

Let  the  Velocity  of  the  Globe  A  before  Refleflion 
be  tf)  and  by  Problem  XII.  p.  192.  the  Velocity  of  the 

Globe  A  will  be  after  Rcaeaion  =  'L^IZS^,  and' 

•  A  -|-  B 

die  Velocity  of  the  Globe  B  after  Refleftion  will  be  ^ 

iiLfL.    Therefore  the  Velocity  pf  the  Globe  A  to 
A  -|»  B 

the  Velocity  of  the  Globe  B,  is  as  A  — -  B  to  2  A.     Oa 
G  D  take  ^  D  ==  G  H,  viz.  to  the  Diameter  of  the 
Globe. B,  and  thofe  Vplocities  ^vill  be  as  GC  to  Gj  + 
^C.     For  when  the  Globe  A  ftru'ck  upon  the  GJobc  B, 
the  Point  G,  which  being  on  the  Surface  of  the  Globe* 
B,  is  moved  in  the  Line  AD,   will  go  through  the 
Space  Q|:  before  thatQlobcB  (hall  flrike  againft  the 
WaM,  and  through  the  Space  g  C  aftef  it  is  rcflcflcd  * 
from  the  Wall ;    that  is,  dirough  the  whole  Space  G  ^\ 
+  £  C,  in  the  fame  Time  wheirin  the  Point  F  of  the' 

X3  Globe 
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Globe  A  ihall  pafs  through  the  Space  G  C,  fo  that  bods 
Globes  may  again  meet  and  ftrifce  one  another  in  thm 
given  Point  C\  Wherefore,  fincc  the  Intervals  B  C  and 
C p  are  given,  make  BC  :^  m,  B D  -{-  ^ ^  =^  '*>  ">^ 
B  G  =  ;r,  and^C  will  be  ==  /r  4-  ;^,  and  G  j'  +  j^ C 
=  GD-f-DC  —2gD  =GB  +  BD-f-DC  — 
2GH  :=  Af-t-»  — 4;ir,  or  :sz  n^^tx.  Above  you 
had  A  —  B  to  2  A,  as  the  Velocity  of  the  Globe  A  to 
the  Velocity  of  the  Globe  B,  and  the  Velocity  of  the 
Globe  A  to  the  Velocity  of  the  Globe  B,  as  G  C  to 
G^  +  ^C,  and  confequently  A  —  B  to  2  A,  as  G  C 
to  G;  +1^ '  therefore  fince  GC  js  s=  f»i  -I*  ^>  ^^^. 
G^  +  ^C  =  »  — ^jr.  A  — B  will  be  to  2  A  as 
m  '■\'  X  to  »  -r  3  J^*  Moreover,  the  Globe  A  is  to  the 
Globe  B»  as  the  Cube  of  its  Radius  A  F  to  the  Cube  of 
the  others  Radius  GB ;  that  is,  if  you  make  the  Radius 
AF  to  be  X,  as  xt  to  *';  therefore  jJ^^x'  :  ax' 

(::A-— B:2A)::ffr4*^*''  —  3**  And  niul- 
tiplving  the  Means  and  Extreams  by  one  another,  you 
•will  have  this  Equation,  x'if-^3x^4f  —  »*?-|-3jr* 
zz  2ms^  '{^  2  s^x.    And  by  Redudion,  3 jf ♦  —  « at f 

—  5x'Ar^^._=:o.   From  the  ConftruSion  of  which 
-^  —  2i'«l 

Equation  there  will  be  given  at,  the  Semi-diameter  0^ 
the  Globe  B ;  which  being  given,  that  Globe  is  al(o 
given.    Q-  E.  F.        ' 

But  note,  when  the  Pdint  C  lies  on  contrary  Sides  of  the 
Globe  B,  the  Sign  of  the  Quantity  2  m  muft  be  changed, 

s^nd  written  3jr*.— njrJ  f- 5xJ;r  J*  *   "      =0. 

If  the  Globe  B  were  given,  and  the  Globe  A  fought 
on  this  Condition,  that  the  two  Globes,  after  Refledioo, 
ihould  meet  in  C,  theQue^ion  would  be  eafier;  viz.  in 
the  laft  Equation  found,  x  would  be  fuppofed  to  be  given, 
and  X  to  be  fouzht»  Whereby,  by  a  due  Redudion  of 
that  Equation,  the  Terms  —  5  x'  jr  4*  ^'  »  *-*  2  ^  ^  being 
tranflated  to  ti»  contrary  Side  of  ^e  Equatioti,  and  each 
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9irt  dbaded  l>y  5«  *«^  4:  ^^9  ^^^^^  wouM  come  out 
■■«■*  ..^  ^i^  I  a  <^  Wliere  ^  will  be  obtained  by  tbe 
btre  Extradfon  of  the  Cube  Root. 

But  HinA  CSobes  being  given»  vois  were  to  find  the 
FMt  C,  m  WbKb  both  wo«ld  hlV  upon  one  anothor 
liter  Rdhdio»:  Since  abeve  it  was  A  -r.-  B  to  2  A  as 
<}C  P9(  Qf^gCt  therefore  by,  Invcrfion  and  Com* 
P^^<^^.3  A  —  B  will  he  to  A  «^  JP  as  z  O^  to  the 
ifoHghtOilKaoceGC. 

P&OBliBM     LII. 

;FjrfiotOMM,  AJMMfB^  m^$jidn$i  together  by  nfmf£Tbr4ad 
P<^,  M/fhiGbb^TlJmginiontbiGloieAi  if  fm  let 
fall  the  Glohe  A,  ^  'V  ^^  ^^^^  ,>!»<9'  ^^  ^^A'^  ^«« 
^^itfr  /|i^  tbeJiU  Force  ofdrceuitf  in  the  fame  perpefi" 
liiadar  JJne  PQ^;  and  then  the  lower  Globe  B,  afier  it  is 
re/le^i  upwards  from  tie  B$ttom  or  horizontal  Plane  PG» 
it  JhaU  meet  the  ufferGleU  A%  as  faHi^gy  in  a  certain  * 
P^nt  D :  F^om  ^  given  length  of  the  Thread  PQj,  and  , 
thi  Di/hnce  DF  of  Mit  Poini  H  from  the  Bottom^  to  find 
the  Height  PF,  from  which  the  upper  Globe  A  QVght  to  be  ' 
tdfaa  to  cavfe  tim  Effe».    [See  Fig*  83.  ] 

Let  a  be  Ae  Length  of  ^he  Thread  PQ^    IntbePer- 
pmdtcular  P<^RF  from  F  upwards  take  ,F  E  equal  to 
QJR.  the  Diameter  of  the  lower  Globe,  fo'tHat  when  the  ' 
loweft  Point  R  of  that  Globe  faUs  upo9  Ule  Bottosa  in 
F,  its  upper  Point  Q^  ftall  poflefs  the  Place  £  \  and  let 
£D  be  the  Diftance  through  which  that  Gbbe,  after  it 
is  reflefted  from  the  Bottom»  (hall,  by  afceoding,  pa&, 
iitfore  it  meets  the  upper  falling  Globe  in  the  Point  D. 
Therefore,  by  reafon'  of  the  given  Diftance  DF  of  the 
Pomt  D  from  the  Bottom,  and  the  Diameter  £F.of  tbtt> 
isfmor  Globe,  there  will  be  given  their  Difference  D  £• , 
Lettfiatbe  si^  and  let  the  Height  RF,  or  C^E,  which 
^ka^  lower  Globe  dcfcribes  by  filing  through  it  before 
"'  '  X  4  it 
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it  tojufhcs  the  Botjtofflu  be  =  x^  by  rcafon  it  \%  un, 
known.  And  having  foHnd  *,  if  to  it  you  add  EF  an(| 
PQ.»  there  will  be  h*d  the  Height  PF,  from  which  the 
upper  Globe  ought  to  fall  to  have  the  defired  H&Bu 

Since  therefore  PQ^  is  =  ^,  and  QJE  =  *,  P£  will 
*>«=«  +  *•  Take  away  DE  or'^,  and  there  will  re- 
main PD  =  tf  +  *  —  ^.  But  the  Time  of  the  Drfccsnt 
of  th.e  Globe  A  i&  as  the  Root  of  the  Space  defcribed  ia 
falKng,  or  V  tf  +  *^  —  *,  and  the  Time  of  the  Defcent 
of  the  other  Globe  B  as  the  Root  of  the  Space  defcribed 
by  its  falling,  or  ^;r,  and  the  Time  of  its  Afcent  as  the 
Difference  of  that  Root,  and  of  the  Root  of  the  Space 
which  it  would  defc^ib.e  by  falling  onlyfroqi  Q^toD. 
For  this  Difference  is  as  the  TinS  of  Defcent  from  D 
td  E,  wh^ch  is  equal  to  the  Time  of  Afcent  froi;B  E  to 
D.  But  that  Difference  is  ^/ ^  ~  i/*~^.  Whence 
the  Time  of  defcent  and  Afcent  together  will  be  as 
2v^Arr-^lf~r^  \yberefore/  fince  this  Time  is 
cijual  to  the  Time  of  Defcent  ^f  the  upper  Globe,  it 
will  be  ^T+T^^7  =  2  v^  ;r  r-f  V  *  —  *.  the  Paits 
of  which  Equation  being  fquarcd,  you  will  have  «  +  jr 

~  L25*"  —  *  -rr  4  V'**  —  ^V,  or  itf  =  4  y  — 
4  Vprjr  —  ^^;  and  the  Equation  Mng  ordered,  ^x^^i^ 
=  4  ^  xx-^  b.^Fi  and  fquaring  tJie  Parts  of  that  Equa- 
tion again,  there  arifes  ibxx-^Sax-^aa^  16  xx 
-7-16  /ixy    or  a  a  z=^  Sax  —  16  hxi  «hd  dividing  all 

by  8  tf  —  16  *,  you  will  have  ,  .  .    .  ,  .  =  x.    Make 

therefore  as  ^a  -r- 16  ^  tQ  Oy  fo  a  to  x^  and  you  will 
h'^rtxorQJ..    Q.  E.  J. 

.  But  if  from  Jtbe  given  QjE  ypu  arc  to  find  the  Length. 
of  the  Thread  P Qor  a  j  the  fame  Equation  aa:ziSax 
—  16  **-,    by  extrafting  the  afFefted  quadratic  Root, 
jj^ould  give  azzz^x-^^ibxx-^Tbixi  that  is,  if 

you 
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ff^  pike^  Oy  a  mean  Proportional  between  QD  and 
Q£,  P  Q^  will  te  IT  4  E  Y.    For  that  mean  Propor^ 

tipnal  will  b?  V  ^  X  ,.?f  —  *»  or  ^  xx^bx^  which 
fubtra6led  fro^i  *,  or  QJE,  leaves  EY,  the  Quadruple 
wiiereof  is  4  jr  r-r  ^  v^ar/r  —  ^  *•.. 


I  But  if  from  the^given ^^ndtles  QE»  or  m,  as  alfo 


iCh^ant! 

the  Length  of  the  Thread-  PQ^,  or  <?,  there  were  fought 
the  Point  D  in  yvhich  the  upper  Globe  falls  upon  the 
under  one ;  the  Diftance  D  £^  or  A,  of  that  Point  from 
tl^e  given  Poipt  £»  will  be  had  from  t^e  precedent. 
Equation  aa:^%qxyTr  ibbx  by  p'ansferripg  ^a  and 
iSbx  to  the  contrary  Sides  of  th^  £<}uation  with  the 
Signs    changed,    and   by  dividing  the  whole  by  16  jr. 

For  thpre  wjll  arife     ■'^'^■7'^''  =  *.    Make  therefore 

IK)  X 

as  16  jr  to  8  jr  —  tf,  fo  j0  tQ  b^  and  you  will  have  h 
or  DE. 

Hitherto  f  have  fuppofed  the  Globes  ti^d  together  by 

a  (mail  Thread  to  be  jet  fall  together.    Whkh  if  thev 

are  let  fall  at  diiFerent  Times  connected  by  no  Threac, 

fo  that  the  upper  Globe  A,  for  Example,  being  let  fall 

firft,  fhall  defcend, through  the  Space  PT  before  the 

other  Globe  begins  to  fall ;  and  from  the  given  Diftancea 

PT,  fQ^,  inf  DE,  you  arc  to  find  the  Height  PP, 

froo^hich  the  upper  Globe  ought  to  be  1^  fall,  fo  that 

I  it  ihall  fall  upon  the  inferior  or  lower  one  at  the  Point 

D  J   make  PQ^=  Oy  DE  =:  A,  PT  =  r,  and  QE  =:  x^ 

and  PDwill  be  r=:  a  +  ^r  —  ^^  as  above.    And  the 

I  '         Times  wherein  the  dipper  Globe,    by  falling,  will  de- 

I  fcribe  the  Spaces  P  T  and  T  D,  and  tne  lower  Globe  )iy 

:  faitiiig  before,  and  then  by  re-a(cendiag,  wjll  defcribe 

I  the  Sum  of  the  Spaces  QE  +  ED,  win  be  as  v^tTV 

V^PD  — v^PT,  and  2;/QE  — ^^C^Dj  that  is,  as' 

!  v^f,  Vfl  +  X  —  b  —  t/cy  and  2  ^ x  —  V*  —  ^* 

But  the  tWo  laft  Times,  becaufe  the  Spaces  TD  and 

,^E  -|-  E  D  are  dcfcrib^d  together,  are  equal.     Thcrcr* 

fore 
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fore  */a  +  *  —  i'-j/esat  s/ x  —  </*  —  *.  KtA 
the  Parts^  being  fquared  4  4.  r  — '  2  ^^^a-^'cx -^  c^ 
=Si  4Ar  —  4,^xx-^Txl  Make  d  +  *  :s  i,  afid  «  —  * 
=:/,  and  by  a  due  Reduatenk  WiU  be  ^.x—^J^ 
^  V  c/+  ex  =  4  y/x^^  bJc^  jtodtlieP^ybeirtt 
fquared  ^^  —  8#«  +  x6 jr*  +  4^/+  4<?^  +  >6ir^—  ^e 
K  '/TflpTi  ;ss  16**  —  i$%x,  hii  UotCiiig  out  oa 
both  Sidea  164?^,  «nd  writing  m  for  ^^  -f  4^/»  «nd  4lib  . 
writing  n  for  a^>^  l63-*'»4c,  you  irtH  have  bjrdaff 
Reduaion  16**— 4^  X^/  cfj{»  cx^smx-^mi  Aiid 
the  Parts  being  fquared  you  will  have  2^6  cfxx  4. ' 
256  ci^^  —  ia8  €ffx'^i28  eexxi'i6e0ef+  i6ceex 
5=  «»;r AT  -  2 »i«;if  +  WOT.  And  having  ordered  the  Equa^ 

tion256r;r'— I28rr  *;r  + i6f^r   ;^  "*"         •'^sro. 

— ««  +2mH         — «« 

By  the  Conftru^on  of  which  Equation  x  or  QB  will 
be  given,  to  which  if  you  add  the  given  Diftances  PQ^ 
and  EF,  you  will  have  the  Height  PF,  which  wa»  ft^ 
^  found« 

pRontnii    LIIL 

ff'  two  qmifant  Globes,  tho  upper  one  A  and  the  wukr  ma 
B,  egre  let  fall  at  different  Times  ;  and  the  lower  Glohi 
begins  to  fall  in  the  Jknu  Moment  thai  the  upper  ane^  h 
falBng^  has  defaribed  the  Space  P  T  j  ^^  JM  the  Places 
Oi  iS»  which  thofe  falling  Globes  Jhall  occupy  when  their  bh^ 
ierval  or  Difiance  «r  x  w  ^'«fl»*   [See  Fig.  84.J 

Since  the  Diftances  PT,  PCb  and  9r;K  •remmu 
call  the  firft  a,  the  fecond  »,  the  third  c^  and  for  P  irv 
or  the  Space  that  the  fuperior  Globe  dcferibcs  bs  falling 
before  it  comes  to  Ae  Place  foueht  ir,  jpat  x.  Now  the 
Times  wherein  the  upper  Globe  defcribes  the  Spacer 
PT,  Pt,  Tr,  and  the  lower  one  the  iSpace  Qx,  are 

^V'PT,  •Px,  •P#-4/PT,  andv^Q^X.    The 

latter 
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latUr  tWQ  of  which  Times,  bccaufe  the  Globea  by  falU 
ing  together  defcribe  the  Spaces  Tsr  and  Q^xj  ^^®  equah 
Whence  alfo  v^Psr  — •  v^PT  will  be  equal  to  v^Q;^. 
Pcivas  =s  x^  and  PTrs  tf»  and  by  adding  «%,  orr, 
to  Par,  and  fubtrading  PQ^  or  ^,  from  the  Sum,  ]roa 
will  have  Qx  =  *  +  ^  —  *•  Wherefore  fubftitutipg 
thefe)  you  will  have  ^  jp  —  ^a  =  V  «r  -f  c  —  *.  And 
fquariDg  both  Sides  of  the  Equation,  there  will  arife 
jr-{.0-— a^4;r=jr-|-f-^^.  And  blotting  out  on 
both  Sides  x^  and  ordering  the  Equation,  ypu  will  have 
a-i-'h^^czzit^ax»  And  having  fquared  the  Parts» 
the  Square  of  «  -f-  A  — -  r  will  be  r=:  ^  ax,  and-  that 
Square  divided  by  4  a  will  be  =:  x^  or  4  a  will  be  to 
a^i'i^^ciiin+i^^c  is  to  ;ir.  But  from  x  found, 
OT  Pfl-,  there  is  given  the  Place  fought,  viz.  a  of  the 
fuperibr  Globe.  And  by  the  Difiance  of  the  Places, 
there  is  alfo  given  the  Place  of  the  lower  one  0. 

And  hence,  if  you  were  to  find  the  Point  where  the 
.upper  Globe,  by  falling,  will  at  length  hll  upon  th«* 
lower  one  ^  by  putting  the  Difiance  ir  x  s=  o,  or  by  ex- 
tirpating r,  fay  4«  is  to  0  -|-  ^  as  9  4*  ^  ^  ^^  ^>  Of  P^s 
and  the  Point  «-  will  be  that  fought. 

And  reciprocally,  if  that  Point  t,  or  x>  »»  which 
the  upper  Globe  falls  upon  the  under  one,  be  given 
and  you  arc  to  find  the  Place  T  which  the  lower  Point 
P  of  the  upper  falling  Grlobe  poiTefled,  or  was  then  in 
when  the  lower  Globe  began  to  fall ;  becaufe  44  is  to 
a  +  i  as  0  +  i  is  to  Jir ;  or  multiplying  the  Means  and 
Extremes  together,  ^ax  :zaa -{-  201-^  ity  and  by  due 
ordering  of  the  Equation  aaz=i^ax'-^2ab'^bb\  ex« 
traft  the  Square  Root  and  you  will  have  azs.%X'^b  -^ 
a  ^ XX  —  bx.  Take  therefore  V  «r,  a  mean  Propor- 
tionsd  between  Psr  and  Q^^r,  and  towards  V  take 
V  T  =  y  Q^  and  Twill  be  the  Point  you  feek.  For 
Vx  wi»  be  =Vi^gr  xQjr,  that  is  =  v^jt  X  *  —  *, 
or  s:  ^ xx-^  bx  s  the  double  whereof  fubtraAed|from 
ajr~*,  orficlmaP»— PQ^  that  is,  from  PQ.+ 
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^  a^,  leaves  PQ^— 2 VQ.,  orPV  — VQ^,    that' 
is^PT. 

ir,  laftly,  the  lower  of  the  Globes,  after  the  upper 
}ias  fallen  upon  the  lower,  and  the  lower,  bjr  their  Shock 
«pon  one  another,  js  accelerated,  and  the  fuperior  one 
retarded,  the  Places  are  required  where,  in  falling,  thef 
fliall  acquire  a  Diftance  equal  to  a  given  right  Line.  la 
the  fird  Place  you  muft  feek  the  Place  where  the  upper 
one  falls  upon  the  lower  one  $  then  from  the  known 
Magnitudes  of  the  Globes,  as  alfo  from  their  Celerities 
where  they  fall  on  each  other,  you  muft  find  the  Cele-> 
rities  they  (hall  have  immediately  after  Refledion,  after 
the  fame  Way  as  in  Prob.  XII.  p.  192.  Afterwards  you., 
muft  find  the  higheft  Places  to  which  the  Globes  vi^th 
tbefe  Celerities,  if  they  were  carried  upwards,  would 
afcend,  and  thence  the  Spaces  will  be  ||:nown,  which  the 
Globes  will  defcribe  by  falling  in  any  given  Times  after 
Releftion,  as  alfo  thie  Difference  of  the  Spaces  \  and 
reciprocally  from  that  Difference  aflumed,  you  may  go 
back  analytically  to  the  Spaces  deiicribed  in  falling. 

As  if  the  upper  Globe  falls  upon  the  lower  one  at  th^ 
Point  ar,  [See  Fig,  85.]  and  after  RefleSion,  the  Cele- 
rity of  the  upper  one  downwards  be  fo  great,  as  if  it 
were  upwards,  it  would  caufe  (hat  Globe  to  afcend  through 
the  Space  sr  N  i  apd  the  Celerity  of  the  lower  one  down- 
wards was  fo  great,  as  that,  if  it  were  upwards,  it  would 
caufe  the  lower  one  to  afcend  through  the  Space  7  M  ^ 
then  the  Times  wherein  the  upper  Globe  would  reci- 
procally defcend  through  the  Spaces  N  fr,  N  G,  and  the 
inferior  one  through  the  Spaces  Mt,  MH,  would  be  as' 
v/N^,  v'NG,  v^Mt,  v^MHj  and  confequently  the 
Tinacs  wherein  tjie  upper  Globe  wo.uld  run  the  Space  srG, 
aj>d  the  lower  one  «r  H,  would  be  as  4/  N  G  —  v^  N  sr,' 
to^MH  —  ^M^r.  Make  thofe  Times  equal,  and 
^NG  — /Njrwill  be  s=  v^MH  —  v^Mw.  And,, 
moreover,  Snce  there  is  given  the  Difiancc  G  H,  put 
crG  +  GHrsfl-H.  And  by  the  Redudion  of  thcfa 
tw^)  Ecjuations,  the  Problctn  will  *e  folded»  As  if  M  w 
is  =  c,  N  »  ==  *,  G  H  =  r,  v  G  =  4P,  you  will  have, 

according 
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according  to  the  latter  Equation,  x  -{^  c  zsiwH.  ^  Add 
M  w,  you  will  have  M  H  =  <r  -f  c  +  ;r,.  To  «  G 
add  N»,  and  you  will  have  UG=^i^+x.  Which 
being  found,  according  to  the  former  Equation,  V^4-  jv 
—  ^t  will  be  =Vtf-i-f  +  jr  —  V^i».  Write  e  for . 
tf  +  tf,  and  i//for  j/o  +  ^i^  and  the  Equation  wHl 
become  ^b  +  x  z=i  V^  +  »  —  i//-  And  the  Parts 
being  fquared  i  +  x  z=:  e  +  x  +/-^  2  ^/^f+fx^  or 
#  +/— *  =  2  i/e/  +  fx.  For  ^  +/—  *  write  ^, 
and  jou  will  have  ^  :s  2V^/+/^»  ^nd  the  Parts 
being,  fijuared,   i^^  s  4  ^/+  4/«^»  s^d  hy  ReduAion 

4/ 

Probi.£m    LIV. 

Jfthtre  are  two  Globes^  A,  B,  whireofthe  upper  om  kfalU 

hg  from  the  Height  G,  firikes  upon  another  lower  one  B 

rebounding  from  the  Ground  H  upwards  \  and  ihefo  Globes. 

fo  part  from  one  another  by  Reflections  that  the  Globe  A 

rstwms  by  Force  of  that  Refle£fion  to  its  former  Akitude  G, 

etna  that  in  the  fame  Time  that  the  lower  Globe  B  returns 

to  the  Ground  H  j  then  the  Globe  A  falls  again^  andjhrikes 

again  tfon  the  Globe  B,  rebounding  again  bad  from  the 

Ground  i  and  after  this  Rate  the  Globes  always  rebound 

from  one  another  and  return  to  the  fame  Place :  From  the 

given  Adagnitude  of  the  Globes^  the  Pofition  of  the  Ground^ 

and  the  Place  Gfrom  whence  the  upper  Globe  falls^  to  find 

the  Place  where  the  Globes  JhaU  Jirike  upon  each  other • 

I  [See  Fig.  86.] 

Let  e  be  the  Center  of  the  Globe  A,  and /the  Center 

of  the  Globe  B,  d  the  Center  of  the  Place  G  wherein 

I  the  upper  Globe  is  in  its  greateft  Height,  g  the  Center 

of  the  Place  of  the  lower  Globe  where  it  falls  on  the 

Ground;   a  the  Semi-diameter  of  the  Globe  A,    b  the 

I  Senu*diameter  of  the  Globe  B,  c  the  Point  of  Contadb 

I  of  the  Globes  falling  upon  one  another,  ^d  H  the  Point 

ofCbnta<^  «f  the  lower  Globe  and  the  Ground.    And 

the 

2 
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the  Celerity  of  the  Globe  A,  where  it  falls  on  ibm 
Globe  6,  will  be  j^e  fame  which  is  generated  by  the 
Fall  of  the  Globe  mm  the  Height  de^  and  confequently 
is  as  ^  de.  With  this  fame  Celerity  the  Globe  A  ought 
to  be  refleAed  upwards,  that  it  may  return  to  its  former 
PUoe  &  And  the  Globe  B  ought  to  be  refleaed  with 
the  f^me  Ctierity  downwards  wherewith  it  afcended^  that 
it  may  return  in  the  fame  Time,  to  the  Ground  it  took 
up  in  mounting  from  it.  And  that  both  thefe  may  come 
to  pai%  the  Motion  of  the  Globes  in  refi^ng  ought  to 
be  eqinl.  But  the  Motions  are  compounded  of  the  Ce- 
lerities and  Maniitudes  together»  and  confeauently  the 
"Prodttfi  of  the  £ulk  and  Celerity  of  one  Globe  will  b& 
equal  to  the  Produ£l  of  the  Bulk  and  Celerity  of  the 
other*  Whence,  if  the  Produd  of  the  Bulk  and  Celerity 
of  one  Globe  be  divided  by  the  Bulk  of  the  other  Globe^ 
you  will  have  the  Celerity  of  the  other  juft  before  and 
after  Reflexion»  or  at  the  End  of  the  Afcenty  and  atthe 
Beginning  of  the  Defcent.    Therefore  this  Celerity  wilf 

be  at  ■■  .^    ^  or  fince  the  Globes  are  as  the  Cubes  of 

Ae  Radu  as  f^/.J.    But  as  die  Square  of  this  Ce« 

lerity  to  the  SqMre  of  the  Celerity  of  the  Globe  A  jdk 
before  Refcaion,  fo  is  the  Height  to  which  the  Globe 
B  would  afcend  with  this  Celerity,  if  it  was  not  hindered 
by  meeting  the  Globe  A  falling  upon  it,  to  the  Height 
^  d  from  which  the  Globe  B  defcends.    That  is,  as 

^  de  to  dij  or  as  A;  to  B  ;,  or  a*  to  i\  fo  that  firft 

Height  to  X9  if  3rou  put  x  for  the  latter  Height  cd. 
Therefore  this  Height,  viz.  to  which  B  would  afcend, 

if  it  wa«  not  hindered,  is  ^^  x.    Let  that  be  /K;   To 

/K  add  /^,  or  dH  —  de  —  ^/  — .  »  H  j  that  is, 
^  —  i,  ir  tor  the  given  iH  —  ef — gb  you  write-^, 
and  X  for  the  unknown  de  ^  and  you  will  have  K;  =s 

1  JT  +  ^  —  ;r.   .Whence  the  Cderity  of  the  Globe  B, 

when 
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mhtnk  fklb  ficm  K  to  the  Grpund,  diit  is»  when  it 
lilUs  through  the  Space  K  ^,  which  its  Center  would 

iAA»  in  falUng,  will  he  as  Y-|^  Jif  +/  —  ;r.    But 

Aat  Globe  falb  from  the  Place  B  c/  to  the  Ground  iii 
the  fiunr  Time  that  the  upper  Globe  A  afccnds  from  the 
Place  Ac0  toitsgreateft  Height  J,  or  on  the  other  Hand  ' 
falls  from  4  JO  the  Place  Ace;  and  theiefort  fince  the 
Cdfprims  pf  friUng  Bodies  are  equally  augmented  in 
^ual  Times,  the  Celerity  of  the  Globe  B,  by  falling  to 
the  Ground;  will  be  augmented  as  much  as  is  the  whole 
Cdcri^r  which  the  Globe  A  acquires  by  ftlling  in  the 
§smt  Time  from  d  to  ^,  or  lofes  by  afcendkig  from  e 
t9  rf.  Therefore,  to  the  Celerity  which  the  Globe  B 
has  inth^  ^ace  B  efi  add  the  Celerity  wiiidi  the  Globe 
A  ius  in  Ae Place  Aee^  and   the  Sum,  which  h  at 

V^^  +  ''•-Jt^  *^  ^^  +  Ji  V*»  will  be  the  Ce- 
ierity  of  the  Globe  B  when  it  falls  on  the  Ground.  There- 
ftttc  ^*  +  1  V^  will  be  Qqual  to  V^l  *  +  ^  —  ;fe 

For  il±!!  write  !:,«nd  for  1!:=^^ 

Equation  will  become  ^  s/ x  z:^^/ ^1  h -{^  p^  and  the 

Purtsbeingfquared,  !I*=r  -  ;r  +  *.    Subtraftftom 
^  ss  ss  ^ 

kpth  Sides  —  ;r,  multiply  all  into  *  j,  and  divide  by 

Tfrn.  ri,  Md  theye  will  arift  *  =  -JLiL- .    Which 

rr'^  rt 

tqiaitioii  would  have  come  out  more  funple,  if  I  had 
taken  Z.  ht  ^.  J^  ,.,  for  there  wo^ld  hare  come  out 

ss 
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XI 


'^  :=x.  Whence  making»  ttiatt  p  ^  t  iEall  6e  fcT  f 

as  X  to  jir,  you  will  have  x^  or  ed\  to  which  if  you  adcf 
tcc^  you  will  have  dCy  and  thePoiAtc,  \ti  which *the 
Globe^  (ball  fall  upon  one  another.     Q^.  £•  F* 

I^ROBLEM      LV, 

Three  Stows  beine  ertHedy  orfet  up  an  Endy  in  /am  eer-i 
'  tain  Part  of  the  Earth  perpendicular  to  the  Plane  9f  tie. 
Horix9ny  in  the  Points  A,  B,  and  C^  whereof  thai 
tuhich  is  in  A  is  fix  Feet  lengf .  that  in  B  eiffiteen^  end 
that  in  C  ^ght^  the  Line  A  B  being  thirty  Feet  long  ; 
it  happens  on  a  certain  Day  in  the  Tear  that  the  End  of 
the  Shadow  of  the  Staff  A  paffes^  through  the  Points  B 
and  C,  and  of  the, Staff  B  through  A  and.  Q^  and  ^ 
the  Staffs  C  through  the  Point  A.  Tq  find  the  ^w?s 
Declination,  and  the  Elevation  of  the  Pole,  or  the  Dlg^ 
and  Place  where  this  Jball  happen.     [Sec  Fig.  6i.] 

'  Becaufe  the  Shadow  of  each  Staff  deftribes  a  conic' . 
Section,  or  the  Sedion  of  a  luminotis.  Cone^  whofe 
Vertex  is  the  Top  of  the  Staff}  I  will  feign  B  C  D  E  F 
to  befuch  a  Curiae,  (wtietherit  be  an^  Hyperbola,  Fani« 
hola,  orEllipfe)  as  the  Shadow  of  the  Staff  A  defcrii>es 
that  Day,  by  putting  AD,  A  E,  A  F,  to  have  beeh  its 
Shadows,  when  B  C,  B  A^  C  A,  were  refpedivdy  tbe^ 
Shadows  of  the  Staves  B  and  C.  And  befidet  I  will 
fuppofe  PAQ^to  be  the  meridional  Line^  or  the  Axis  of 
this  Curve,  to  which  the  Perpendicular^  BM,  CH» 
D K,  EN,  and  F L,  b^ing  let  fall,  are  Ordinates. 
And  I  will  denote  thefe  Otditiates  indefinitely  by  the 
Letter  jr,  and  the  intercepted  Parts  of  the  Axis  AM,  AH, 
A  K,  A  N>  and  A  L>  by  the  Letter  x.  I  will  fuppofe^ 
laftly,  the  Equation  aa  -^  bx  -i^  cxx  ^zyy,  to  exprefs 
the  Relation  of  x  and  y,  (i. /•  the  Nature  oftbeCunqejf 
afluming  a  a,  by  and  £,  as  known'  Quantities,  as  they  . 
will  be  found  to  be  from  the  Analyfis.  ^  Where  I  nlad^ 
the  Unknown  Quantities  of  twoDimeniions  only,  Secaufe 
tile  Equation  is  to  exprefs  a  conic  S^Aion  :    And  I 

omitteil 


On|[|tai  Ac  4)di  Dim^n&Qxvs  pf  jr,  bccaufe  it  is  an  Ordi- 
nate tf>  ^e  Axis.  Ano  t  denoted  tlie  Sigiis  of  ^  and  Cf  - 
as  being  indeterminate  by  the  Note  ^  miich  (  ufe  its» 
dMbfitntly  for  -^ov  -— ,  and  iu  oppofee  -p  for  th«  <i4nt 
tnvy.  But  I  made  the  Sign  ot  tb^  S^txiare  ^r  ^  a^trnp^tiyfy 
hcaiiMft  ^^  fio%^vp  Pf^  gf  ^  Curve  nece(\ariiy  gpar»  • 
tains  tbe  StaiF  A,  projefting  its  Shadows  to  the  oppofite 
l^arts  (C  and  F,  D  and  £)  $  and  therefore  if  at  the 
Point  A  yoii  eifeft  ^  Fitgrrujicntag  A0>  ^<  yill  C^me 
wher^  mtet  the  (^unre,  fuppofe  in  fij  that  is,  the  'Qfdi. 
nate  jr,  where  x  is  nothif^g,  will  ftlU  be  -reel»  Froaa- 
thence  it  fbllows  that  i^s  Square,  which  in  that  Cafi:  is 
a  a,  ijfili  beaffirmatiye. 

'  It  is  manifeft  therefore»  that  this  fi£tittoiis  «Equatioll 
n^  ^  ^4; -L^jip^r  :=:/;[,  ^s  it  is  not  filled  with  fuj^r* 
^i^pifs  Terms,  fo  neither  is  it  more  reftrained  than  what 
if  «apjMt  of  fiiiil^lig  ^1 4^  <^<wiitipAs  of  tfiis  Ecob^  * 
fetn,  and  will  denote,  the  Hyperbola,  Ellipfe^  or  Para* 
b#h,  according  itt  th^  Vafaies  oiaay  k^  t^  (halt  \ft  dt» 
Amined,  QrpeiJhap»  found  tf^  )>e  ndtbing.  ^qt  ^d||t 
mav  be  their  Va^iies,  and  with  what  Signs  h  and  c  are 
to  be  aff«ed,  ^nd  tfience  what  Sortof  a  Curve  this  mvf 
J^y'Un^X  be  manifcft  from  the  following  Analyfis. 


The  fdirmir  Fart  of  tht  Jnalyfa. 


Siace  ijhe  JS)»d^s  m  as  tb?  Altitudes  pf  the  8t|vc% 
wiil  havcBC! :  AD  ::  AB  :  AE  (::  18  :  6)  :;  3:1. 


AlibCAiAF{::8:4)  ::4:3.  Whenfore  n^woj; 
AW  =r,  ^B  =  i^  AH  =/,  and  HCp-A.v.  Frop 
the  Similitude  of  the  Triangles  AMB,  AN£^  and 

AHC,ALF,ANwill  Vc  =  ^X.    N:^=~-^ 

: ^ W5 

ikbbltte  tiV.  .^).  AB :  AMs  r : :  At  r  A)f  : : 
3:  r:;a:A^,«bift^AK=^-    A^  :  MR  a^i 

r       ^  ::AK 
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put  contrary  to  die  Signs  of  AM»  MB»  AH,  HC»  be- 
caofe  diey  tend  contraiy  Ways  with  refpad  to  the  Pomt 
A  fiom  which  they  are  drawn,  or  to  the  Axu  P(^oia 
which  they  ftand.  Now  thefe  being  refpeaively  written 
for  ;r  and  y  in  the  fiftitioits  Equation  aa-^tx'^  €X9t 

r  and  i  will  give  aa-^hr-^crr^mis. 

^LtnA^L  wiU  gire  tftf-ril-^icrrs^rx. 

3  3  3 

#  and  -^  V  will  give  aa^^ht-^  ett  =  vv. 

—  J/and-rl^^«Wgi^"Tl*^-^^'^^  =  A>'«^* 

Now,  by  exterminating  $s  fkom  the  firft  and  fecond 

Equations,  in  order  to  dbtain  ti  there  comes  out  _— 

a  r  (i).    Whence  it  is  manifeft,  that  «1-  ^  is  afirma* 
tive.    Alfo  by  exterminating  vv  from  the  thiid  and 

iburtb,  to  obtain  i»  there  comes  out  ^  =  /  {c).  Aai 

3* 

having 

::  AE  :  NE  ::3  :  1  ::  i:  NE,  whence NEs:  i. 

3 
CA  :  AH  =  f  : !  FA  :  AL  ::  4  :  /  : :  3  :  AL»  whence 

AL  =  i^    AC  :  HC  =  v  ::  FA  :  FL  ::  4  :  V  :: 

4 

1  :'FL,  whence  FLss  1!!- 

^  4 

(*)  For-l-if4p8tftf  tS*''^  *•«•  -**4*r~8#*, 
whence  r  ss  — -r* 

(r)   For  9^^  -^  9^/  a  i6tf«  nr  n^^»  whence 
^  iiil  =5  7441,  i.  e.  -I*  3i^rs4ir,  or  /s  jT^' 


/ 


dEOMETRIGAL  <^U£STIONS.  3»$ 
iisiriiie  writ  ^  for  r  iit  the  firft,  «nd  ff  for  (  &'th« 
ibird,  there  «!&  3 « «  X  ii—' -s  /i  fO*  «Ad  i  0«  •^  ' 

.  B/Iwf«oyer«  having  let  fidi  B»  perpendicular  «iponCH^ 
BC  wiU  be  :  AD  (: :  3  :  i> : :  Bx  :  AK  : :  Cx :  DK/ 
Wherefore,  fince  Bx  i>  (s  AM  -^  AH  ss  r  ^  t)  si 

SJS^  </)»  AK  will  Be  =  1^  (t);  oif  ratfi*  ;t:  -irf 
^(«>;   Alfo  fince  Cx  is  (±:CH-i-BM3s«*i-j)^ 

(=  jCx7  *  V^^-^  -'  t^4^--^. 

Whidi   being   itfpeaively  vntten.ii^  the  £4uadoa 
44  ^  i»  o.  «4rAr  =  /jr,  for  Alt  and  6k!,  of  «  and  ^, 

'^iere 

''■•■'■■•  ■  -v    •       -' '  ■  -^  ♦> 

W  iffirtjftiftitingiff  foifr.  et^UJ^errs^t» 

(0  ButlllSftitUtiftg  ^^''*  "«-l-HM  cttSSV9 

kwme.  .*  J.  tf*  X '4L  i.e.  i  «  J- llf  «  •«. 
3*       9*?         3  55^      ^ 

(/)    XXV.  >.  (^)    ,47, 

W  A»  tmGng  the  contrwjr  Way, 


ther*  come.  dO»  i^  -J- -^  =  ^  -« -^^ 


.       ^    37  81  **  3  9*4 

And  by  Reduflion  —  **T-4«tff  —  -^ 
^  V36  *♦  -i-  51  tfa**r  -+•  J^a^cei    atad  the  Parts, 
bfiifi^^  fqu^bred,   and  again  reduced,    there  comes  out 

05:  HJ**  -Lif6  ^a**i^  or  Z^^2i*  ^  J-.^  <4), 

Whenct 

(t)  My  fub^ittttiiig  — *  S^  %  AC».  ^  Monher  0<r  4^ 

^^  JL  ^Lflf  J  and  by  fubftituting  \/ A  ^^  m  ^J. 
Y  4.  HIT  -i-  li-^  for  y,   the  Member  yy  becomes 


■j^)  Q]f  diultiBlirilig  «be  ab<rir»imeatioind  1  <iimrHlf 
of  the  Equation  of  tbe  Cunrfe  hf9iHts<^  739  ^^  and 
by  dividing  it  by  #»  ^  f<<^  it  becom»  j6^*>»-  9j^4*c 
—  39**  J-  37«V  J-  a  i/^l>*-i-5ta*k*e-^4a*x; 

i.t.*by 


GEQMETRICAJ.  <U?C&Tf01«S.   ^ 

Whaice  it  h  mtoiftft»  AAt  -L-  ^  is  wgatffe,  sui4  a>th 
iequexidy  the fidttious Equation  ai  '^  bx -^txtf  szyy 
wl  be  of  this  Form»  aa^ kx'^cxxx^yy.  Amir 
tbeoefiire  theCunre»  which  it  denotes,  is  an£llip(t^s 
Vrb«»re^Ceiiter  and  two  Axis  are  thtt3  found. 

.    Making  ^  =  o^  as  happens  in  AoVatcR*!»  of  At 

Figure  F  and  C^  you  will  have  0a  +  ix  ss  Cj»y,  and 

lisriiig  eztraaed  the  Root  jr,  ss  i.  ±  v/il  +  — 

^{if]in.  -       - 

And  confequentiy,  talpng  AVss  —  i  Vidlt  be  tbe 

Center  of  the  Klipfe,  and  VQ.i  or  VP  (*/Ii.  +  — ) 
ttcgrcatift^w-Axis.  If,moreovfr,theValuoof  AV, 
^«^,  b$pi(|t1br  X  lA  the  EqtMiien  tf a  4- ^x -^  cjr» 

Si:  r  T,  theft  will  eome  out  ira  -f-  -^  ss  //•  Where- 

^  fett 


\.*.  byReAtaion  iu>4TraB<p>fitbn,  >-  *•  -r  4<*«  g| 
i  ^r$M-i.5itf^*»cJ-4«*<%  tUa  fiioired  kecoine^ 

'  j6«**%  «nd  byRediiaion  and  Trihipofitlon,  o  =9 
143**  J- 196 «»*•«,  or,  -1.196 «»*•««— 143^ 

whence -t.*=-Ii|£:. 
(/)  Beanifc,sso,«*-h**-''**s^j2ljS!^ 

Y3 


^       RESOLVE  I  OK    dr 

fore  df  ^  —  win  be  =  V  Z  f,  dui,t  ia,  to  the  Squai^ 
•f  die  leafr  Scmi.A»s  (91).  U%,  ia  lAe  Values  oT 
AV.yO,  and  V??  already  found,  writing  lU** 

for f,  tbei» epme out^  =  AV, ff*^*'^?  -.yo. 
143*  -  '  143*-  -^^ 

and  £lS^=VZ(»).' 


(w)  B^  fiAititvring  -^  for  4r,  ««  4. 1»  -.  ^<  X  «•  !=  yjf 
tiecomes  ««  +  —  —  -,  i.e.  «a  +  **  s;  ».. 

(«)  By  fubftituting  £l|ii  for  *,  ±  becomes  Sllii 

IB  glf  :  Alfo  Vii  + if  become»  1  + VH 

Bs  ^'^  •+   Y/'96gf  _  98^0  J.    »4g«    1. 
>4S*     •"     •    »43  *•         ?43*  Jv]« 

*  '43  V 143  143  *  X  V143 

mfl^ .  Aifo  ^ii  j^  tt  becomes  V«*+«£l 
«43  *  '  4*  143 

^Y/'43«*-4'49g*  —t/^gagg  — \/SlllXJ  — 
-    141^  -  ^    143    ^"  '^      143      - 

ii^.   " 

V143 


92» 


GEOMETRICAL  aUI^TIONS.    3^7 

The  9thtr  Part  $/  tbi  JbuJjfis.    [See  Fig.  62.] 

Suraofe  now  the  Staff  A  R  (landing  on  the  Point  Af 
mnd  R  PQ.  will  be  the  Meriditeal  Plane,  and  R P ZQ^ 
the  luminouf  Cone  whofe  Vertex  is  R.  Let  moreover 
TXZ  be  a  Plane  cutting  the  Horizon  in  VZ,  and  the 
Meridional  Plane  in  TV  X,  which  Sedlion  let  be  per- 
pendicular to  the  Axis  of  the  World,  or  of  the  Cone» 
and  die  Plane  TXZ  will  be  perpendicular  to  the  fame 
Axis,  and  will  cut  the  Cone  in  die  Periphery  of  the 
Crcle  TZX»  which  will  be  every  where  at  an  equal 
Diftance»  as  RX,  RZ,  RT,  from  its  Vertex.  Where» 
fore,  if  P  S  be  drawn  (Muralld  to  T  X,  you  will  have 
RS  =5  RP,  by  reafon  of  the  equal  Quantities  RX,  RT; 
and  at^  SX  =s  XQ^  by  reafon  of  the  equal  Quantities 

PV»VQj  whence RX  or RZs  ^H±12r)  iss 

^j!t^.    Lailly,  draw  RV,  and  finceVZperpen- 

diculariy  iaods  6n  the  Plane  RPQp  (as  being  theSec- 
tion  of  the  Planoi  perpendiculariy  ftanding  on  the  fam» 
Plane)  th«  Triangle  RVZ  will  be  right-angled  atV. 

NotrmdungRAs^  AVsf^  VPorVQ.s/t 

.«nd  VZ  s  /t   you  will   haire  AP  a:/—  ^    and 

RP  =  i///~af/-<-#^  -^  dd.     Alfo  AQ^=g 

/-f-^  Md  RQ^as  ^ff^^ef-i^ii-^ddi 

«M  xontequendy   RZ    /'ss  JiL±Ji2^j     s 

^r/^2if+fe  +  dd+^ff+2efJ^ie  +  dd 

a 
Wbofe  Square    ^^  ^  •^  -H  //     ^ 

I  V/»-^ »#^//  +  f ♦  ^%ddff  +  %ddi$  +  rf*  ta 

Y  4  equal 


3^      ^t'^^t.XiirtOft  nTz 

equal  ( RVf  +  VZy  =  RAj  +  AVf  +  VZf  =  ) 

V  /♦  —  »»^//  •+•»♦•+-  »  *<///  -h  2  «/</«*  4-  Jt 
tszdH^  ie-^//'+'  if^y  tad  the  Parts  bting 
iquarid  &tfd  reduced  hito  Order,  8iff^  i^Zi  "^ 

'"il^ffii  +  i*j   or£^  =»-rrf+„-/>r 

»43»        H3*  ^hJ 

<the  Valoci  of  AR,  AV,  ^J'ti,  jmd  VZ)  being  «- 

lo«d  for  ^  *,  /,  in»  g,  thiert  aHfb  36  —  *9^**  4. 

»4j**  T 

4»««+  12B7  ^' 

'(e)  Byiubftituting  6  i(br^  !^  W^  *>^^^»^ 
for/,  »d  a3  foryi  W.^i^^  J,  ^-y 


lib  1.  au 


i. e.  tli^  X  jli^ i. e. )  - I9t^ (+  *»*>^^  r^^ 
■     V143     Vh3       ^     t4j«W      f43^'-*V 

»43  .     \*V^43X*V'ii3       ^        »4^**       » 

whieh  by  multiplying  by  143  j^,   and  trantpofing,   is 

^6  X  «43W  +  i^»»W  «:  I96«»  +  36X  H^^i'^f* 

•■    '  '  whence. 


.  laibefiift^Schaiie  AM  9  +  MBri^ts-Afi-;,  that 
fi,  rr  rf-  **==  3^  ^H-    Bt»t  r  W»  i:  2ji,  and  tt 

ting  i^  for V)  ixa:  ♦£?.    Wkcrcforc  *1*  4^ 
^**  3  33 X  33»  and  idvdca  (jf  ftejuaion  there  ag^ 

53361-^  4 ^<^ 
Quality  Wawsen  ^c  tW0  ^ihAsvf  bi^    aad  .4|u 
vidiiig   cath  tart  of  tfcfe  Equation   by  49,    you  will 

have 


36  X  143  +  19»  «^ 

io6^*-l*«t<  X  196*»   ^i.c   dividins  bf  4)  iv 
192««  -♦*  5148 


«♦ 


^Md  ■iulri^yibg'by4^Ji,andthB^oSn%>49Xio89.«4a* 
X*-  =  49  X  4-^  whence  hi  =  ^y>%^l'— 

*    SSli^»  — 4«« 


S3t        RESOLUTION     OF 

kavc  ;f^^;    s  — gili^ (f )  i  whofePirt. 

48 114  Hr  1287     53361  —  44/1  ^^' 

being  multiplied  crois-ways,  ordered  and  divided  by  49» 

thjeie  coknes  out  4« 4*  s  981  «a  4r  3^^^4>  wfaofe  Root 

Above  was  found  ^^j^"*.  =s  bi,  or       '*** 

53361-4««  ^53361-4«« 

^'♦3*  143 

That 

^'  ■  I— IW^— Plllll  I  I  III  — lli^l— ^M  I  , 

■    "^      -48«« +  12^7  533^»-- 4^4**^  *• 

^^'^^»S7V48««''5336*~4^«- 

^y«  ^  98«  "4-  ^15^9625  __  981  -f- 1260.8033149 
080^2254144. 

"'      "■  cMSnrTT:  ""  rrST — - —  whence 
533®«  "T 4««      53361  —  4«« 

K-.  U««  AV  =;  Siif  = 

^5336«-^  4««*  143* 

98««  >( 


/GEOIf ITUGAl.  aOESTIONS.    ssi 


it,  bj  fyHa^tudng  280,3254144  tats4,  aai  n- 
jiadng  die  Tcmu  into  Dedtmitf  A  V  s  11,188297, 
•Ad  yP  or  VQ,  ss  22,147085  f  and  confeqiteady 
AP<Py- AV)  =s  10,958788,  91^  AQ,(Ay-JrV(y 
33.^53«»  (')• 

Laftl]r>  if  i  AR  or  I  )>e  ^nade  Radiuy»  4  AQ.  ojr 
S»5SS«97  w|ir  te  thcTan^  the  Angle  ARQ^of  79 
gr.  4/.  48^^.  and  ^  AP  or  i»826i65  the  Tangent  of  tfao 
'Ai^  A R  P  of  61  gr.  if.  yf\  Half  ^  Sum  1^  which 
hxuffti  70  gr.  32'.  cz'".  18  tne  Complement  of  or  Sim'a 
Declination ;  and  the  Semi*difierence  o  gn  i^S^'^^  dba 
Compteoient  of  the  L»titiide  of  the  Place.  Therefore^ 
'the  6on*s  Declination  was  19  gr.  2/.  lO^^  and  the  La* 
thude  of  the  Place  80  ^.  45^  ^\  wh^h  were  tQ  be 
Ibund, 

!    '"     A^  -L^J -^    .    ■  ■  ■     i    . '      ■    '.  V  ^ 

^iitf  X  %^S336i-4^tf  _  7  VS3361— 4ag      y^ 

143  X  14««  _  143 

— .iiiffJiS  —  Ij2tftf  %^3  X  ^53361  —  4^^  jjg 

'^    H3  * ;_  i43r  X 14^-» 

i8V3X^5336i  — 4^tf  _     8      .-r-^ 

""^^■^ ^ Hi  /'60083-12««. 

lt\    AV  -  ?  V  S336I  -^  4  X  280.2254144 

- 143     ____^__ 

J  X  1/5336.1  -^  1120.9016576  ^  7  X  V52240.goi6576 
^  143  143 

7X2i8.582s«5  .-i6oo>078o9S  -  „  ,gft         v<._ 
H3  H3  ^^        ^ 

jB  Vi6oo»2  -  1^  X  2^0.2254144  _  8  X  39S'8<04^4  _ 
143  143  ~ 

y66,o^32g  ^  a2>i47085> 
143 

PaoBtBit 


frbfn  the  tftferwtiffH  i/  fmir  Plam  $f  a  Qmn^  «Mte 
ivith  an  umferm  rigit-lhud  JUhtim  tbrst^^eJbnm^ 
to  fyermne  its  Dijlance  from  the  Earthy  and  Dire&iom 
tmd.Velodtf  of  its  Motion,  OfcorH^  to  the  CoperhicaM 

'    Hypkh^u    [Set  Fig.  73.]  ^ 

•  If  from  tlie  Center  of  the  Comet  in  the  four  Plaeek 
obferved,  you  let  fall  fo  many  Perpendtcitlars  to  the 
Plane  of  the  EcHpcick  \  and  A,  B»  C,  D»  be  the  Points 
in  that  PItine  on  which  the  Perpendicalars  faU ;  tbrougk 
tinffe  Points  dcaw  the  right  Line  AD»  and  this  will  be 
•cut  by  the  Perpendiculars  in  the  (ame  Ratio  with  thf 
I>ins  Mrhich  the  Coinet  deicribea  by  its  Motion  i  that  8^ 
fo  that  A  B  fliall  be  to  A  C,  as  the  Time  b^w^n  the 
firft  and  fecond  Obfervation  to  the  Time  between  the 
firll  and  third ;  and  AB  to  AD,  as  the  Time  brtwnB 
Che  firil  and  fecond  td  the  Time  between  d^e  firft  an^ 
fourth.  From  the  Obfepvations,  therefore,  there  «re 
given  thePiDportionsofthC'Lines  Afi»  AC,  AD^  to 
one  I 


*  Mdreover,  let  the  Sim  6  be  in  the  (hme  Plane  ^  fk^ 
Ecliptick,  and  £  11  an  Arch  of  the  ecliptical  Line  in 
T^hleh  the  Earth  mores ;  £,  F,  G,  H,  four  Places  of 
the  Earth  at  the  Times  of  the  Ofafervations,  £  the  firft 
Place,  F  the  fecond,  G  the  third,  H  the  fourth.  ]^in 
A  E,  B  F»  C  O,  D  H,  and  let  Ihem  be  produced  until 
the  three  latter  cut  the  former  in  I,  K,  and  L,  viz* 
BF  in  i)  CG  in  tC,  DH  in  L.  And  the  Angle» 
AIB«  AKC»  ALD  will  be  the  Differences  ctf  the 
obferved  Longitudes  of  the  Comet ;  AIB  the  Difference 
of  the  Longitudes  of  the  firft  and  feoond  Place  of  the 
Comet  i  A  Ice  the  Difference  ofthe  Longitudes  of  #t(B 
firft  and  third  Place,  and  ALD  the  pifference  of  tbei 
JLongttiidesoftbefirftandfiMUtbPIace*  Tb^eaitg^rM 
therefore  ftt^m  the  Obfenratiom  the  Angles  Alfi» 
AKC,  ALD. 


Q£0lC£TtttCALi:t^ftSTlOlrS.    159 

-  •Jmn'fe  E,  S  F,  EP ;  and  fcytctfon  of  the  given  IVnc«' 
S,  £)  F,'  and  the  given  Ang^e  ES  Fi>  there  will  be  eiven 
liie  An^e  S  E  F.  There  i$  ghrtsn  aKo  the  Angk  S  £  A« 
s$  heitig  the  DitFerence  of  t^nntyde  of  theCotnet  aaj 
^n  in  the  Time  of  the  firft  Obrcrvation.  Wheieferep 
if  yoii  anld  it9  Goeipleaaent  to  two  right  Angfes,  riz. 
the  Angle  S  EI  to  the  Angte  S  £  P,  there  will  be  gire« 
Ae  Afidte  I  £  F.  Therefore  there  arc  given  the  Angkt 
df  the  Triangle  lEF,  together  with  the  Side  £p,  aQ4 
cNMifequendy  there  is  given  the  Side  I F.  Aod  by  9  lilee 
Argufiicnt  there  are  given  K£  and  LE.  There  am 
aiven  therefore  ia  Pofition  the  four  Lines  A  I,  B  I,  C  K» 
Jj  L,  and  conieqttently  the  Problem  comes  to  this,  dot 
foar  Lines  being  ffvfn  in  P^^iion»  we  may  find  a  fiftbt 
which  ihall  be  cut  by  thefe  four  in  a  given  Ratia 

Having  ktM  to  A I  tfacPei^endteuIafsSMi  CK, 
fi^O»  by  reafon  of  the  given  Angle  A I B  there  k  «yea 
Ae  Ratio  of  BM  to  MI.  But  BM  to  CN  is  tn  the 
given  Ratio  of  B  A  and  C  A,  and  by  reafon  of  the  givea 
AngkC  KN  there  is  given  the  Ratio  of  CN  to  KN. 
Wherefore,  there  is  alfo  given  the  Ratio  of  BM  t»  KN^ 
•nd  thence  alfo  the  Ratio  of  BM  to  MI  —  KN»  that 
Is,  toMN+IK.  Take  PtoIK»  asisABtoBC» 
mtA  fince  MA  is  to  M  N  in  the  fame  Ratio,  P  +  M  A 
aitf  be  fo  IK  ^  MN  in  the  fame  Ratio,  l^at  is,  i«  a 
gtven  Ratio.  Wherefore,  there  is  given  the  Ratio  of 
BM  top  +  MA.  And  by  a  Kke Argument,  «f  Q^be 
apicaa  «o^ILin  the  Rarioef  AB  to  Bp,  there  win  be 
|Avcn  the  Ratio  of  BM  to  Q  +  MA.  And  therefore 
AaAatio  of  BM  to  the  Diference  pf  1^  4-  MA  vA 
Q^-(-  M  A  wtU  be  alfo  ^ven.  But  th^  pMIcrencc^  vHw 
F—  Q^  or  Q -^  P,  is  given  5  and  therefore  tjbere  wM 
be  girea  B  M.  But  B  M  beiag  giveni  there  Vt  M$ 
B  P  +  MA  and  MI|  «nd  thence,  MA,  ME,  AE» 
the  Angle  EAR. 


Mtl 


.   Tbcfip  being  fQwd>  ereft^  A  alpine  pei;peedictA«r 

to  the'Plane  oT  theXdiptick,  which  fhall  he  to  the  Line 

114  as  the  Tangeilt  of  the  Comet's  Latitude  in  the  firft 

I  Obfervatiofi 


3J4        RESOLUTION     OF 

OUJlPf atioa  to  Ri^o«,  wU  the  End  oF  that  Berpai* 
dicular  will  be  the  Place  or  the  Comet's  Center  in  tfa< 
fifft  Qbfervadon.  Whence  flit  Diftalke'  of  the  Comet 
from  the  Earth  is  given  in'  the  Time  of  tbat  Obfenra*. 
tion.  And  after  mt  fame  Maimer,  if  front  thePoint  B, 
you  ered  a  Perpendicular  which  iball  be  to  the  Lii^  Bf^ 
as  the  Tangent  of  the  Comet's  I^atftude  in  dib  fecomt 
Obfervation  to  Radius,  yon  will  have  the  Place  of  tho^ 
Comet's  Center  in  that  feoond  Obfervation.  And  n; 
Line  drawn  from  the  firft  Plate  to  the  fecond,  is  that  ttf 
which  the  Comet  moves  duoug^  the  Heaven. 


|r  Oi  givin  Angle  CAD  move  timt  tbi  emgularPmnt  A 
fkfin  in  P^Jkiw^  and  the  ghm  JhfU  C  B  D  tfiiftl  the 
0figidarPnnt  BgHku  alf$  inPmfn^  m  this dudititm^* 
that  the  Le^s  AD,  BD,  fiail  MiMtft  cut  em  autber  w 
the  right  Line  EF  fiven  lUtewiJe  inPeJkUn^  U  find  the 
Curve^  fvbicb  the  Interfiitien  (}  ef  the  ether  iegi  AC» 
fi  C,  de/criies.     [See  Fig.  74  J 

Produce  CA  to  dj  fo  that  A^  Oudl  bes  AD^  and^ 
produce  CB  to  9,  fo  that  B^fliall  be  as  to  BD.  Make 
the  Angle  Ade  equal  to  the  Ande  AD  E,  and  the  Anglo 
Bl/e^ual  to  the  Angle  BDF,  and  produce  AB  oa 
both  Sides  until  it  meet  de  and  if  in  g  and  /.  Pro* 
duce  alfo  ed  to  Q,  that  dG  fliall  be  =  d/,  and  firov 
the  Point  C  to  the  Line  A  B  draw  C  H  parallri  to  ed^ 
and  CK  parallel  to  /^«  And  conceiving  (he  Lines  eG^ 
fi^  to  renuin  immov^ible  while  th^  Angles  CAD^ 
C  B  D,  move  bv  the  aforeiaid  Law  about  the  Poles  A 
and  B,  Gi  will  always  be  equal  10  f^  and  theTxi* 
angle  C  H  K  will  be  given  in  Specie.  Make  therefoee 
Ke  =  tf,  rG  s  »,  B/s  r,  AB  ?:  M,  BK  s  /r,  and 
CKs/.  AndBKwiUbe:CK::B/:/)/There- 

fore  /d^s  ^  s  Gd.    Take  diis  from  Or,  and  dieie 

'  es 

Will 
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xtSaTtm^idsti-^i^.  Since  the  TmngleCKH 
is  given  in  Specie,  make  CKrCH::^/:^  and  CH 
:HK  ::/:/,  and  CHwiU  be  =  1^,  and  HKs 

-(l.    And  conTequendy  AH  =  m  -^  ;r  «-  ^.    But 

AH  :HC::  A#:#4^  dmtisi  ffi  — 4r  — 4j^  -^  ^: 

«        a 

«»(—  12.  Therefore,  by. multiplying  the  Meant 
and  Extreams  together,  there  will  be  made  «ri  —  !^ 

—  *x  +  ^y-if  y+  ^=  ^«    Multiply  aU 

the  Terms  by  dft^  and  rednce  them  into  Order^  and 
Acre  viU  come  out 

Whae,  fince  the  unknown  Qyailttttes  ;r  and  y  afcend 
only  to  two  Dimenfions,  it  is  evident,  that  the  Curve 
Line  that  the  Point  C  defcribes  is  a  Conick  Sedion. 

Make  ^^  ^f  ^(  ^  ss  2^  and  there  will  come  out 
,y=^xy+£2y+j,^^*-.*^*.    And  the 

Square  Root  being  extraaed»  j^  zs  ^x^  i!l  + 

V»      ^  ,    hd         tpdm  idm      ,    ddmm 

IVhenoe  we  infer,  that  the  Curve  is  an  Hyperbola,  if 
~    be  affirmative,  or  negative  and  left  than  ^; 

and 


and  Afaraboh,  if  ^  beneg^rtive  inl  ^itiS  «»u^' 

hi 
ait  Ellipfe  or  a  CircICf  if  —  be  bbth  negative  and 

greater  4i|n  tl.    Q^E.L 

To  deftrihe  a  Parabola  which  /hall  pafs  through  /burPoimtt 
fhotu    [So»  Fig,  rtl 

Ltt  thofiel  given  Points  be  A»  &  Cf  P;  Join^B^ 
ani  bifea  it  in  E.  And  tbroueh  £  draw  V£  a  right 
I^ine,  inrhich.con^fljve  to  b«  l^e  ^iaziK^tipr  of  a  Parabola, 
tbe  Point  V'  being  its  Vqr^pc.  Joi^  AC,  anii  ilian»* 
OG  parall^  toAB,  and  meetjing  AC  i^  G.  J)|ak^ 
AB  =  tf,  AC2=*,  AG  =  r,  <iD=±/-  UponA'fJ' 
take  AP  of  any  Length»  and  from  P  draMr  FQ^  partHlBl- 
to  A  By  and  cooceivingQ  to  be  a  Point  ofitbf  Para- 
b^a^  mAtA9z^ii^rQ^^y.  Aiid.takt anjrEfild^ 
tion  expreffive  of  a  Paraboh^  which  mav  detei^oMie  the 
Hdaii^n  hgtwreea  AP  a^d  ¥j[^    Asiiat/ &  ^djt^ 

Now  if  AP  or  jr  be  put  =:  o,  the  Point  P  felling  upori' 
A^PQ,^/ witl  besQ»  atdtfo=:^A&  Aadlljt 
writing  in  the  aQuped  Equation  o  for  Xy  yoo  will  have 


that  i^,  -—  2;  i:  •— ^ tf»  or  ;  s^  |^  a.    Aad  fe  in ^ 

of  the  afliimed  Equation  you  sill  hir^  dlia  Jf  S  —  |  j 

Morog^^, 

Problem  LVtIL  (« )   Vy[]ien  jf^e^  f^to  +•/,  or 
>  s  r  --;,  by  the  alSumed  Equation ;  and  j  =  o,  a^ 

^  =  — AB 
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,  Moreover»  if  AP  or  ;r  be  made  at  AC,  fa  that  die 
^oint  P  falls  upon  C,  you  wfll  have  again  PQ^=:  o. 
For  «r  therefore  in  the  laft  Equation  write  AC  or  ty  zni 
for  /  write  6 ;  and  you  will  have  o  =  —  4  fl  +  /* 
+  ^^aa  +  bhy  or  ia  —/A  =s  i/fa7+Tii  and 
the  Parts  being  fquared  --^  ^f^^'f/H  :aibb^  or 
ffi  ^^  fa  zs  h.  And  fo,  in  room  of  the  aiTumed 
Equmtion,  there 'will  be  had  this»  v  sr  — •  j-  d  4-  ftc  ^ 
'^  ^aa  ^  ffbx  -^Jax. 

Moreover^  if  AP  or  x  be  made  2=  AG  or  c,  PQ, 
or  y  will  be  ==  —  G  D  or  —  d.  Wherefore,  for  x  and 
y  in  the  laft  Equation  write  r  and  -*»  rf,  and  you  will 
have  —  rf:::  —  itf  +/^  ""  '^  ^^a  -^-ff^c^^fac^ 
or  i  4»  —  rf-*/r  =:  V^:  aa  -^ffbc  -^fac.  And  the 
Parts  being  fquared,  — ad-^fac  -^  dd  +  2dcf  + 
ccffrziffhc  — fac.    And  the  Equation  being  ordered 

and  reduced,  //=  j>       '  /  +  .*— H-f—.     For  b  —  f, 
b  "^  c  be — cc 

that  is,  for  G  C  write  ky  and  that  Equatioil  will  be- 
come//=  1^ /+ i^—l^.     And  the  Root  being 
k  ki 

exfradedv 


^  s-  —  AB  =  -^  tf  j  from  the  Figure  ;  whence  putting 
^  +  ^  ^  o,  then  t  —  g-sz,^^  a.  From  ^  +  ^  =5  O» 
we  have  f  =  — g\  whence,  by  Subftitution,  —'2^ 
t±  —  tf ;  and  g-z^^oy  and  putting  ^  — - ^  at  O5  then 
f  +  ^  =  —  tf .  From  ^  —  f  IB  o,  we  have  #  s:  j-  ^ 
whence  2  ^  sa  —  ^ ,  «id  ^  =r  —  4.  ^  ;  whence,  bjr 
Subftitution  in  the  aflumed  Equation,  we  have  y  =s  — 
4  a  '\'fx  +  v' 7  #*  -h  jfrjf  in  the  firft  Suppofitioni  aod 
y  31  —  i  tf  + /' ±  V  —  i  *  *  +  ifr  AT. 
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cxtraacd,  fz:zj±^ ^TTc ^ 

being  fdund,  the  parabolick  Equation^  viz.  y^  —  im 
'\'fx±'sf  iaa  '\'ffhx—fax  will  be  fully  deter- 
mined i  by  whofe  Conftruaion  therefore  the  Parabola 
Will  alfo  be  determined.  The  Conftruaion  is  thus: 
Draw  C  H  parallel  to  B  D,  meeting  D  G  in  H.  Be- 
tween D  G  and  D  H  take  a  mean  Proportional  D  K, 
and  draw  E I  parallel  to  C  K,  bifeaing  A  B  in  E,  and 
meeting  D G  in  I.  Then  produce  IE  to  V,  fo  that 
EV  (hall  be  to  EI  ::  EBy  :  DIj  — EBy,  and  V 

BE^ 
will  be  the  Vertex  (^),  V  E  the  Diameter,  and  —^ 

the  Latus  Return  of  the  Parabola  fought  {^}. 

Problem    LIX. 

To  defcribe  a  conic  Se^ion  through  five  Points  given. 

[  See  Fig.  76.  ] 

Let  thofe  Points  be  A,  B,  C,  0,  E.  Join  AC,  B  E, 
cutting  one  another  \r\  H.  Draw  D I  parallel  to  B  E» 
and  meeting  AC  in  I.  As  alfo  E  K  parallel  to  AC, 
«nd  meeting  DI  produced  in  K.  Produce  IDtoF, 
and  EK  to  G  ^.  fo  that  AHC  (hall  be  :  BHE  :: 
AlC  :  FID  ::  EKG  :  FKD,  and  the  Points  f 
and  G  will  be  in  a  conick  Scaion,  as  is  known. 

But  you  ought  to  obferve  this,  if  the  Point  H  falls 
between  all  the  Points  A,  C,  and  B  E,  or  without  them 
all,  the  Point  1  muft  either  fall  between  all  the  Points 
A«  C,  and  F,  D^  or  without  them  all  i  and  the  Point 

K  be- 


(*)  BecaufcVI  :  VE  ::  DT:  BE\ 
\c)  Becaufe  B  E  j  =  V  E  x  l^tus  Ream. 


iC  between  all  the  Points  D,  F,  and  £,  G,  or  whfaout 
them  all.  But  if  the  Point  H  fall^  between  the  two 
Pointa  A»  C»  and  without  the  other  two  B,  £,  or  be^ 
tween  t&o^e  two  B»  £,  and  without  the  other  two  A»  C, 
the^  Point  I  oueht  to  fall  between  two  of  tb^  Points 
A>  C,  and  F,  u^  and  wichouf  the  ot^cr  two  of  them  9 
and  in  like  Malnner,  the  Point  K  ought  to  fall  between 
two  of  the  Points  D»  F»  and  E^  Gy  and  without  Sidcf 
of  the  two  other  of  them  ;  which  will  be  done  by  taking 
IF»  KG,  oil  this  or  that  Side  of  the  Points  I,  Ky  ac- 
cording to  the  Exigency  of  the  Problem.  Having  found 
the  Points  F  and  G,  bifcft  AC  an<i  EG  in  N  and  O  | 
alfo  BE,  FB,  in  L  and  M.  JoinNO,  LM,  cutting 
6ne  another  in  R;  and  LM  and  NO  will  be  the  Di- 
ameters of  the  eonick  Section,  R  its  Center,  and  B  L, 
F  M,  Ordinates  to  the  Diameter  L  l/t.  Produce  L  M 
on  both  Sides,  if  th6re  be  Occafion,  to  P  and  Q^,  fo 
that  BLj  fliali  be  to  FM^  ::  PLQ^:  PMQ^,  and 
P  and  Q^will  be  the  Vertex's  of  the  conick  Section,  and 
PC^  the  Lotus  Tranfuerfum.  iSdake  PLQ.:  LBj  :: 
PQ.:  T,  and  T  will  be  the  Lotus  lU^um.  Which 
being  known,  the  Figure  is  known* 

It  remains  only  th»t  we  may  {hew  h6i¥  LM  is  to  be 
produced  each  Way  to  P  aiid  Q.,  fo  that  BLf  may  be 
:FMy::PLCL;PMQ,,  viz,  PLQ^  or  PL  x  LQ^ 
is  PR  — LRXPK  +  LR5  for  PL  is  PR  — LR, 
and  LQ,is  RQ^^^-LR,  or  PN  +  LR.     Moreover, 

PR-^LR  X  P R  -f  L R,  by  multiplving,  becomes 
PRjj—LRj^  And  after  the  fame  Manner,  PMCt 
is  PR  4.  RM  X  PR  ^  RM,  or  PR^  ^  RMf. 
Therefore  BLq  :  tMq  ::  PRf  —  LR^  :  PRQ^— 
RMf;  and  by  dividing,  BLf  •—  FM^  :  FM^  :: 
RMf  —  LR^  :  PRy  —  RMJ^  Wherefore,  luicd 
there  are  given  BLf  -^  FMy,  FM^  and  RM^  — - 
LRf,  there  will  be  given  PR^  — ^  RM^.     Add  the 

F'ven  Quantity  R  M  ^,  and  there  will  be  given  the  Sum 
R^,  and  confequently  its  Root  PR/ to  which  QK 
k  equal. 

Z  2  PrOblsm 
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PftOBLKM     LX. 

Tv  dtfcribt  a  cmck  Se£fion  which  JhaU  pafs  through  four 
givtn  PotntSy  and  in  one  of  thofe  Points  Jhall  totfch  a 
right  Line  given  in  Pcjition.     [Sec  Pij.  77.] 

V 

Let  the  four  given  Points  be  A,  B,  C,  D,  and  the 
right  Line  given  in  Pofition  be  A  E,  which  let  the  co- 
nick  Sc&ion  touch  iii  the  Point  A*  Join  any  two  Pointi 
P,  C9  and  let  D  C  produced,  if  there  be  Occafion  fbr 
it,  meet  the  Tangent  in  E,  Throu|h  the  fourth  Point 
B  draw  B  F  parauel  to  D  C,  which  may  meet  t\k^  ftime 
Tangent  in  F.  Alfo  draw  D I  parallel  to  the  Tangent^ 
and  which  may  meet  B  F  in  I.  Upon  FB,  DI,  pro- 
duced if  there  bp  Occafion,  take  FG,  HI,  pf  fud| 
Length  as  that  it  may  beAEj:CED::AFff: 
BFG  ::  DIH  :  BIG.  And  the  Points  G  and  H 
will  be  in  a  conick  Sediion,  as  is  known  ;  provided  yoii 
take  F  G,  I  H,  on  the  proper  Sides  of  the  Points  F  and 
I,  according  to  the  Rule  delivered  in  the  foregoing  Prob- 
lem. Bifeft  BG.  DC,  DH,  in  K,  L.  and  M.  Join 
K  L,  A  M,  cutting  one  another  in  O,  and  O  will  be 
the  Center,  A  the  Vertex,  and  H  M  an  Ordinate  to  the 
Semi-diameter  A  O  -,  which  being  known,  the  Figure 
is  known. 

P  &  O  B  L  £  M      LXL 

'  To  iifcrihe  a  conick  Seifion  which  fiaU  faft  through  three 
given  PoinUy  and  touch  right  Lines  given  in  Pofition  in 
two  of  thofe  Pointi.     [See  Fig^  78 ,  ] 

Let  thofe  given  Points  be  A|  B»  Ct  tb^  Tangeots 
AD,  BD,  to  the  Points  A  and  Bp  and  let  D  be  ths 
common  Interfofkion  of  thofe  Tangents.  Bifed  AB  in 
£.  Draw  D£,  and  produce  it  till  in  F  it  meets  CF 
drawn  oarallel  to  AB;  and  DF  will  be  the  Diamncru 
and  A  E  and  C  F  th^  Ordipaics  to  that  DiaiyieKcr.  Ro^ 
duce  D  F  to  O,  and  on  D  O  take  OV  a  mean  Pmpo^t 

tional 
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cioiial  between  DO  aftd  E<^,  on  (h\i  Condition,  that? 
aTfo  AEy  ;CFg  ::  VE  x  V6  -I^OE  :  VP  < 
Vd-P'Of  J  and  V  will  be  the  Vertex,  and  (J  <!i4 
Center  of  the  Figure.  Which  being  knoWft,  the  Ffgtitji' 
will  alfo  be  known.  But  VE  is  =  V  O  —  O  E,  in^ 
eonfei|»enttv  VE  X  Y,O.H-  O^  =5:VO-rOi;  X. 
Vo  +  Ofe  1=  Va^^-»  OEf.  Befides»  ^auf«  ^(S 
is  a  tbean  Propoitiondl  between  D  O  und  £  O,  V  O  f 
WtIV  Im  :^  DOE^  ftod  codfeqiiontly  VOf  --*  0£f  ts^ 
DO£,-i^OE^taDEO.    And  bjr  «^Uk^^Argiixnf^ii 

Sir  Will  IrtrcVFx  VO  +  OFi=?VOf  — OFf  w 
OE  —  OFy;  Thferefofe  AEf :  CFf  ::  DBO  i 
DOE  — OFy.  Ot^f  h±:EOf--^2FEO-+.F%i 
And  eonfequeridy  DOE  ^OFf^  DCJE  ^OEf 
4*aFKO  — FE^=±:DE0  4- aFEO  — FEf*  And 
AE^  i  CFy  ::  DEO  :  DEO  +  aFEO  ^  FEfii 

DE  :DE-4-aFE—  ^.    Tb€>cfarc   tkerc  ik 

gWtti  ETE  4-  iFU^^i.    Take  d#ajr  (tam  tifU 

gf^tfu  Qiiaimty  DE-h  2  FE,  and  tBe*e  will  tttAuim 

^  given,    CaU  that  N ;  and  I^  will  be  =  £  O,  . 

and  conictiuentlj  E  0  will  be  given,  fiut  EO  being 
given»  ^^^  ^3  ^'^<^  S^V^t^  VO,  the  oiesiQ  ProporUon?! 
bmeeenDOandEO» 

After  tbi$  Way,  by  fotnc  of  ApollOnmi's  Tteoreme^ 
tbcfe  P^ebiemB  are  expcditioufly  enough  fotved  ;  whiab 
yet  msiy  be  folved  by  Algebra  aiooe;^  withont  tbofe  The^ 
omiia».  .  As  if  the  firft  cS  the  laft  i;|ihee  jProblemft  be  prd* 
pofed  ;  [See  Fig«  78.]  Let  the  fivtf  »veb  Points  b< 
A»  B^  C)  D,  £9  through  whiebthecoajckifo^iob  is  t»  pais. 
Joii»  a|iy  two  of  thenft.  A,  C,  add  aoy  other  tvi^o,  B,  £, 
by  lig^t  Lines  iotet ftding  one  aM»tb|sr  m  H.  Draw 
DI  palsUd  to  B E,  neetiii^ AC  i^h  M  alio  i/iy  olfacr 
right  Liae  K  L  meetiag  AC  ia  K,  and  ^e  «oni^fc  Seo 
^  3  -  f  »a 
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tioiL  io  L.  And  imagine  the  coiuck  SeAion  to  be  giVea^' 
fo  that  the  Point  K  being  known,  there  will  at  the  fanfie 
Timki>t  known  the  Point  L^  and  making  AK^  =  jr, 
and  KL  =7  y^  to  exprefs  the  Rejation  between  x  and  j^ 
aiCime  any  Eqv^.^Ion  which  generally  exprefles  the  conick 
Sedlipofr;  fuppofethis,  « -f*  ^^  4"  ^^^+  ^y  +  ^^f 
4^  yy  =  0.  Wherein  «,  ^,  r,  ^,  /,  denote  determinate 
.Quantities  ^ith  their  Signs,  but  x  and  y  indeterminate 
Quantities.  Now  if  we  can  find  the  determinajte  Quanv 
tities  tf,  3,  r^  4/)  e,  the  conick  SeAion  .will  be  .knowa* 
li^t  us  thereiforc  feign  the  Point  L  to  fall  fuccel&vcl/ 
upon  the  Poinu  A»  C9  B,  {),  D^  and  )e|  us  fee  what  will 
feHdw  thence.  If :  therefore  the  Point  h  Mis  upon  th^ 
Point  ^,  in  that  Cafe  A  K  and  K  L,  that  is,  x  and  j(^«^ 
will  be  o.  Then  all  the  Terms  of  the  Equation  befidfi^ 
4  will  vf  nifli,  and  there  will  remain  ^  =:  o*  Where»-^ 
for^  M  is  to  be  blptted  out  jn  that  Equation,  ,and  the 
.other  Terms  bx  +  cxx  -^  dy  +  txj  \  yy  will  be 
r::  o.  Moreover  if  L  falls  upon*C,  AiC,.  or  Xj  will  be 
=  AC9  and  L|^  or  y  =  o.  Put  therefore  AC  =/; 
and  by  fyhftitu^ing  /  for  i^r  andg  for  y,  the  Equatioi^ 
for  the  Curve  i jt  -+-  r jr  *•  rfc-  rfjr  -f-  exy  +  yy  s=  o, 
willr  become  */:Hf-  cff  3:  ,c,  or  *  =  —  ^y:  And 
haying  writ  \p  that  fTquation  *-  cf  for  i,  it  ^ill  be-? 
come  ^cfx  +  c  *  *  4-  rfy  +  r  jry  +  yy  «=  ©•  Far- 
ther, if  the  Point  L'  falls  ypon  t^e  Point  B,  A  K  or  jr 
will  be  =  A  H;  and  K  L  or  y  =  B  H.  Put  therefore 
A  H  s: ;,  an<!  B  H  =  ^,  and  then  write  g  for  x  and 
b  for  y,  and  the  Equation  —  ^fx  J^  4xx^  he.  will 
become  —  efg  -4-  erg  '^Jh'+'igb  +  bhsz  o* 
But  if  Che  Point  L  falla^upon  E;  AKvrjIi  be  =  AH, 
or  ;r  r=  ;,  and  K  i«  or  y  =  H  £.  For  H  £  therefore 
write  •— iy  with  a  negative  Sign,  becaufe  HE  lies  on  - 
the  contrary  Side  of  the  Line  AC,  and  by  fubilituting 
g  for  X  and  r-  i  for  y,  the  Equation  -r-  efx  +  exx^ 
ire.  iwill  become  •—  cfg  •+•  egg  ^^dk^^  ^g/t  H-  i * 
s  o.  Take  zynf  this  froih  the  former  ^uation 
^*  */i^  +  ^ii  '^  db  J^  egh  J^  bb^  and  there  will  le- 
waio  db  4.  itb  -i-bb  +  dk  ^  egk  —  ii  =s  6.  Dir 
vide  this  hyo^ky  and  there  will  come  out  d  +  eg 
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^  ft  *—  i  ^  O.  Take  away  this  multiplied  by  b  from 
^/g  +  tgg  4.  dh  +  egh  +^ i&A  =  o,  and  there, 

will  Tepiain  -  tfg  +  ^«T^  +  **  =  o,  or  _„        . 

r=:  r.  Laftly,  if  the  Point  L  falls  upon  the  Point  D,, 
AK  orjr  will  be  =  A  I,  and  K  L  or  7  will  be  =r  I D. 
Wherefore,  for  AX  write  «,  and  for  ID,  »;  and  like* 
wife  for  x  and  y  fubftitute  m  and  »,  and  the  Equation 

cfx  +  cxxy  &c.    will  become  —  cfm  +  cmm  + 

dn^imn^nn:=zO.    Divide  this  by  ;x,  and  there 

will  come  out  rii£l^L±l5i!  -h  dA-  em-^n^  o. 
n 

Take  away  ^  +  ^i:  +  *  —  i  =  o,  and  there  will  re- 


n 

cmm  —  -4 
or 


ifL!lZli^  +  «-i&  +  i  =  ^f->»i.    But  now 

by  reafon  of  the  given  Points  A,  B,  C,  D,  E,  there  are 
given  AC,  AH,  AI,  BH,  EH,  DI,  that  is,  /,  ^,  m^ 

A,  i,  ».    And  confequcntly  by  the  Equation    j, 
—  r,  there  is  given  c.    But  c  being  given  by  the  Equa- 
tion ^^^  —  ^/^  +  «  —  **+  i  =  ^f  —  ffn  there  is 

given  ig'^im.  Divide  this  given  Qiiantity  by  the 
given  one  g^-^m^  and  there  will  come  out  the  given  r« 
Which  being  found,  the  Equation  rf+^^  +  i  —  i  =  o, 
or  ^  ^  if  —  i  —  eg^  will  give  </.  And  thcfc  being 
known,  there  will  at  the  fame  Time  be  determined  the 
Equation  expreiBvc  of  the  conick  ScdHon  fought,  viz^ 
cfx  ^=icxx  J^  dy  +  exy'\'  yy.  And  from  that  Equa- 
tion, by  the  Method  of  Des  Cartes,  the  conick  Section 
will  be<Ietermined. 

Z  4  Now 
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Now  if  the  four  Mnts  A»  B,  C,  E,  and  flic  PoTieiott 
i>f  the  ri^t  Line  AF,  Whi<*  touches  fkc  conick  SiaicJn 
in  one  of  tbofc  Points  A  iwert  given,  the  conick  Seftioa 
nay  be  that  more  eaijly  determined.  Having  found,  a$ 
above,  the  Equations  cfx  z;::^xx  +  Jy  +  exf  +  yjy 

^  s  4  -T-  ^  -^  ^r,  and  ^  ;£ :*—  t  coiiceive  tb« 

Tangent  A F  to  meet  the  right  Line  EH  in.  F»  an4. 
then  the  Point  L  to,  be  moved  along  the  j^mmeter  of 
the  Figure  d  D  £  till  it  fall  upon  the  Point  A ;  «n<l  the 
Mltimace  Ratio  of  L  K  fo  A  K  wi)l  be  the  Rsttjo  of  F  HT 
jto  A  H,  as  will  be  evident  to  any  one  that-contemplated' 
the  Figure*  Make  FH  r=  ^,  and  in  this  Cafe  where 
Lie,  A Ky  are  in  a  vanifliing  State,  you  wiQ  bav« 

^  :  ^  : :  /  :  JT,  or  CZ  —  JT.    Wherefore  for  jp,  in  the 

P 
Equation  ^cfx  zz  icxx  H-  dy  +  ^xy  ri-  yy^  write 

U^  and  there  will  arife  'JjJ  =s  iUU  +  dy  +• 
P  P  PP 

%121  ^  yy.    Divide  all  byy,  and  there  will  come'^itt 
P 

^II  =  'M^  +  d+  iil  -i-  y^    Now  becaufe  the 

P  PP  P 

Point  L  is  fuppofed  to  fall  upon  the  Point  A,  and  conr 
AquentlyKL,  or  y,  to  be  infinitely  fmall  or  nothing^ 
Mot  out  tbc  Terms  which  arc  multiplied  byji,  and  there 

will  remain  iLl  —d.    Wherefore  make — =^, 

P  ,      /g-gg 

Ibcn  'J^:=z  d.    Laffly,  ^~*~.^  =  ^,  and  having 

Ibund  r,  dy  and  ^,  the  Equation  e/x  zslcxx  +  dy^ 
f^y  +  yy  will  determine  the  conick  Sedion. 
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Vf  h^jf   tliere  arfr  only  girea  th«  three  Point» 
^,  B,  C,  together  wkh  thcPofition  of  the  two  right 
Xtnes»  ATi  CT,  which  touch  the  doAick  Seaion  kl 
two  of  tbofe  Potntiy  A  tnd  C,  there  wRl  be  obmined^ 
as  above»  this  Equation  exprel&vc  of  a  coaick  Se^ooy 
€/x  =  cxx  +  dy  +  exy+fy  [Sec  Fig.  go].     Then 
if  you  fiin>or«  th4  Orditiati»  iCL  to  be  paraitlci  to  ther 
Tangent  AT,  and  it  be  conceived  to  be  produced,  till 
it  aeain  meets  the  conick  Sedion  in  M,  and  th^t  Line~ 
L  M  to  approach  to  the  Tangent  AT  till  it  ooincides^ 
-with  it  at  A  ;  the  ultimate  Ratio  of  the  Lines  K  L  and 
K  M  to  one  another,  will  be  a  Ratio  of  Equality»  M- 
"Will   appear  to  any  one  that  contemplates*  the  Figurio; 
Wherefore  in  that  Cafe  KL  and  tLM.  being  equal  to» 
each  other,  that  is,  the  two  Values  of  «,  (vis  the  affir- 
mative one  R  L«  and  the  negative  one  K  M}  being  equals 
Chofe  Tcwns  of  the  -Equation  c/x  zslc  xx^dy -{^ixy 
-f  yjr  iff  which  y  is  of  an  odd  Djmenfion,  that  i»,  the^ 
^Tenns  dy^ixy  in  refpeA  of  the  Termyy,  wherein  « 
iit  of  an*  even  Dimenfion,  will  vanifh.    For  otherwi^ 
the  two  Values  of  y>  vis.  the  i^nnative  and  the  ne**. 
eativC)  cannot  be  equal;  and  in  that  Cafe  A^is  in** 
finitcFv  lefs  than  L  K,  that  is  x  tbaa  ^  and  confer 
qucntiy  the  Term  ^  at/ than  the  Termyy.    And  con- 
fequently  being  infinitely  lefs^  may  be  reckoned  for  no« 
Aingi     But  the  Term  dy^  in  refpefl  of  the  Tefmy  / 
will  not  vanijQi  as  it  oueht  to  do,  but  will  grow  fo  miKh 
ttie  greater;  unlefs  d  be  fuppofed  to  be  nothing.    There- 
fore the  Term  dy  is  to  be  blotted  out,  ^d  fo  there  will 
remain    cfx:=zcxx*^exy+yyy   an  Equation  ex« 
preffive  of  a  conick  Sedion.    Conceive  now  the  Tan- 

fents  AT,  CT,  to  meet  oAe  another  in  T,  and  thtf. 
oint  L  to  come  to  approach  to  the  Point  C,  till  it  co^ 
incides  with  it.  And  the  tdttmate  Ratio  of  K  L  to  K  C» 
will  be  that  of  AT  to  AC.  K  L  was  y ;  A  K,  x',  and 
AC,  /j  and  confequcntly  KC, /— *  j  make  AT=r^, 
and  the  ultimate  Ratio  of  y  to/  —  4r,  will  be  the  fame 
as  of  ^  to/.  The  Equation  c/xz:zcxx  +ixy^yy 
fubtra£ling  on  both  Sides  c  xx^  becomes cfx-^cxx  :=z 
^^y+yy$   that  is,  /— ;r   into  cx:=zy  into    TxTTf. 

.  There. 
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Therefore  it  is  y  :f — x  ii  cxi  e  x^  y\  and  con- 
fcqucntly  g  :/:  :  c  x:  ex  +  y.  But  the  Point  L  fall- 
ing upon  Cy  y  becomes  nothing.  Therefore^:/:  z 
cx\i  X.  Divide  the  latter  Ratio  by  x^  and  it  will  be- 
come g:fiic  :ey    mAlZzzi  e.     Wherefore,    if  ia 

g 
the  Equation  cfxz=L  ex  x -^  e  x y  -^yy^   you  write 

£/for  ^,  it  will  become  c/x  =  cxx+iL  xy+yy^  an 

Equation  exprcflive  of  a  conick  Scftion.  Laftly,  draw 
BH  parallel  to  KL,  or  AT,  from  the  given  Point  B» 
through  which  the  conick  Sediion  ought  to  pafs,  and  which 
ihali  meet  AC  in  H,  and  conceiving  KL  to  come  toward» 
BH,  until  it  coincides  with  it,  in  that  Cafe  AH  will  be 
—  jr,  and  BH  =;•.  Call  therefore  the  given  Quantity 
A  H  =x;i,  and  the  given  Quantity  ;B  H  =  »,  and  then 

for  X  and  y^  in  the  Equation  c/x  zzcxx^  ^-Ixy  -^yy 

write  m  and  »,   and  there  will  arifc  cfmz=.cmm^^ 

^Zmn-^nn.    Take  away  on  both  Sides  cmm^if 

m  Tiy  and  there  will  come  out  cfm*^  cmm  — li  m  n 

fn  ^ 

z=,nn.    V\xtf^m^l^—Sy  and  csm  will   be  — 

jf  ^^ 

n  n.    Divide  each  Part  of  the  Equation  by  s  m,  and  there 

will  arifc  c  = — ..    But  having  found  c^  the  Equation 

for  the  conick  Scdlion  is  determined   cfx-zz  ex  x'^ 

^  ^•J'  +  »    And  then,  by  the  Method  of  Des  Cartes, 

the  conick  SeSion  is  given,  and  may  be  dcfcribcd. 


END   of  PART   I. 


U  N I  V  E  R  SAL 

ARITHMETIC. 

Of  the  Nature  of  thi  Roots  of  Equations. 

TJITHE RTO  I  have  been  folving Jiveral Problems. 
jtjL  P^^  <*»  learning  the  Sciences^  Examples  are  of  more  Ufe 
than  Precepts,  Wherefore  I  have  been  Ijfrger  on  this 
Head.  And  fome  which  occurred  as  I  was  putting  down 
the  reft,  I  have  given  their  Solutions  without  ufing  Alge- 
bra, that  I  might  fliew  that  in  fome  Problems  that  at  nrft 
Sight  appear  difficult,  there  is  not  always  occafion  for 
Algebra.  But  now  it  is  time  to  (hew  the  Solution  of 
Equations.  For  after  a  Problem  is  brought  to  an  Equa- 
tion, you  muft  extra£l  the  Roots  of  that  Equation,  which 
are  the  Quantities  that  fatisfy  the  Problem. 

How  EQ^UATIONS  are  to  be folved. 

AFTER  therefore, in  the  Solution  of  a  ^ejlion  you  are 
^  come  to  an  Equation^  and  that  Equation  is  duly  reduced 
and  ordered ;  when  the  Quantities  which  are  denoted  ly 
Species^  and  which  are  fuppojed  given^  are  really  given  in 
Numbersy  thofe  Numbers  are  to  be  fubftiiuted  in  their  room 
in  the  Equation^  and  you  will  have  a  numeral  Equationy 
whofe  Root  being  extraSIed  will  fatisfy  the  ^ejiion.  As 
if  in  the  Divifion  of  an  Angle  into  five  equal  Parts,  by 
putting  r  for  the  Radius  of  the  Circle,  q  for  the  Chord 
of  the  Complement  of  the  propofed  Angle  to  two  right 
ones,  and  x  for  the  Chord  of  the  Complement  of  the 
fifth  Part  of  that  Angle,  I  had  come  to  this  Equation  ; 
x^^^^rrx^^^r^x — r*^=:o.  Wherein  anyparti- 
ctilar  Cafe  the  Radius  r  is  given  in  Numbers,  ^nd  the 
Line  q  fubtending  the  Complement  of  the  given  Angle; 
as  if  the  Radius  were  lo,  and  the  Chord  3;  Ifubltitute 
thofe  Numbers  in  the  Equation  for  r  and  f,  and  there' 

comes 
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comes  out  the  numej-al  Equation  x^-^^oox^  +  50000 
X  —  30000  =:0,  whereof  the  Root  being  cxtrafled  ^tll 
be  xj  or  the  Line  fubtending  the  Complement  of  the 
i&fth  Part  of  that  given  Angle. 

Of  the  Nature  of  the  Roots  of  an  Equation. 

ex.  But  the  Root  is  a  Number  which  being  fubflituUd  in 
the  ^quaiionfor  the  Letter  or  Species  fignifi^  tbt  Rooti 
will  make  all  the  TemiS  vanijh. 

Thus  Unity  is  the  Root  of  the  Equation  ^♦•s^  ;^— t 
itjxx  +^^x  —  305=0,  bccaufe  being  writ  for  ee  it 
produces  i  -—  i  —  IQ  '4*  49  —  36  >  that  1$,  notbing» 
But  there  may  be  more  Roots  of  the  fame  EquatkMi. 
As  if  in  this  fame  Equation  *^ — x^'-^r^xx-^  49^ 
•—  30  =:  o,  for  X  you  write  the  Number  ^  and  for  the 
Powers  of  x  the  like  Powers  of  the  Number  2%  there 
vill'  be  produced  16  —  8  —  76 -+-98— -30  i  that  iff^ 
nothing.  Andfo  if  for  a*  you  write  the  Nunifaer  3,  or 
the  negative  Number  -—5»  in  both  Cafes  there  mil  be 
produced  nothing,  the  affirmative  and  negative  Terms 
in  thefe  four  Cafes  deftroying  one  anothen  Therefore 
fince  any  of  the  Numbers  written  in  the  Equation  fulfils 
t<he  Condition  of  Xy  by  making  ^M  the  Term»  of  the 
Equation  together  equal  to  nothing»  any  of  thtm  wilf 
be  the  Root  of  the  Equation  (a)^  €1LL 

■  ^ •        _- 

CXk  (a)  Jn  Equation  may  be  confukred eiAer  abfobtufy^. 
as  an  Aggregate  of  Terms  which  involve  the  Powers  o£ 
an  unknown  Quantity,  and  is  equal  to  nothing ;  or  re* 
latively^  aszn  Aggregate  of  Terms,  which  by  contatning 
ail  the  Coriditicm  of  a  Problem^  contain  the  Powers  oC 
an  unknown  Quantity,  and  is  equal  to  nothing.  Art«^ 
LXXXIT,  LXXXIII,  &c. 

202.  In  both  CafiSf  any  ^antity^  which  being  fubfii^ 
tuttdfor  the  unknown^  will  make  the  Aggregate  to  vanijh^  is 
a  Rsot.  For  the  whole  Aggregate  is  equal  to  nothing 
(Art.  LXV),  and  the  known  Quantities  remain  the 
fume,  and  unchanged  ;  alfo  the  unknown  Qusuitity  is 
the  fame>  both  before  and  after  it  is  found  }  wherefore 

being 
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CXI.  And  that  j€m  my  not  wonder  that  the  fine 
Etfamim  nmf  hasm  fmrd  RmHj  you  muft  VnovtAat 
ibiTi  wff  hi  mmri  Siktiiitt  than  omrf  ^  fmrn  ProUim. 

As 


bcin^  Tubftitutel  after  it  is  found.  In  the  Place  of  its 
Symbol,  the  Ag^regirte  will  fttll  be  equal  to  nothing  ; 
tiat  is,  will  vanifiu    See  Numb.  209. 

203*  It  will  be  always  poffible  to  find  a  Root,  that  is, 
a  Quantity  which  by  Subftitution  (hall  caufe  all  the 
Terms  to  vanifli,  if  the  extreme  Terms  of  the  Equa- 
tion have  contrary  Signs  ;  that  is,  becaufe  the  firft 
Terna  is  always  (hppofed  affirmative,  every  Equatien 
whefi  laA  Term  is  negative^  has  a  real  Rpot.  For  the  firft 
Term  being  affirmative,  and  the  laft  by  Tranfpofition 
inio  the  fecond  Member  becoming  affirmative,  two  Kum« 
hers,  whofe  Difference  is  lefs  than  any  affigned  Quantity, 
being  fucceffivelj  fubftituted  into  the  firft  Member,  will 

Sive  Sums  coming  nearer  to  an  Equality  than  by  any 
^finite  Difference ;  confequently  a  Number  is  given^ 
which,  by  Subftitution  in  the  firft  Member,  will  make 
it  of  any  affignej  Magnitude,  and  therefore  equal  to  the 

Stity  in  the  fecond  Member ;  and  that  Quantity 
agstin  tranfpofe;^},  the  Aggregate  muft  vanifh*  See 
b.  205,  2x7. 

204.  Every  Emiatie»  ef  even  Dimtnfam  has  tvee  real 
Reais^  when  the  laft  Term  is  negative  \  §ne  of.  which  h 
e^mative^  emi  the  ether  negative.  Fcur  the  laft  Term 
becomes  affirmative  by  Tranfpofition,  and  every  Power 
of  even  Dimenfions  of  any  Number  whatfoever,  whether 
affirmative  or  negative,  is  affirmative  (jSy,  8S) ;  whence 
the  laft  Term  being  tranfpofed,  and  becoming  affirma- 
tive, it  can  be  equalled,  as  in  Namb«  203,  &c.  See 
Numb.  217. 

205.  Every  Equation  of  odd  Dimenjions  has  at  leafl  one 
red  Root,  whether  its  lafi  Term  he  negating  or  ajpnnative. 
For  every^  Power  of  odd  Dimenfxons  of  any  affirmative 
KllViber  is  affirmative,  and  of  a  negative  Number,  ne- 
gative 
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As  if  diere  was  fottght  Aclnipfiaian  of  two  gtvcii 
Circles ;  there  are  two  Interfcdioat^  and  confiMfueody^ 
the  Queftion  admits  twa  Jnfw€rs\  and  therefore  the 
Equation  determininj;^  the  Int^rfe^ion  will  have  /W9 
Rootsy  wherebv  it  determines  both  the  Interfedions» 
provided  there  ic  fUfhing  in  the  Data  ^thereby  the  Anfviwr 
is  determined  to  ^y  ane  InterJe£iion. «  [See  Fig.  87.] 


gative  (87,  88.)  }  if  the  laft  Term  i#  negative,  the  Root 
whofe  odd  Power»  being  equal  to  it,  caufes  the  Aggre- 
gate to  vanifh,  muft  be  affirmative  (203)  :  And  if  it  be 
affirmative»  it  becomes  negative  by  Tranfpoiition,  but  it 
is  ftill  a  real  Power  (88)  ;  the  Root  whofe  odd  Power 
being  equal  to  it,  will  caufe  the  Terms  to  vani(h,  muft 
be  negative  ^  and  will  be  a  real  R6ot  (87,  88.)  See 
Numb.  217» 

206,  If  an  Equation  of  even  Dimenfions  has  its  laft 
Term  affirmative^  it  may  be  impoffible,  by  any  Subftitu- 
tton  in  the  firft  Member,  to  make  the  Aggregate  to 
▼anijfh  ;  that  is»  it  may  have  impojfhle  Roots.  JBecaufe  it 
may  be  impoffible  to  make  the  firft  Member  fo  great 
negatively,  as  to  attain  (the  laft  Term  being  tranfpofedf 
and  then  negative,  and  the  Equation  being  of  everf  Di- 
menfions [88]  )  any  given  Magnitude :  And  confequent- 
lymav  always  be  deficient  of  the  negative  Qpannty  ia 
tne  fecond  Member,  and  this  when  tranfpofed  back 
beine  affirmative,  the  Aggregate  will  not  vaniih  by  any 
Subifitution,  but  come  out  pofitive.     See  Numb.  189. 

207.  The  Impoffibility  of  finding  a  Number,  which 
by  Subftitution  would  caufe  the  Aggregate  of  the  Terms 
of  an  Equation  to  vaniih,  arifes  from  this,  that  there 
are  no  Roots  of  negative  Powers  of  even  Dimenfions  : 
But  if  fttch  Roots  are  imagined  to  exift,  thev  by  Subfti^ 
tution  would  make  the  Aggregate  to  vanifii  i  whence 
0Very  E^natipn  has  a  Roots  \f  ^^  T^^h  «'  l^aft  imaginary. 

And 
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And  thus,  if  of  the  Arch  APB  its  fifth  Part  A? 
were  to  be  found,  though  perhaps  you  might  apply  jrour 
Thoughts  only  to  the  Arch  A  P  6,  yet  the  Equation, 
whereby  the  C^ftioa  will  be  folved,  will  determine  the 
fifth  Part  of  all  the  Arches  which  are  terminated  at  the 
Points  A  and  fis  viz.  the  fifth  Part  of  the  Arches  A  S  B, 
APBSAPB,  ASBPASB,  and  APBSAPBSAPB, 
as  well  as  the  fifth  Part  of  the  Arch  A  PB  s  which  fifth 
Parts,  if  you  divide  the  whole  Circumference  into  five 
equal  Parts,  P  Q.,  Q.R,  R  S,  S  T,  T  P,  will  be 
AT,  ACt,  ATS,  AQR.  Wherefore,  bv  fecking  the 
fifth  Parts  of  the  Arches  which  the  right  Line  AB 
fttbtends,  to  determine  all  the  Cafes  the  whole  Cir* 
cumftrence  ought  to  be  divided  in  the  five  Points 
Pj  Q,»  R>  S,  T,  therefore  the  Equation  that  will  de- 
termine all  the  Cafes  will  have  five  Roots*  For  the  fifth 
Parts  of  all  thefc  Arches  depend  on  the  fame  Data,  and 
are  found  by  the  fame  kind  of  Calculus;  fo  that  you  will 
always  All  upon  the  fame  Eouation,  whether  you  feek 
the  fifth  Part  of  the  Arch  APB,  or  the  fifth  Part  of  the 
Arch  A  S  B,  or  the  fifth  Part  of  any  other  of  the  Arches. 
Whence,  if  the  Equation  by  which  the  fifth  Part  of  the 
Arch  A  P  B  is  determined,  &ould  not  hav^  more  than 
one  Root,  while  by  feeking  the  fifth  Part  of  the  Arch 
ASB  we  fall  upon  that  fame  Equation ;  it  would  follow,/ 
that  this  greater  Arch  would  have  the  fame  fift[i  Part 
with  the  former,  which  is  lefs,  becaufe  its  Subtenfe  or 
Chord  is  exprefied  by  the  fame  Root  of  the  Equation. 
In  evtrv  ProbUm  therefrre  it  is  necijfary^  that  tht  fiqm' 
tiOH  which  anjwers  JhcuU  have  as  many  Roots  as  th^e  aro 
difftrent  Cafts  of  the  ^antity  fought  depending  on  the 
Jame  Data^  and  to  be  determined  by  the  Jame  Method  of 
Riafoning  {hy 

CXII.   But  an  Equation,  may  have  as  many  Roots  as  it 
bat  Dimenfions^  and  not  more. 


CXI.   {b)    Sec  Number  194,  a  10. 

Tbuy 
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Thus  the  Equation  *♦  —  «•»  —  I9jrjir  -f'  49^  -—  JO^ 
=  o,  has  four  Roots,  i,  i,  j,  —  5  .  fciit  not  more. 
For  any  of  theft  Numbers  writ  in  the  Equation  for  x^ 
"Will  caufc  all  the  Terms  to  dcftroy  one  another»  a$  wii 
have  faid  ;  but  befldes  theft,  there  is  no  Number  by 
whoft  Subftitution  this  will  happen  (r). 

CXin.  But  the  fJuwher  and  Nature  $f  the  Roots  wiS 
be  beft  underftocd  Jrom  the  Generation  of  the  Equathn. 

As  if  we  would  know  bow  tn  Equaiioo  is  gonerated, 
whoft  Roots  are  I,  0,  39  and  -^  c  s  we  are  to  fuppoTe 
X  to  figoify  ambiguoufly  thofe  munbers,  or  x  t9  be 
sc  I,  j;  =  2,  A-  =s  3f  and  4r  ss  -w  5^  or  which  if  she 
fame  Thing,  ;r-«-is=o,  jr-^2rro,  ^  '^^  ^zs^  o^. 
and  ;r  4-  5  =^  o  ;  and  multiplying  thefe  together,  there 
will  come  out  by  the  Multipiicatton  ofjT'^'^ibyj*— ^1 
this  Equation  xx  ^^  %x  -^  2  zst  Oi  which  is  of  tw« 
Dimeniions,  and  has  two  Roots  i  and  2.  And  by  the' 
Muhipiication  of  this  by  jr  «^^  3,  there  will  come  evt 
jr»— .6jr;r-4-iijr-^6=2:o,  an  Equation  of  throe 
DimenfiOns  and  as  many  Roots;  which  again  multi-' 
plied  by  jif  4-  5  becomes  j:^  -<-^  >  >  -^  iq  jr  ;r  4-  4Q  «  *-* 
301S  o,  as  above*  Sinoe  tberefere  this  Equation  ie- 
generated  by  four  Fadors,  »  -<-  i,  « «^  2,  4r  -~  3,  antf 
jr  4*  5»  continually  multiplied  by  one  another,  where 
anv  of  the  FaAors  is  nothing,  that  which  is  made  by  M 
.  will  he  nothing ;  but  where  none  of  them  is*  nothing, 
that  which  is  contained  under  them  all  cannot  he  n€t^ 
thing.  That  is,  *♦  —  *♦ —  iq^rjr  4-  49«*-^  30  c«»- 
fiot  be  =:=  o,  as  ought  to  be,  except  in  thefe  four  Cafes» 
where  ;r  —  i  is  =  c,  orjr— 2=:0,  or4r-*-3  =  o, 
or,  laftly,  a-  4-  5  =  o,  therefore  only  the  Numhefa 
1,  2»  3,  and  —  5  can  exhibit  ;if,  or  be  the  Roots  of 
the  Equation.  And  you  are  to  reafon  etUie  of  all  Eqeeet'^ 
iioKS,     For  we  may  imagine  ali  to  be  genererted  by  fuch  a 

AiukipliaUioMy 


CXn.  (c)    Sec  Number  210. 
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Mdtipiication^  alihcugb  it  is  ufually  very  difficult  to  fepa- 
rale  the  FdHors  from  one  another ^  and  is  the  fame  Thing 
as  to  refolve  the  Eamtion  and  extraSi  its  Roots,  For  the 
Roots  befng  had,  the  Favors  are  had  alfo  {d). 

CXIV.  But 


CXIII.  (//)  208.  All  Equations  above  one  Dimenjion 
may  be  conjidered  as  generated  by  the  continual  Multipli- 
cation of  BinomeSy  or  ftmple  Equations  (Article  LXVI. 
Numb.  i8i.),  cohjifting  of  the  fame  Letter  denoting  the 
wiinoumy  and  any  other  undetermined  Quantity.  Thus  the 
'  given  Equaiion  x*  +  px^  —  qx  +  r  =1  o^  may  be  the 
fame  with  the  Equation  at  '  +  a  H-  ^  —  c  X  *•  *  "4- 
ab'^ac  —  be  X  x—*  abc  ^o,  which  is  produced 
from  the  continual  Multiplication  of  the  Binomes, 
jr  +  tf,  X  -+•  by  X  ^^  Cy  or  the  fimple  Equations 
X  -^  az3i  Oy  ;r-4-^  =  o,  *  —  r  =  o.  For  the  Num- 
ber of  Binomes  is  equal  to  the  Index  of  the  higheft 
Term,  that  is,  to  the  Number  of  Terms  except  the 
firft  ;  and  confequently,  by  equating  the  Coefficients  of 
the  ccrrefponding  Terms  of  the  given  and  produced 
Equations,  there  is  an  Equation  for  each  aflumed  un- 
determinate  Quantity  (182,  183.) :  Therefore  fo  many 
binome  FaSors  may  be  feparately  determined,  becauie 
each  Equation  has  its  Root  (207),  confiding  of  the 
Letter  denoting  the  unknown,  or  Root,  and  ionie  nu* 
meral  or  determinate  Quantity,  from  whofe  Multiplica- 
tion the  Equation  of  thofe  Dimeniions  might  be  gene- 
rated.    See  Numb.  95,  97,  98,  99. 

209.  Ff  in  the  Equation  x^  -f  ^j  -j-  ^  —  c  x  *••  + 
4i  b  —  a  c  "-^  b  c  x  *  —  oh  czz,  o,  produced  by  the 
Multiplication  of  x  +  a  z^  o,  jr  +  ^sro,  x  —  c  =  o, 
any  Quantity  y  be  fubftituted  for  the  unknown  at,  the 
Equation  y^-fj^^  —  c  Xy*  +  ab  —  ac  —  be  X 
y  —  abc=zo  will  emerge,  which  is  the  ProduS  of 
y-|-tf  =  b,y  +  ^=:0,  y  —  c  ^=z  o  ',  wheace,  if  in 
atij  Equation  any  of  the  fecond  Members  of  the  Favors  be 
A  a  fuiflituted 
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CXIV.  But  the  Roots  are  of  two  SortSy  affirmativey  of 
in  the  Example  brought^  i,  2,  and  3  ;  and  negative^  a$ 
—  5.     And  of  thefe  fome  are  often  impojjible. 

Thusy 


fuhftituted  for  x,  the  unknown,  with  the  Sign  changed» 
a  PioduiSt  will  refult,  one  of  whofe  Fadors  will  be  that 
Member  conne£ied  with  itfelf  under  contrary  Signs,  that 
is,  nothing  \  whence  the  Produd  is  nothing ;  that 
is,  the  Aggregate  of  the  Terms  vanijhes.  Thus  in  the 
above  Equation,  —  a  fubftituted,  produces  —  a^  -f- 
a^  J^  ba*  —  ca^  -—  ba'-  +  ca*  -}"  bca  —  bca  =s  o  ? 
and  —A,  ^b^^  b^-^- ab' —  cb^  —  ab"  +  cb"^-^  bca 
T-  bca  :=  O;    and  •+■  Cj  c^  — r^;+- ^r* -+•  ar *  -— • 

tfc*  —  be*  '^'  a  be  — M  be  zs  o;  tliere  being  a  Part 
of  the  fecond  Term  equal  to  the  Irft ;  the  Remainder 
of  the  fecond  Term  equal  to  Part  <if  the  third  j  and  fo 
on ;  and  Part  of  the  Penultimate  equal  to  the  laft  :  But 
the  equal  Parts  have  contrary  Signs,  whence  being  de- 
firoyed,  the  Aggregate  vanifhes. 

a  10.  Tie  fecond  Members  of  the  FaSfors^  that  is,  the 
Roots  of  the  fimple  generating  Equations,  and  no  other 
Quantities  are  the  Roots  of  the  Equation^  their  Signs  being 
changed  (r8i) :  Becaufe  they  alone  can  by  Subftitution, 
under  contrary  Signs,  caufe  the  Aggregate  of  the  Terms 
to  vanifli  (209).  Hence  onMqtcatton  has  fo  many  RoatSy 
and  no  morcy  as  it  has  Dimenfons  ;  and  the  Problem 
from  the  Sum  of  whofe  Conditions  rt  was  colieded  (194}» 
admits  fo  many  Solutions,  and  no  more,  as  the  Equation 
has  Dimenfioas,  or,  as  there  are  Units  in  the  Index  of 
i$s  higbeft  Term.  Hence  alfo  the  Letter  denoting  the 
unknown  denotes  each  Root  equally  y  and  in  lih  Manner  ^ 
becaufe  each  Root  fubftituted  for  the  Letter  caufes  the 
Aggregate  in  like  Manner  to  vanifli  (209). 

211-  If  the  Letter  x  denoting  the  Root  is  foundy  or  any 
Power  of  ity  in  the  loft  Term  of  an  Equation^  fo  many  ef 
the  latter  Terms  tf  the  Button  are  waniingy  as  there  are 

Units 
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Thus,  the  two  Roots  of  the  Equation  xx» — ^ax  -f 

ib  rr  o,  which  are  a  -f-  ^ aa  -^  b  and  a  —  ^ aa  --  bb^ 

are 


17«//^  in  the  thdex  of  it  (96),  arid  cofWHrfdy :  Alfo  put- 
ting n  for  the  Dhnenfions  of  any  Equation,  and  Afte- 
rUks  fdr  the  wanting  Terms,  its  Number  of  Terms  ii 
n  +  I  (94). 

212.  An  Equation  of  any  Dimefijiohs  is  the  ProduS  of 
the  FaGorSy  into  which  it  can  by  Divijion  be  refohsd  (152), 
that  is,  may  be  confidered  at  the  Product  of  Jsmple  or  com-- 
foimd  Equations^  the  Sum  of  whofe  Dimenfuns  is  equal  ta 
its  Dimenfons :  Thus,  a  Biquadratic  may  be  confidered 
as  the  Produ£l,  either  of  four  fttnple ;  or  of  two  qu'adr 
ratic  $  or  laftly,  of  one  fimple,  and  one  cubic  £qua« 
don :  Whence,-  Equations  may  be  reduced  to  lower 
Dimenfions,  by  being  divided  oy  their  Fadors,  If  an 
Equation  is  diviftble  by  a  rational  Dtvifor^  it  is  faid  to  be 
reducible  \  otherwifcy  irreducible :  And  every  Equation 
which  is  irreducible  by  a  rational  Divrfor  of  Half  its 
Dimenfions,  will  alfo  be  irreducible  by  Divifors  of 
greater  Dimenfions  ( 164 )  :  And  all  Equations  are  re* 
dseciUi  to  infinite  Series  (155). 

213.  There  arc  two  CharaSferiftics  of  the  Roots  of  any 
Equation  :  i.  They  are  Divifors  of  tt  (212)  ;  2.  Thej 
tttufe  the  Aggregate  of  tht  Terms  to  vanijby  when  they  are 
Jubfiituted  {210). 

214.  ^  any  Equation  is  divijihle  ^  x  -^  a  -(-  ^  a,  or^ 
if  z  +  i^z  be  its  Roof-,  then  alfo  /ball  x  -^  a  —  </  a  be 
a  Divifor^  and  a  -  ^  a  ^^  Root :  Alfo  j/'x  —  a  +  ^-a 
be  a  Divifor^  and  a  •+•  </  —  a  a  Root ;  fo  alfo  Jhalt 
*  — a  —  ^-— a,  tfiirfa  —  ^-s-^a  (153). 

215.  If  all  the  Terms  of  an  Equation  are  rational^  the 
irrational  Fa£lorSy  (if  any)  mufi  have  defhroyed  themfehes 
(120). 

216.  If  the  Terms  of  an  Equation  are  fome  rational^ 
emd  fome  irrational-,  the  Sum  of  the  Rationals  and  Irrati^ 
nalSi  are  feparately  equal  to  nothing  (116)- 

A  a  2 
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are  real,  vrheh^ir  (s  greater  than  bb.^  hut  when  a  a  is 
is  lefs  than  b  b^  they  become  impoflible ;  becaufe  then 
a  a  —  ^^*  will  be  a  negative  Quantity,  and  the  fquare 
Root  of  a  negative  Quantity  is  impoffible.  For  everjr 
poffible  Root,  whether  it  be  affirmative  or  negative,  it' 
it  be  multiplied  by  itfelf,  produces  an  affirmative  Squaj«^ 
therefore  that  will  be  an  impoffible  one,  which  is  to  pro-  j 

duce  a  negative  Square.  By  the  fame  Argument  yoa 
may  conclude,  that  the  Equation  *'  —  i^xx  -^  ^x  ^^^ 
6  =  0,  has  one  real  Root,  which  is  2>  and  two  im- 
p6ffiblc  ones,  r  +  v^ —  2  and  i  —  -/—  2.  For  any 
df  thefe,  2,  I  +  v'  ~*  ^>  '  "^  i/  "^  ^>  being  writ  in 
the  Equation  for  x,  will  make  all  its  Terms  deftroy  one 
ahother ;  but  i  +  ^/  —  2,  and  i  —  ^  —  2,  are  im- 
poffible Numbers,  becaufe  they  fuppofe  the  £xtra£lion 
of  the  fquare  Root  out  of  the  negative  Number  ^-2  {e). 

CXV.  But  it  is  jufty  that  the  Roots  of  Equations  Jhculd 
hi  often  impojiblij  le/i  they  Jhould  exhibit  the  Cafes  of  Prd^ 
blems  that  an  often  tmpoJftbUy  as  if  they  were  fojfibte. 

As  if  you  were  to  determine  the  Interfedion  of  a  right 
Line  and  a  Circle,  and  you  (hould  put  two  Letters  for 
the  Radius  of  the  Circle  and  the  Diltance  of  the  right 
Line  from  its  Center ;  and  when  you  have  the  Equation 
defining  the  Interfedion,-  if  for  the  Letter  denoting  the 
Dtftance  of  the  right  Line  from  the  Center,  you  put  a 
Number  lefs  than  the  Radius,  the  Interfe£lion  will  be 
poffible  j  but  if  it  be  greater,  impoffible  -,  and  the  two 
Roots  of  the  Equation,  which  determine  the  two  Inter* 
fe&ions,  ought  to  b.e  either  poffible  or  impoffible,  that 
they  nbay  truly  exprefs  the  Matter  [See  Fig.  88 1.  And 
thus,  it  the  Circle  CDEF,  aiul  the  Ellipfis  ACBF» 

cut 

CXIV.  (#)  Every  Quantity,  whether  real  or  imaginary^ 
whether  .affirmative  or  negative,  which  being  fubftituted 
foe  4r,  the  Letter  denoting  the  unknow/i,  caufes  the 
Terms  to  vaniih  ;  or  which,  joined  with  it,  divides  the 
Equation,  is  looked  updn  as  a  Root  or  Fadlor. 
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cut  one  another  in  the  Points  C,  D,  E,  F,  and  to  any 
right  Line  given  in  Po&ion,  as  A  B^  you  let  fail  the 
Perpendiculai  CG,  D  H,  E  I,  F  K,  and  by  feeking  the 
Length  of  any  one  of  the  Perpendiculars,  you  come  at . 
length  to  an  Equation  ;  that  Equation,  when  the  Circle 
cuts  the  Ellipits  in  four  Points,  will  have  four  real 
Roots,  which  will  be  thofe  four  Perpendiculars.  But  if 
the  Radius  of  the  Circle,  its  Center  xeoiaining,  be  di- 
minifiied  until  (the  Points  E  and  F  meeting)  the  Circle 
at  length  touches  the  Ellipfe  ;  thofe  two  of  the  Roots, 
which  exprefs  the  Perpendiculars  E  I  and  F  K  now  co* 
inciding,  will  become  equal.  And  if  the  Circle  be  yet 
diminiflied,  fo  that  it  does  not  touch  the  Ellipfe  in  the 
Points  E,  F,  but  only  cuts  ic  in  the  other  two  Points 
C  D  ;  then  out  of  the  four  Roots,  thofe  two  which  ex« 
prefTed  the  Perpendiculars  E  I,  F  K,  which  are  now  be- 
come impoffible,  will  become,  together  with  thofe  Per* 
pendiculars,  alfo  impoi&ble  {/). 

CXVI.  jfnd  after  this  Way  in  all  Equations^  by  aug» 
meriting  or  diminijhing  their  lerms^  of  the  unequal  RootSf 
two  will  become^,  firji  equals  and  then  impoffible.  And  thena 
it  is^  that  the  Number  of  the  impoJJibU  Roots  is  always 
iien  [g.) 

CXVIL  But 


CXV.  (/)  In  Algebra  the  Root  of  an  impoffible  ^an* 
titj  has  its  ExpreJJion  ;  but  in  Geometry  nom.  In  Algebra 
you  obtain  a  general  Solution,  and  there  is  an  Expreffion 
m  all  Cafes  of  the  Thing  required  ;  only  within  certain 
Bounds,  that  Expreffion  rcprefents  an  imaginary  Quantity, 
or  rather  is  the  Symbol  of  an  Operation  which  in  that 
Cats  cannot  be  performed ;  and  ferves  only  to  Jhcw  the 
Genefis  of  the  ^antity^ '  and  the  Limits  within  which  it 
ispoffibk: 

CXVL  {g)  217-.  If  an  Equation  has  any  impoffible  Roots^ 

Aeir  Number  is  even :  for,  to  make  the  Coefficients  ra« 

tional,  and  the  laft  Term  real  (215),  the  radical  Sign 

muft  difappear  (120}  j  which  it  could  not  do,  except 

A  a  3  their 
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CX VII.    But  fonutimes  the  Roots  pf  Equations  are  Wi 
JiUty  when  the  Schemes  exhibit  them  as  impofftble.  \fiut  this 
happens  by  reafon  of  fime  Limitation  in  the  Schemty.  which 
^is  not  belong  to  the  Equation.     [See  Fig.  89.] 

As  if  in  the  Semi»circle  ADB^  having  given  the  Di- 
funeter  AB,  and  the  Chord  AD,  and  having  let  fall  the 
Perpididici^lar  PC,  I  was  to  find  the  Segment  of  the  Dir 

AD  a 

^metiPfAC)    you  vill  Jiave     ■    ^  =  A  C.     And,  by 

this  Equation,  AC  is  exhibited  a  real  Quantity,  whcTC 
the  infcribed  Line  A  D  is  greater  than  the  Diameter  A  B; 
but  by  the  Scheme,  A  C  then  becomes  impo0ib!e,  viz. 
in  the  Scheme  the  Line  AD  is  fuppofed  to  be  infcribed 
in  the  Circle,  and  thcrfsfore  cannot  be  greater  than  the 
Diameter  of  the  Circle  j  but  in  the  Equation  there  is 
nothine  that  depends  upon  that  Condition.  From  thii 
Condition  alone  of  the  Lines  the  Equation  comes  out, 
that  AB,  AD,  and  AC,  are  continually  proportional. 
And  becaufe  the  Equation  does  not  contain  all  the  Coo' 
ditions  of  the  Scheme,  it  i|  not  neceflary  that  it  (hould 
be  bound  to  the  Limits  of  all  Conditions.  Whatever  is 
jnoj-e  in  the  Scheme  than  in  the  Equation,  may  con- 
ilrain  that  to  Limits;  but  not  this.  For  which  Reafon, 
when  Equations  are  of  odd  Dimenftons,  and  confer 
quently  cannot  have  all  their  Roots  impoffiblc,  the 
Schemes  often  fet  Limits  to  the  Quantities  on  which 
i^l  the  Roots  depend,  which   Limits   it  is  impoflible 

they 


their  Niipibcr  was  even.  Hence  alfo  their  Produff  is 
pofitivej  and  Joes  not  alter  the  Sign  of  the  Product  of  the 
real  Roots  (57 ).  Whence  it  follows,  that  a  Cubic  can  hov* 
but  two  impojjible  Roots  ;  and  that  e%}irji  Equation  wbofr 
laft  Term  is  negative^  has^  if  the  Exponent  be  odd^  one  at 
leaft ;  and  if  more^  em  odd  Number  of  real  RootSj  as  in 
^nimb-  205  ;  and  that  if  the  Index  be  eveny  it  has  at  haft. 

Sv  ;   tfm/  if  morcy  an  even  Number  of  real  Roots,   «»  "* 
nmb.  904« 
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they  can  cxcce^,  keeping  the  fame  Conditions  of  the 
Schemes  [h). 

CXVin.  Of  thofe  Roots  that  are  real  ones,  the  affir- 
mative and  negative  ones  lie  on  contrary  Sides,  or  tend  con- 
trary Wap, 

Thus,  in  the  laft  Scheme  but  one,  by  feeking  the 
Perpendicdar  CG,  you  will  light  upon  an  Equation 
that  has  two  affirmative  Roots  CG  and  DH,  tending 
froril  the  Points  C  and  D  the  fame  Way  j  and  two  ne- 
gative ones,  £  I  and  F  K,-  tending  from  the  Points  £ 
and  F  the  oppofiteWay.  Or  if  in  the  Line  A  B  to 
which  the  Perpendiculars  are  let  fall,  there  be  given  any 
Point  P,  and  the  Part  of  it  P  G  extending  froip  that 
given  Point  to  fome  of  the  Perpendiculars,  asCG,  be 
fought^  we  ihall  light  on  an  Equation  of  four  Roots, 
PG,  PH,  PI,  and  PK,  whereof  the  Quantity  fought 
P  G,  and  thofe  that  tend  from  the  Point  P  the  fame 
Way  with  PG  (as  PK),  will  be  affirmative,  but  thofe 
which  tend  the  contrary  Way  (as  P H,  PI),  nega- 
tive (/)• 

CXIX,  Where 


CXVn.  (A)  For  not  only  the  Magnitude,  but  the 
Pofition  of  Quantities,  will  reftrain  the  Expreffions  pf 
the  Roots,     bee  Note  following. 

CXVIII.  (/)  Although  ail  Quantities  which  bv  Sub- 
ilitution  make  the  Terms  vanifb)  or  which  will  form 
Divifors  of  it,  are  in  genQral  accounted  Roots  of  an 
Equation,  confidered  abfolutely  as  an  Aggregate  of 
Terms,  containing  the  Powers  of  an  unknown  Quan- 
tity without  anv  Relation  to  the  Solution  of  a  Problem  ; 
yet,  when  an  Equation  is  confidered  as  containing  the 
Relation  of  Quantities  in  order  to  the  Solution  of  a 
Problem,  it  feems  necejfaty  to  dijiinguijh  betiveen  Faiiors 
and  Roots,  and  to  reftrain  the  latter  Term  to  thofe  which 
anfwcr  to  the  Conditions  of  the  Problem  ^  in  which 
A  a  4  Cafe, 
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CXIX/  Where  there  are  none  of  the  Roots  of  the  Equ^-^ 
tion  impojjible^  the  Number  of  the  affirmative  and  negati'ue 
Roots  may  he  known  from  the  Signs  of  the  lerms  of  the 
Equation.  For  there  are  fo  many  affirmative  Roots j  as  there 
are  Changes  ^cf  the  Signs  in  a  continual  Series  from  4-  ^ 
— ,  and  from  —  /^  -|-  j  the  rejl  are  negative^ 

As  «n  the  Equation  ;if*  —  ^*?  •—  19  xx  +  494f.—  30 
=  o,  where  the  Signs  of  the  Terms  follow  one  another 

in  this  Order,  +  "" 1 *  ^^^  Variations  of  the 

fecond  —  from  the  firft  + ,  of  the  fourth  -}-  frort  -the 
third  — ,  and  of  the  fifth  —  from  the  fourth  4-  >  ihew, 
that  therjc  are  three  affirmative  Roots,  and  confequently, 
that  the  fourth  is  a  negative  one.  But  where  fome  of 
the  Roots  are  impoffihle^  the  Rule' is  of  no  Force  ;  unlefs 
as  far  as  thofe  impofTible  Roots,  which  are  neither  nega- 
tive nor  affirmative,  may  be  taken  for  ambiguous  ones. 
Thus  in  the  Equation  *••  +  P-^*"  +  ZPf^  '—  f  =  O; 
the  Signs  (hew  that  there  is  one  affirmative  Root' and 
two  negative  ones.  Suppofe  jfira^,  or*— -2^  =  0; 
tod  multiply  the  former  Equation  by  this,  a:—-  2^  =  o» 

that 


Cafe,  none  but  affirmative  Quantities  could  be  account- 
ed Roots  :  For'if  the  Problem  is  purely  algebraic^  where 
Jilagnitude  only,  and  no  Confid^pration  of  Pofttion,  or 
contrary  Values,  can  have  Place,' "no  Roots  but  fuch  as 
are  affirmative  will  anfwcr  j  becaufe,  that  a  negative 
Qiiantity  (hould  be  aduallv  lefs  than  nothing  is  equally 
jmpoffible,  as  that  the  double  Produft  of  two  Numbers 
Should  be  greater  than  the  Sum  of  their  Squares:  That 
IS,  negative  and  imaginary  Roots  are  equally  impoffible, 
where  Magnitude  only  is  confidercd.  When  the  Pro- 
plemis  geometrical,  where,  befide  Magnitude^  Pofition 
alfo,  and  contrary  Values  are  taken  into  Conflderation  | 
then  negative  Roots  do  not  folve  the  Problem,  but  (hew 
the  Solution  of  it,  in  the  oppofite  Pofition  or  Value  5 
and  if  the  Problem  was  changed  to  that  oppofite  Po« 
fition,  thofe  negative  Fa^prs  would  become  affirmative 
Jloots.  '  .  . 
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that  one  affirmative  Root  more  may  be  added  to  the 
former ;  and  you  will  have  this  Equation, 

x^-^  px^  +  pp  XX  ~^^'  X  +  2pq  =  o, 

iffaich  ought  to  have  two  affirmative  and  two  negative 
Roots  i  yet  it  has,  if  you  regard  the  Change  of  the 
Signs,  four  affirmative  ones.  There  are  therefore  tw9 
impojfible  ones,  which,  for  their  Ambiguity,  in  the  former 
Cafe  feem  to  be  negative  ones  ^  in  the  latter,  affirma- 
tive ones  (i). 

But 


CXIX.  {k)    See  Numb.  192. 

2i8.  Since  Equations  are  the  ProduAs  of  Binomes,  it 
follows,  that  the  Coefficienti  of  the  Tirms  or/  Unity^  thg 
Sum  vf  tbt  Roois^  the  Sums  0/  the  Produ^s  of  iwo^  of 
thruy  of  fouTylic.  (97).     Whence 

119.  If  the  Roots  he  real  ^antities^  the  Square  of  the 
middU  Term  of  three  will  be  greater  than  the  Produ£f  of 
the  adjacent  Terms  j  and  confequently  every  fubfequent  Term 
divided  by  the  next  Antecedent^  will  decreafe  continually 
(100) :  Whence  there  will  be  a  SucceJJion  for  each  bino^ 
ma!  FaHor^  and  an  Alternation  for  each  Rejidual  (114)  ; 
That  is 9  a  SucceJJion  for  each  negative y  and  an  Alternation 
for  each  affirmative  Rjoot  (181).  Now,  becaufe  the  laft 
Term  of  a  Quadratic,  whofe  Roots  are  impoffible,  is 
augmented  by  the  Square  of  the  Quantity  under  the 
Judical  Sign  (193) ;  the  Square  of  the  Middle  of  three 
Terms  of  an  Equation,  into  whofe  Compoficion  one  or 
more  fuch  Quadratics  have  entered,  will  not  always  ex*» 
ceed  the  Product  of  the  adjacent ;  nor  the  Ratio  of  each 
fubfequent  Term,  divided  by  the  antecedent,  continually 
decreafe ;  and  confequently  the  Alternations  and  Succejions 
mil  not  Jhew  the  Numbers  of  pojitive  and  negative  KootSj 
uidefs  the  impoffible  Roots  be  taken  ambiguoujly  for  pofuivo 
negative  (192). 

I  This 
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But  you  may  knew  almoft,  |by  this  Rule,  how  many 
Roots  are  ioipoffibie. 

CXX.  Make  a  Sates  of  Fralfiom^  whofe  Denominator$ 
an  Numbers  in  this  Progreffion^  Jf>  2,  3,  4,  5,  ^c.  going 
en  to  the  Number  which  pall  hi  the  fame  as  that  of  the 

Dimenjions 

This  Rule  of  Harriott  is  otherwife  thus  demonftrated» 
Becaufe  the  Roots  of  the  Equation  are  by  Suppofition  ad 
real,  the  Roots  in  all  the  Equations  of  Limits  deducible 
from  it  will  be  real ;  and  confequently  in  all  the  Qua- 
dratics (271) :  Now  the  jfofitive  Roots,  in  every  Qua- 
dratic, are  equal  in  Number  to  the  Permutations  of  its 
Signs  (190),  and  this  Number  cannot  be  augmented  by 
any  negative  Root  s  that  is,  by  any  Multiplication  by  a 
'  binomial  Fa£tor  (57) :  And  it  can  be  avgmented  bv  one 
only,  in  one  Multiplication  ;  bytviro,  &c.  in  two  Mul- 
tiplications, &c.  by  a  reHdual  Fa£tor  (58)  ;  that  is,  it 
can  be  augmented  but  by  one  poiitive  Root  in  the  cubic, 
by  two  in  the  biquadratic,  &c.  wherefore,  univerfally, 
the  Number  of  Permutations  is  equal  to  the  Number  of 
pofitive  Roots  :  Now  the  Number  of  Terms  or  Signs  is 
I»  +  I  (211) :  Therefore  the  Number  of  Permutations 
and  SucceiSons  together  are  /7,  that  is,  the  Number  of 
Roots  (210) :  Wherefore,  fince  the  Number  of  Alter- 
nations is  the  Number  of  Poiitive,  the  Number  of  Sue* 
ceffions  is  that  of  the  negative  Roots. 

210.  The  Variations  of  affirmative  and  negative  RootSy 
confined  together  in  Equations^  are  eqaal  to  the  Number  9f 
Terms  in  Equations  of  that  Degree ;  that  is^  always  exceed 
the  Number  of  Roots  by  Unity :  thus  the  Roots  of  a  Qua- 
dratic may  be,  ift.  both  affirmative  ;  or,  ad.  both  nega- 
tive ;  or  3d.  one  affirmative  and  one  negative  :  thofe  of 
a  cubic  may  be,  ift.  all  affirmative  i  2d.  all  negative  i 
3d.  one  affirmative  and  two  negative  j  or  4th.  two  affir- 
mative and  one  negative,  &c.  For  all  the  Variations  of 
the  Signs  are  2«  (185),  and  the  fame  recur  in  Number 

^  "^  '  (  35 )  i  whence  2  »  —  »  —  x  =:  »  4- 1>  ^^  ^he 

Variations* 
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PfTneitfigns  of  the  Equation  j  and  the  Numerators^  the  fam§ 
Beriei  of  Numbers  in  a  contrary  Order.  Divide  each  of 
fie  latter  FraSiions  by  each  of  the  former.  Place  the  Frac-- 
tions  that  come  out^  over  the  middle  Terms  of  the  Equation^ 
Jnd  under  any  of  the  middle  Terms y  if  its  Square  multi^ 
flfid  into  the  Fraction  ftanding  wer  its  IJead  is  greater 
than  the  Reciangle  of  the  Terms  on  ioth  Sides^  phce  tb4 
Sign  4..  ;  but^  it  be  lefsf  the  Sign  —  •  But  under  the 
frjl  and  Ufft  lirm  place  the  Sign  + .  Jnd  there  will  1$ 
as  many  impoffible  RootSy  as  there  are  Changes  in  the  Serie$ 
ef  the  underwritten  Signs  from  -j-  /^  — ,  and  —  /«  -J-  (/). 

A« 


CXX.  (/)  For  wy  Quadratic,  whofe  laft  Term  \% 
affirmacive,  will  have  both  its  Roots  impoi&ble,  if  ^  the 
^aw^x^  of  the  middle  Term  does  not  excefed  the  Produft 
or  the  Extremes  (189)  \  that  is»  if  the  Square  of  the 
middle  Term  multiplied  into  its  Fradtton  ^  does  not 
exceed  the  Produ^  of  the  Extremes  :  Now,  the  Roots 
of  the  propofed  Equation  being  Limits  to  the  Roots  of 
the  Equation  of  Limits,  and  of  all  Equations  ^and  oon« 
fequently  of  all  Quadratics)  deducible  from  it  by  the 
Multiplication  of  its  Terms  into  thofe  of  arithmetical 
Progreilions,  an(]  converfe) y ;  the  RooCs  of  the  £qua» 
(ions  of  Limits  feeing  the  Limits  of  the  Roots  of  the 
propofed  (267):  if  any  Roots  in  the  Equations  of 
Limits  are  impofEble,  there  will  be  as  many  impoffible 
Roots  in  the  propofed,  as  in  all  the  Quadratics  deducible 
from  it  (271).  &ut  the  Square  of  the  middle  Term  of 
thre^  in  the  propofed,  multijdied  into  its  Fraction,  haa 
the  fame  Ratio  to  the  Produd  of  the  Terms  adjacent  to 
it,  as  the  Square  of  the  middle  Term  of  the  Quadratic 
deduced  for  thofe  three,  multiplied  into  ^,  has  to  the 
ProduA  of  its  Extremes :  Therefore,  as  often  as  the 
Square  of  the  middle  Term  of  the  propoied«  multiplied 
iota  its  Fradion«  is  lefs  than  thePrx>dud  of  the  Terms 
adjacent  to  it ;  fo  often  alfo  ^  the  Square  of  the  middle 
Term  of  the  Quadratic  deduced  for  them,  is  lefs  tha^n 
(he  Pjodu.£l  of  Ihe  Extremes  ^  and  confequently,  two 
3  Roots 


36+        NATURE    OFTHE 

As  if  you  have  the  Equation  »^'^pJfX'\*2PP^'^ 
9  =  0;    I  divide  the  fecond  of  the  Fradions  of  this 

Series 

Roots  of  the  propofed  are  impofllble :  So  often  therefore 
marlcing  with  the  Sign  — ,  there  will  be  two  Alterna- 
tions ;  and  confequently,  the  Number  of  impoffible 
Roots,  and  of  Alternations  in  the  underwritten  Signs, 
will  be  equal. 

That  the  Square  of  the  middle  Term  of  three  (in  any  pro* 
fofed  Equation)  multiplied  into  its  Fra£fion  has  the  Jams 
Katioy  to  the  ProduSl  of  the  Extremes  adjacent  to  it  \  as  ■ 
the  Square  of  the  middle  Term  of  the  correfponding  ^ua- 
dratic  bas^  to  the  Product  of  its  Extremes^  appears  from 
this  :  that  in  deducing  each  limiting  Quadratic  from  the 
correfponding  Terms  of  the  propofed  whofe  Index  is  n 
there  are  fo  many  Multiplications  by  thi  Series  of  La- 
terals defccnding  or  afcending  to  Cypher,  and  fo  many 

Divifions  by  the  unknown,  as  there  are  Units  in  » 2 

(CXXXVIII)5  and  therefore,  that  the  numeral  Co- 
efficients  of  the  Terms  of  the  Quadratic  are  generated 
from  the  continual  ^lultiplication  of  the  fame  Fradions 
froih  whofe  Divifion  the  FraSion  over  jthe  middle  Term 
of  the  propofed  emerges ;  and  confcquently,  that  the 
Square  of  the  numeral  Coefficient  in  the  Quadratic,  mul- 
tiplied into  4,  produces  the  Fra^ion  placed  over  the  cor- 
refponding middle  Term  in  the  propofed  Equation  ;  that 
is,  the  Square  of  the  middle  Term  in  the  propofed,  mul- 
tiplied into  its  Fraftion,  has  the  fame  Ratio  to  thePro- 
duft  of  the  Terms  adjacent  to  it ;  as  J  the  Square  of  the 
middle  Term  of  the  Qiiadratic,  has  to  the  ProduA  of  its 
Extremes. 

Thus,  let  the  propofed  be  x^  ^  Ax^'+^Bx^  ^ 
C** -}-D  *  — E  =  o;  there  can  be  deduced  Qua- 
dratics for  every  Term  except  the  Extremes,  by  (5  —  2 
r=)  3  Multiplications  and  Divifions  :  viz.  ift.  /or;p«  — 
A  **-f-B  jr%  there  is  found  10  **  — 4  A  A^-f-B  • 
2d.   for  —  A  jf»*  +  B  jr  J  —  C  **,  there    is  found 

2hx* 


a  1  MX 
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Scries  !•  4.  4,  vii.  |.  by  the  firft  4,  and  the  tbfrd  4  hf 

the  fecond  4,  and  I  place  the  Fra^ions  chat  come  out 

(viz.  4  and  ^)  over  the  middle  Terms  of  the  Equatiufl» 

as  follows ; 

I  I 

x^  -f-/4fjf  +  ippx  —  q  z=i  o. 

Then 

2A;f*— 28*4.0(231);  3d.  forB;ri— C**+Djr, 
there  is  found  B  a*  —  2  C;p  +  2  D  (231)  j  and  laftly» 
for  — 0**+  D;r— E,  is  found  C*»  — 4Djr  +  ioE 
(231),    Now  the  Equation,  with  its  Fradions,  is 

but  in  the  firft  and  laft  Quadratic,  the  Ratio  o( 
4  X  4  X  T  ^o  »0  =  tV  =  T  5  and  in  the  fecond  and 
third  Quadratic,  the  Ratio  of  2  X  2  X  i  to  2  is  4., 

*Tis  to  be  noted,  ift.  that  although  it  is  a  certain  Cri- 
tertOQ,  that  there  arc  two  impoffible  Roots,  as  often  as  the 
Square  of  any  Term  (multiplied  into  its  Fraftions)  is  defi- 
cient oftheProduaoftheTermsadjaccnt}  yet///x«tfPrtf^/ 
that  the  Roots  an  real^  if  the  Sauare  of  any  Term  (multL 
plied  into  its  FraSiion)  exceeds  the  ProduEt  of  the  adjacent 
Term ;  and  confequently,  that  nothing  can  be  concluded 
from  fuch  Excefs,  concerning  the  Poffibility  or  Reality  of 
the  Roots  )  that  is,  the  Roots  may  he  imaginary^  though  there 
Jhould  be  fuch  an  Excefs.  id.  That  although  real  Roots  in  the 
propofed,  give  real  Roots  in  all  the  Equations  of  Limits- 
yet  real  Roots  in  all  the  Equations  of  Limits^  do  not  give 
real  Roots  in  the  propofed  (271).  Laftly,  every  Rule,  de^ 
pending  upon  the  Comparifon  of  the  Square  of  a  Term  with 
the  ProduH  of  the  adjacent  Terms  on  either  Side y  muji  fome^ 
times  fail  to  difcaver  the  impoffible  Roots ;  becaufe  the 
Number  of  fuch  Comparifons  being  always  lefs  by  Unitv 
than  the  Number  of  Quantities  in  the  Equation,  they 
cannot  include  and  fix  the  Relations,  upon  which  the 
Ratios  of  greater  or  lefs  Inequality  of  the  Squares  and 
'  Produdls  depend. 
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Then)  i3ecaufe  the  Square  of  the  fecond  Term  p  x  k 
multiplied   into  the  Fradtion   over  iu  Head  j-,    viz* 

tULl  is  Icfs  than  %ppxS  the  keaangle  of  the  firft 

Term  x^  and  third  SPpx^  I  place  the  Sign  —  under 
the  Term  pxx.  But  becaufc  gp^xx  (the  Square  of 
the  third  Term  3Ppx)  multiplied  into  the  FraSion  over 
its  Head  ^,  is  greater  than  nothing,  and  therefore  much 
greitter  than  the  negative  Redangle  of  the  fecond  Term 
pxxj  and  the  fourth  — ^ ; »  I  place  the  Sign  -|-'  under 
that  third  Term.  Then,  under  the  firft  Term  x^  and^ 
the  laft  —  ?♦  I  place  the  Sign  -f-.  And  the  two  Changes 
of  the  underwritten  Signs  (whith  are  in  this  Series 
+  —  ^  -|-  9  the  one  froih  -f  into  — ^ ,  and  the  other 
ftom  — *  into  -}-)  Oicw  that  there  are  two  impoffible 
Roots.  And  thus  the  Equation  **■— 4*;ir-f'4'*^ 
6  =  0  has  two  impoffibte  Roots» 
I  I 

T  .       T 

*'  —  ^xx  +  4*  — >  6  =  o- 
+         +  -        + 

Alfo  the  Equation  x^'^bxx  —  3«  -"  2  =  o  has  tw«i 

++      +      -     + 

l^or  this  Series  of  FraAions  4-  4*  t*  h  ^Y  dividing  the 
fecond  by  the  firft,  and  the  third  by  the  fecond»  and  the 
fourth  by  the  third,  gives  ti>is  Series  |--  4^  f>  ^^  he 
placed  over  the  middle  Terms  of  the  Equation.  Then 
the  Square  of  the  fecond  Term,  which  is  here  nothings 
multiplied  into  the  Fradion  over  Head,  viz.  -I,  pro* 
duces  nothing,  which  is  yet  greater  than  the  negative 
Re£langle  —  6  ^r^  contained  under  the  Terms  on  each 
Side  A'4  and  —  6  **•  Wherefore,  under  the  Term  that 
is  wanting,  I  write  +  •  la  the  reft»  I  go  on  as  in  the 
former  Example  ^  and  there  comes  out  tilis  Series  of  the 
underwritten  Signs  ^  ^  4.  — i-  4.,  where  two  Changes 
Ihew  there  are  two  impoffible  Koot9a  And  after  the 
iame  Way,   in  the  Equatioii  x^  -^  4;r^  +  4  ;r'  -a 
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ajTjr— »54p— *-43S0,  arc  difcovered  two  impoffible 
Roots,  as  follows ; 

a  t  I  a 

T  T  -i  T 

+         +-  +  +        + 

CXXI.  Where  two  or  more  Terms  are  wanting  together^ 
under  the  Jirji  of  the  deficient  Terms  you  muft  write  /A/ 
Sign  — ,  under  the  fecond  Sign  +,  under  the  third  tht 
Sign  — ,  and  fo  on^  always  varying  the  Signs  j  except  that 
under  the  lajt  offuch  deficient  Terms  you  muft  always  plac^ 
-f- ,  when  the  Terms  next  on  both  Sides  the  deficient  Terms 
have  contrary  Signs.     As  in  the  Equations 

*5  +  ^^4  *    *    ♦  +  a*  =  o  . 

+  +    -  +  -+  *    *°^ 

x^  4-  ax^  *    )|e    ♦   —  tf  J  =  o 
+  +   -+  +        +  ' 

tbe  firft  whereof  has  four,  and  the  latter  two  inipoffiU^ 
Roots.    Thus  alfo  the  Equation, 

i      f      4     III 

*'  — a*»+3*»  —  Jt**  +  ;r»*    :|c—  ^a=o 

+        -         +         -        +-+       + 

has  fix  impoffible  Roots  (m). 

CXXri.  Hencs 


CXXI.  (m)  fiecaufe,  if  the  Signs  on  each  Side  the 
vaniflied  Term  be  the  fame,  'tis  a  Token  that  there  are 
impoffible  Roots  (244}  ;  and  therefore  the  Signs  — 'and 
-4~,  writen  alternately,  will  by  their  Permutations 
denote  their  Number  :  But,  if  thefe  Signs  be  contrary, 
it  betokens  that  a  Term  may  have  vaniibed  through  an 
Kquality  of  the  fimilar  Produdb  of  real  Roots,  with  con- 
trary Signs  in  that  Term  (112),  fo  that  one  Permuta- 
tion lefs  will  fuffice  ;  which  is  done  by  writing  -|>  under 
the  latter  Term,  which  will  diminiln  the  Number  of 
Alternations  by  Unity» 
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CXXII.  Hence  alfo  may  be  known^  whether  the  in^ojjibti. 
Roots  are  among  the  affirmatiue  or  negative  ones.  For  the 
Signs  of  the  Terms  over  Head  of  the  fubfcribed  changing 
Terms  Jhew^  that  there  are  as  many  impofftble  affirmative 
Roots  as  there  are  Variations  of  them^  and  as  many  nega- 
tive ones  as  there  are  SucceJJions  without  Variations.  Thus, 
in  the  Equation 

x^  —  44f*-t-4jf*  —  ajif^  —  5^:  —  4  =  0 

+     +-      +      ++' 

becaure  by  the  Signs  that  are  writ  underneath  that 
are  changeable»  viz.  -f*  *—  +  >  by  which  it  i%  jQiewn 
there  are  two  impoffible  Roots,  the  Terms  over  Head 

—  4jc*  +  4jr^— 2*;^  have  the  Signs  —  ^ ,  which 

by  two  Variations  fhew  there  are  two  affirmative  Roots; 
therefore  there  will  be  two  impoffible  Roots  among  tht 
affirmative  ones.     Since  therefore  the  Signs  of  all  the 

Termi  of  the  Equation  -f J-  —  —  —  by  three 

Variations  (hew  that  there  are  three  affirmative  Roots, 
and  ^hat  the  other  two  are  negative,  and  that  among 
the  affirmative  ones  there  are  two  impoffible  ones  > 
it  follows,  that  the  Equation  has  one  true  affirmative 
Root,  two  negative  ones,  and  two  impoffible  ones. . 
But  if  the  Equation  had  been 

*•  —  4**  —  4*-*  —  ^xx  —  5Jir  —  4  =  a 

+     +      -      ~     +    +     ' 

then  the  Terms  over  Head  of  the  fubfcribed  former 
varying  Terms  +  -^ ,  viz.  —  ^;»?*  —  4;^',  by  their 
Signs  that  do  not  change  —  and  — ,  (hew,  that  one 
of  the  negative  Roots  is  impoffible  j  and  the  Terms 
over  the  latter  underwritten  varying  Terms  —  +f 
viz.  —  ajTA*  —  5;ir,  by  their  Terms  not  varying 
—  and  —  fliew,  that  another  of  the  negative  Roots 
is  impoffible.  Wherefore,  fince  the  Signs  of  the  Equa- 
tion -{ — —  by  one  Variation  (hew  there 

is  one  affirmative  Root,  and  that  the  other  four  are 
negative ;  it  follows,  there  is  one  affirmative,  two  ne- 
gative, and  two  impoffible  ones.    And  this  is  !o^  wheie 

' there 
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ibtrc  are  flot  more  impoffible  Roots  than  what  are  dif-« 
jfovered  by  the  Rule  preceding».  For  there^nay  be  more^' 
although  it  feldom  happens  (^}. 

• o/. 

.  CXXII»  (n)  fiecaufe  the  Series  of  Fradions,  made 
by  the  Laterals,  may  b^  expounded,  as  in  Nainb.  jbi» 
to  be  thofe  whole  Numerators  are  the  Indices  of  the 
Terms»  or  the  Numbers  of  the  Terms  fubfequcnt  5  and 
fhetr  Deitominitob,'  the  indices  of  the  Coeffl^cients,  or 
the  Numbers  of  the  Terms  antecedent:  Therefore,  fftp 
FroaioH  •  lni9  which  the  Square  of  any  Coefficient  or  Terth 
is  to  be  muhipliedy  is  often  enunciated  to  be,  thai  whofe 
Numerator  is  the  ProdstSf  of  the  Indices  of  the  Term  and 
of  the  Coefficient^  and  whofe  Denominator  ts  the  Product  of 
tiofe  Indices  each  increafed  by  Unity :  Or  thaty  whtfe  Nu^- 
trteratir  is  the  Produdt  of  the  Numbers  of  the  Terms  pre^ 
teding  and  filbfequenty  and  Dhominatdr  toe  ProdiiSt  of  ibeni 
ivhert  increafed  edth  by  Unity :  For  'tis  manifeft,  tnalt  the 
Nuttieratofs  detreafe,  and  the  Denomfnators  iftcreafe, 
by  Unity,  ifi  the  Fradliofis  com^ofed"  of  the  Laterals  ^ 
wherefore,  fn  dividing  each  Subfequerit  by  its  Antece- 
dent (fhat  is/  fn  the  multiplying  each  Subfequent  by  the 
Reciprocal  of  the  Antecedent  (149)  the  FaSors  which 
compound  the  Denominators,  exceed  thofe  which  com- 
pound the  Numerators  by  Unity  each. 

*  Otb^r  Rules  wire  publiflicd  by  Mr.  M*Laurin,  in  liis 
fecond  Letter  to  M.  Foulkes,  Elq;  to  which  the  Reade? 
is  referred,  as  weB  as  for  the  Proof  of  the  following  two^ 
Rules,  which  are  thence  recited  as  feeing  of  more  uni- 
verfa!  Ufe.  ^ 

ift.'Let  the  Unci  a  of  the  Terms  he  found  \  let  the  Uncia^ 
idcb  Jimini/hed  by  pnity^  be  the  Numerators^  and  the  UnciaJ 
each  doubled^  be  the  Denominators  of  Fra^ions  to  be  fet  over 
the  middle  Terms  of  the  Equation :  Then^  as  often  as  tie. 
Square  of  any  Term,  multiplied  into  its  FraSiiony  does  noi 
exceed  the  Products  of  the  Terms  adjacent  to  it  on  eacV 
Side4  taken  in  order  and  added  and  Jubdi^^d  alter  notify^ 
fi  often  there  will  be  two  impoffible  Koots.  .  ^j 

.^    .     /     '  B  b  'id. 


6/  fht   TRANSMUTATIONS    < 
E  Q.U  A  T  r  O  N  S     (a). 

GXXlll.    MorevoeTy   nU  th4  affirmativi  Roots  of  atiy 
:    Bquflthh  may   ie  changed  inU  mgaHvi  dms^    aid  tbt 

wgatm  into  afif>native  omti^  fAd  that  oHly  if  *cha»^infr 

tbi  Signs  of  tSr  akertmti  Termt  (b). 

Tku6 ill  the  EquatioD  x^  ^^4x^ -^  ^tt^^^^x^m  ^*^ 
4^^  -~  4 ss  0)  th«  three  afinnt^ve  Eooti  wiU  be  ckasg» 
«d  iniQ  aegative  oae^,  grKl  tht  Mo  itegati»^  ones  ifllto 

od.  i^  /*/.  Produ^i  of  the  TUfmbtrt  tf  the  Term^  ^mH^ 
€^dmi  and  fubfiftunt  to  any  Term^  h^  fiund :  To  this  /W 
4&2S(,  let  b$  a4de4  thi  Squares  if  the  JOiJfana^  ^  the  Pmr^ 
if  Tefms  adjacent^  in  order  on  eaeh  Side*  Ldily^  M  inU 
fbife  Sums  be  mvlii^Tied  the  froiuHs  ff  thffo  fairs  z  Tbe9^ 

{f  4flen  as  the  Square  of  a  Term»  mukipliid  'into  Half  w 
^oduSt  of  the  Number  of  Terms  winch  are  antecfdoM  ^ 
tojife^uent  to  ft^  dpes  not  exceed  the  froduSis  of  ihe  tt^actM; 
Xertn^y  multiplied  intp  tfi^  faid  Sums  added  and  JuhdsiSed 
in  order  abernatefyj  Jb  qften  there  will  he  H/uo  in^jpUi 
Roots. 

CXXIIL  {a)  %zi.   To  tramfirm  an.  E^fftaiimu  a  U 

tf  it  into  another  pf  the  fame  Himenfuais^  wh^  AMf» 
have  a  known  Relation  te  the  Roots  tf  the  froftMk 
,  formation  is  performed^,  by  formim  an  Smation  jnram 
the  given  Relation  of  the  Roots^  fy  fining  the  roiotti  (r  4f 
Roots  of  the  propofid  id  thisy  and  by  fub^iiuting  this  f^^iluo 
and  its  PowifrSy  into  tie  Place  of  the  unknown  and  its- 
Powers  J  in  the  propofed  Equation.  Bfnce  the  italue  of  A^ 
fyots  of  the  ttOHsformed  being  founds  the  RooU  of  ihe  pr^. 
j^ifed  win  be  f(ifund^  by  measd  of  ihe  S^tion  whi^  ^ 
ff^fjfti  their  given  JUlatioh. 

{>)  BMatife  thftt  in  the  eren  Pisces  ttie  QititfciCiltl 
Involve  M  odd  Nvmter  of  Rbots  (^t^)»  lUnkt  tbttt. 

€0JKiai7 


F    k'tiij  kfi'6^^. 


fame 


MftrarjF  Signs  i  %ni  thkt  tf  an  odd  Nomber  of  Quanti^ 
fitfs  it  to  be  Qlttltipiiiedy  all  dietrSignt  htin^  changeS 
Wore  K4uifjplkatioci,  the  Sign  of  che  ProdOd  would  M 
ehapged  (88) :  and  becaiife  that  in  thit  odd  Placev  th^ 
Coe&tieius  i^ivolve  aQ  efeA  Numbet  of  Root?,  uodUf 
tit  coBCraf y  Signs  (2i9) ;  and  diat  if  an  even  Numbef 
of  Qvrantifies  is  to.be  iBUftipliedy  t\\  t^txi  Signs  beioji 
cbaiiged  before  M«dti(>lic«tion,  tike  Sign  df  tte  PfodnS 
woalp  r^nafeih  the/aaie  (8B):^  Therelbre,  by  ckanginjg 
the  Signs  of  the  T^ois  in  the  tren  Places  only^  afl 
thefe  Coefficients  will  be  changed  into  the  Sum  of  ,the 
Itefets,  the  Sums  of  Aek  Produfis  by  thteei^  ftveS,  &c; 
«Adfer  Acir  proper  Srgni  :  Cmife(jueht4y;  !rt  this  tfaifif- 
*WiMi!  Equatiotti  aft  the  a^rm^ttive  Iteots  are  chan^erf 
hm  ttfe^tiVfc,  Sirtd  all  tht  tiegitivc  intor  iftr motive  {m). 
Stt^  thi^  tranifonned  Equaftfon,  b^  tranfpofing  thd 
TVrm*  into  the  oppofirtf  Member,  'i^iH  be  the  fartife  witH 
ftfc  ph)poted,  having  the  Srgfis  in  the  66i  Plates  onlj^ 
Aangcd  (LXVII) ;  confcquentljr,  by  changing  thcStgnsf 
«f  the  rfternatte  Termsi  the  alKribativ'e  Rodts  ari  chang- 
«4  into  negative,  and  the  negative  Roots  into  alRtmativ^i 
Tthisv  ^^^Ax^  +  hx^'^Cjf'^'^Dx  +  tziid, 
^  «hanging  tW!  Signs  hi  the  tveh  Places,   becoihel 

transformed  by  Tranfpofiliori^  becomes  —  ;r'— ^A#f* 
*-Bir*  —  C;r*  +  D*  +  E  =  O. 

Agah,  let  the  Sighs  be  changed  in  \he  even  Places 
t^$  afbr^ards,  kt  the  Signs  be  changed  in  the  od(l 
ftet»  Oldy  •  thrfe  tw6r  transformed  are  the  fame  in  all 
R'itijdfti,  txcept  that  thfe  Signs  of  the  Terms  of  tha 
ftttcEtpdneftt  are  coVitrary  r  But  by  changing  the  Signs 
i^  ifte  ^even  Placets  linlv,  thd  affirmative  Roots  were' 
JTOj*"  ^^to'  negative,  and  the  negative  in^o  affirmative  | 
^imftii  by  cfaa(ti|in^  the  Signs  in  the  odd  Places  only, 
fi  b  2  the 
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fame  Roots  with  the  former,  unlefs  that  in  this,  thofe 
Roots  are  affirmative  that  were  negative  there,  and  ne- 
gative here  that  were  affirmative  there;  and  the  two 

impoffihle 


the  fame  Change  will  be  made  in  the  Roots.  The 
Terms  alio  of  this  latter  being  tranrpofed,  will  give  the 
former ;  and  confequently  the  Change  it  made  in  the 
Roots,  by  the  Change  of  the  Signs  in  the  akemste 
Places.  Thus  *»  —  A**  +  B*' —  Cjr*  — Djr  + 
£  =  o,  by  changing  the  Signs  in  the  odd  Places  only, 
becomes  —  ;r*—  A**—  By»—  C**-+-  D;r  + 
£  =  0 ;  and  this,  by  Tranfpofition,  becomes  jr>  -|"  A  «r* 
4-  Bxt  +  C»s  —  Dx  —  E  =  o,  in  which  the  Signs 
in  the  even  Places  only  are  changed. 

Again,  by  changing  the  Signs  in  the  alternate  Placet, 
the  Alternations  in  the  propofed  become  SucceiSons  in 
the  transformed,  and  the  Succeffions  become  AltemA» 
tions;  and  theNumber  of  Alternations  in  the  propofed 
is  the  fame  with  that  of  the  Succeffions  of  the  tiaoP 
formed,  and  the  Number  of  Succeffions  the  fame  with 
that  of  the  Alternations :  but  the  propofed  had  fo  many 
affirmative  Roots  as  Alternations,  and  negative  Roots  as 
Succeffions  ^CXIX)  $  therefore  the  transformed  has  to 
many  negative  Roots  as  the  propofed  has  affirmative, 
and  fo  many  affirmative  as  the  propofed  has  negative; 
and  no  Change  has  been  made»  except  in  the  Signs  ef 
the  Roots  :  whence  they  are  the  fame  with  contrary 
Signs. 

222.  By  chan^ng  the  Signs  of  dl  iht  Term  of  an  Efiuh    \ 
tlonj  no  Change  u  made  in  the  Signs  of  the  Roots.    For  by    \ 
changing  the  Signs  of  the  Terms  in  the  even  Places,  th^    i 
Sums  of  the  Terms  in  the  odd  Places  are  not  changed^ 
and  by  changing  the  Signs  of  the  Terms  in  the  odd 
Places,  the  Sums  of  the  Terms  in  the  even  Places  re- 
main unchanged  :  wherefore,  hj  changing  the  Signs  of 
all  the  Terms,  the  Sum  of  all  the  Terms  is  unchanged, 
and  remains  ss  o  (LXV)  i  therefore^  the  Roots  ape  the 

£une 
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ItupMhlt  Roots,  which  lay  hid  there  among  the  affir-* 
IttitiVe  ones,  lie  hid  here  among  the  negative  ones ;  {q 
that  thefe  being  deduced,  there  remains  only  one  Root 
truly  neeadve. 

CXXIV.  There  are  alfo  other  Tranfmutations  of 
Equations,  which  are  of  Ufe  in  divers  Cafes.  For  we 
mty  fuppo/e  the  R99t  of  an  E^uatifin  to  be  compolid  4my 
how  end  of  a  inoum  and  wAnown  ^uantityj  .and  then  fub» 
pMe  uiat  we  /nfpofe  equivalent  to  it.  As  if  we  fuppofe 
the  Root  to  be  equal  to  the  Sum,  or  Di£Ference,  of  aof* 
known  and  unknown  Quantity.  For  after  this  Rate  we 
mof,  augnunt  or  diminijb  the  Roots  of  the  Equation  by  that 
hiwn  Quantity ^  or  fubtraG  them  from  it-,  and  thereby 
eaufe  that  fome  of  them  that  were  before  nevative^  Jhall 
now  become  afffrmative ;  or  fome  of  the  affirmative  ones 
beeome  negertive\  or  alfo  that  all  fball  become  affirmative^ 
or  all  negative  (c).  Thus  in  the  Equation  x^  —  jr »  — 
19  jrx  ^  49  ;ir  —  30  :=  0,  if  I  have  a  mind  to  augment 
dieRobts  by  Unity,  I  fuppofe  ;^  +  i  =  j^,  or  *  =  y  —  i; 
and  then  for  x  I^write  /  — •  x  in  the  Equation,  and  for 

the 


iiune  (CX) :  The  Equation  alfo,  thus  changed  by  tranf- 
pofing  the  Terms,  is  the  fame  as  at  firft.  Thus  x*  -^ 
A**  +  Bjr5  — C;r»  — D;p  — E=so,  by  changing 
all  the  Signs,  becomes  — .  *«  +  A;^*  —  Bor^  +  Cx* 
-f  D  *  -f.  £  =  o  5  and,  by  Tranfpofition,  jr  *  —  A  *♦ 
+  B*i-.C**  — D  *--£=:;  0,  asatfirft. 

CXXIV.  (c)  223.  When  it  is  required  to  transform  an 
Equation  into  anothery  whofe  Roots  ft)aU  be  lefs  than  the 
Rmtt  of  the  profofed^  by  a  given  Difference  e,  for  x,  and 
itsPowers  fubflitute  y  Hf-  e  and  its  Powers.  For,  by  Sup- 
pofition,  X  —  /  =  y  5  wherefore,  *•  =  y  +  ^ ;  whence, 
Snce  X  denotes  all  the  Roots  of  the  propofed  indifcri- 
minately,  and  y  all  thofe  of  the  transformed,  e^ch  Root 
of  the  transformed  will  be  deficient  of  each  of  the  pro^ 
Mfed,  by  the  given  Quantity  /.  Thus»  y  +  '  being 
B  b  3  fubftitutcd 


3^^.      T  ^  ^  ^f  S  M  V  T  A  T  I  O  V 

$bf  Squ9fe^  ^^hcp  or  Biqufi4r?ite  of  ^,  1  wri^  tb«  li)^ 

jRower  of  J?  —  I,  as  folloj|fft: 


'    *♦ 

r  y*-rAy'+  6jjr  —  4^  +   1 

—  #5 

—  i*+  3yy  —  3y  +  ' 
m97jr  +  38J'  ^»9 

-.19** 

!  +  49  * 

4-49^  —49 

—  30 

7- 30 

At4 


(ubftitutcd  for  ;rj|  in  the  Equation  *^— ^**  +  J*^ 
ir  =s  o,  it  becomes 

j'  +  3^  V»  +  3^^     +  ^' 

+       ^        +  ^^ 

£acb  of  !)rbpfe  Roots  is  leTs  by  t|^e  Quantity  <• 

224.  ^liWi  it  is  required  to  transform  an  Equation  int^ 
foaiber^  ivbofo  Roots  fi>aU  be  greater  than  tbt  JmU  ^  the 
propofed,  by  a  given  Excefe  e,  for  x  and  its  Powers  jfitb- 
J&utt  y  —  e  nmd  its  r^ivfrs*  For,  by  Supppfitiflm 
M'^'  e  zzyi  wheace  x  zs.y  —  «  ;  and  all  tb«  Root»  «f 
the  traAsformci  will  jxcc^d  tbofe  of  the  propofed,  by 

fubAituted  for  4 
beiSO0)e& 


the  given  Excefs.  e.     Thus  y  -^e  being  fubAiti 
m  tbe  EquatioA  ;r  3  —  ^  if  *  +  ?.*""  '^  =  ^»  l^  ' 


-3' 


r 


s:  o. 


£a<^  «f  vAofe  lUk^ta  i&  greatfcr  by  the  £xce(«  ^. 

^25.  J^btp  H  is  rtguired  to  transfirm  an  EftutitK  iat» 
^iber^  whtfft  Roots  fiaU  it  the  Enftji  tf  a.  pvat  J^tfM»? 
ifij^  e  at^  th(  Roots  of  the  prfpeftdijiwftitutt  e  «-  y.anH 
tts.Ptv^rt  ffr  X  W  its  Pnuer:,     Foca  by  Supfoudon» 


•O  ?     E  Q;»  A  T  I  O  M  ft.  '       iri 

Afd  (be  Roqts  o/  th«  Eauatkm  tlmit  i>  produced,  vizt 

y*  r^  Sf'  •"  ^0  jy  ^  ^y  -^  96^  ?=  o>  will  bff 

'  ,  a.  3»  4» 

(lifajlHutod  fof  ;ir  ia  ;r»  -  p**  +  y«  —  r  =  0,  it  becpn^fil 

1€   ^     qy 
—  r 
]foch  af  whofe  Rqots  i$  ihe  '£.xoth  of  e  aVov^  the  rc« 
fpciftivc  Roots  of  the  propofetf, 

;t26.  .8?^^  if»  Emttiw  is  transformed  by  having  its  Rpois 
Smnijbed^  crimteapdy  by  a  given  ^lantity  e  j  the  l(di  Tevrn 
^f  tbi  tramprrmd  is  the  fame  with  the  propo/ed,  having  t 
in  the  P^btcf  of  X ;  the  Signs  of  e  beidg  the  fame  'when  the 
Rfiots  are  Jlnunijbedj  hut  contrary  to  thofeof  x,  tuhen  inr 
treafki.  ifte  Coeffdent  of  the  Penultimate  is  founds  ^y  mtd^ 
tiptying  every  Part  of  the  Coefficient  oft  in  toe  laJiTerm^  by  • 
the  Indeis  k'  •  in  each  Part  of  the  U^  Term^  ifd  dividing 
AeprodifS  by  c,  viz.  by  the  C^antity  which  js  CQinn^oj 
to  thofe  Parts.  The  doeffcient  of  the  Jntepenultimate  tf 
founds  by  nmbiplying  the  Parts  of  the  Coefficient  of  e  in  tbf 
Penuhimate^  by  the  Index  of  z  tn  oachy  and  by  aividing  the 
Produff  by  3tc,  and  fo  on.    Whence^  in  general 

a«7.  TbtTer$M  of  the  tremsformed  may  be  found  wkhrmt 
In^^ohition.  Fof  tM  bft  is  had,  by  AibftitiiCwg  e  ant*  its 
iWers  tor  x  anct  its  Fowers ;  and  the  followiw  Terrtw!^ 
tiz.  penuMmate,  arit^-pentiWinaite^  &c.  are  foimtf,  by 
mttltipiyiog  every  Pa«  of  the  kft  ftwnd  Term-  in  vi^hich 
#  is,  by  €hc  f Index  of  ^  in  that  Pftrt  f  and  by  divlcKng 
the  ProduSs  by  the  Produ6l  of  e  into  ^he  IneJex  of  y  in 
that  Term  which  i^  fought :  And  the  Indices  of  y  gre  the 
Laterals,-  beginoi«g  ^h  rfie  penultimate  Term.  For 
the  tranrformed  Equation  confifts  of  thofe  Powers  of 
y  +  /,  which*  are  marked  by  the  Indices  of  ^  in  the  Parts 
ff  tjie  Ijift  Tcna^  mukipHod  each  by  tliejr^  refyeftiv^ 
B  b  4  CoeS- 


J7$       T  *  A  N  S  M  U  T  A  t  I  b  N 

1»  3«  4»  —  4»  M^hich  before  were  i,  2,  3,  — 5,  i.  ^» 

bigger  by  Unity.     Now,  if  for  x  I  had  writ  y  4:  t  4? 


there 


poefficients;  wherefore,  beginning  from  the  hift  Term. 
Ihe  higheft  In(fex  oT  e  being  »,   the  Unci^  of   the 

Terms,  reckoned  froip  it,  wijl  be  i,   " ,  -2^ — 11^  , 

n^n—i  ^n  —  1     ^^    ^j^^^^  ^^  j^^^^j   pj^y^^ 

1X2x3 

are  the  Indices  of  y  in  the  Term  itfelf,  as  in  NuQ)b« 
lOI,  &c. 

%1%.  When  an  Equation  U  trifnsformid  by  the  DlmlnuiUti 
§f  its  R^ts  by  a  given  ^uantitf  e,  the  affirmative' Roots  only 
fre  diminijhedy  iut  the  negative  Rpgts  gre  augmented  by  tbaf 
given  ^antity  ej  for  the  Sigh  of  /  in  y  -f"  ?>  's  'the 
fame  with  the  Sign  of  the  negative,  and  contrary  to  th^ 
Sign  of  the  affirmative  Koots  (i^i  ], 

aa^.  When<;e  if  the  Quantity  e,  by  which  the  Roots  are 
dimintjhed^  is  e^fial  to  any  ajfrmatfve  Raot^  that  Root  tvill 
vanijh  by  the  Transformation;  and  confequently  th^ 
^roduft  of  the  Roots,  that  is,  the  laftTerm'of  the 
transformed  will  vanifh  ^  that  is,  the  transformed  will  he 
lowered  by  one  Dimenjion :  Alfoiftwo^  three^  tff.  Ro^ts  of 
f^e  propo/ed  be  equal  to  each  other ^  and  to  e,  the,  Quantity  bf 
tvbicb  the  Roots  are  diminijhed ;  the  Equation  will  be  tremf^ 
formed  into  one  of  twoj  three^  i^c,  Dimenfions  kwef.  Tha^ 
«/uppofe  an  Equation,  none  of  whofe  Roots  are  equal  tQ 
each  other,  and  but  one  of  them  equal  to  <»  be  pror 

F"  \  viz.  jrf -^  ^Jf'H-  qx^-^  r ;if -fr  ^  =  O,  th^ 
formed  will  be 

r  +  4'  »1+    '*        +    •' 

•  —     r 
^Vhofe  laft  Term,  riz.  g^—pet  JL  qe*^reJLs  U 

'  ^  vaniibcd, 
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^ere  would  have  come  out  the  Equation  j^^  4*  57'  *-r> 
jp/jr  — ^jr +4^'=  o,  whereof  there  be  two  affir- 
mative 


Taniflied^  upon  Account  of  0  being  equal  to  one  Root  x; 

juft  as  the  Aggregate  of  the  propofec)  WDul(i  have 
vanilhed  'by  its  oubftitution.  Now  dividing  thjs  tranf« 
fcrmed  by  y,  it  becomes  one  Dimenfion  16wer,  viz. 

J^'  +4'  ,a  +  6^*        +    '• 

T^    r 
Agaio»  fuppofe  twg  Roots  96  eoui^l   to  /»    ai^d  confe^ 
quently  to  each  other,  the  transformed  will  be 

J'-  +4^  ,,  +  6/^ 

+    i 
granting  the  two  laft  Terms,  and  dividing  by  ;%  is 

J^*  +  4^    ,  +     '* 

—    ^    ^  —  3^*   =  o, 

+     i 
two  Dimenfions  lower,  and  h  on.  > 

23a  And  convirfely^  if  by  dtmtnifinng  the  EMts  of  an 
J^quatUn  by  any  ^antity^  tbi  laft  Term  of  tbe  transftrmed 
Jbould  vaniflfj  that  Quantity  is  equal  to  ftnoi  affirmative  Rnt 
of  the  Earntim ;  and  if  the  pemdtimati  Term  alfr  Jbatdi 
umijby  tie  propofed.  has  two  Koets  equal^  and  equal  to  that 
Quantity  I  and  if  moreover^  three  Terms  of  the  tronsfmned 
fiouU  vanijbf  three  Roots  af  the  propofed  are  equals  and  equal 
to  that  S^antityy  i^e. 

271.  In  general,  /^  every  Term  of  an  Equation^  having 
n  Number  rf  equal  KoetSy  be  msdtiplied  by  the  Index  of  the 
unhmtm  Quantity  in  the  Term^  and  the  Produ£i  divided  by 
th  unknewn  Quantity y  the  transformed  will  contain  n  —  t 
of  tbofe  equal  Roots :  For  this  is  equivalent  to  a  Transfor- 

matfonj, 


$ff%       TR  A  y.SMUT  AT  ION 

«Ultiu^  &o«!4i,  f  a^  x  i,  and  two  nfgfitive  onci^ 
•^  I,  iml  —  6  ^  fidt  l^  writing  >  —  6  for  y»  tbcj:« 
WOIa14  have  come  out  an  Equation  whofe  Roots  would 

have 

tMOoiH  by  dimiiu{bing  the  Roots  by  a  Quantity  equat 
IP  tbofe  equal  Roots  ^  in  like  mann^,  n  —  2  of  tie  equal 
Rat^wiU  remain^  after  two  M^ifiicatiom  and  DiviJuMi  i 
mat  fi  on. 

2X1,  If  c,  the  ^uajfitty  by  which  the  Roots  are  MnAtiflh^ 
aiy  be  grtatBt  than  the  ^eate/l  ajjkmaiive  Rfiot  of  the  pro^ 
fofedj  all  its  affirmative  Roocs  will  become  negative 
(228)  ;  whence  aU  the  Roots  of  the  transformed  are  nega^ 
ihftf  and aU  ihTmnf  affiimathe  {\%%)  \  ami itg  leq/i  JKni 
tfthe  tramformedy  anfwers  f»  the  greaUfl  jffimuOhe  of  ob$ 
ffopofed.  For  the  Excefs  of  e  above  the  Aftrmatives  is 
thaty  which  makes  them  negative ;  and  that  Excefs  is 
leafty  which  exceeds  the  greateA  Affirmative:  Hence 
alfo»  thofe  Roots  of  the  tranformedy  which  are  Ufs  than  e, 
are  thofe  which  were  ajffh^mative  in  the  propofed ;  and  Aefir^ 
which  are  greater  than  e^  arp  thofe  whi^h  wore  negative  a^o 
in  the  propofed  {z7&). 

233.  Jnd  converfefyj  if  the  Terms  of  the  tnmsfprmed  be* 
gome  affirmative  by  havimg  tik  Stmts  dimimjhed  by  am  ^mn 
isiy^  toat  ^sumiitj  is  greaief  than  thi  greatefi  aff!rmaUv€ 
Jtoat  ofibe  propofid ;  and  if  tie  Sign  —  tnterventf  once^  all 
0fe  Roots  of  the  transfbrmedy  except  oWy  ar$  nefothei  and 
^tamu  is  greater  than  t  that  ^juantitp. 

jl34.  To  maie  all  the  Aoois  of  any  Eqtiatim  no§atkfo^  it 
uSaim^  them  by  a  Sfnantitf  gnater  than  the g^uOtft  4^^ 
mtHkm  Maoi'y  or  to  ftd^tutean  c^frmotive  St^antity  fir  tie 
mninown^  greater  wan  the  greatefi  qffrmattve  Jbot :  F^ 
this  Subditution  is  equivalent  to  Transformation)  by 
XHimttiition  of  the  Roots  (ttj).  'Tis  evi^ent^  that  if 
^  Qjxantity  /  is  Te&  than  the  leaA  aftrmativc  Rooi^ 
d^  QiiaKty  of  the  Roots  is  unohanged,  diovgli-  #ie 
Aflrmatitres  are  diminiflied  and  the  Ncgatiyoa  atigmeiitv 
«d  by  it* 

235,  ffl^ 


or     JE.a«J  ATIOHl  Sf% 

jt^nre  faffcn  7,  ?,  q,  l,  vj»^  o^I  ^finmi^  i  w4  wWng 
fpr  th^  fepae  [*]  >  +  4»  Mw?  wpul4  hay©  come  Mt 
fl^ofe  Roots  dimnifUcd  by4>  W-  •^3"^*'^*r?'9^ 
all  pf  tbe;ai  n^atlve. 

2J5.  W&w  tfw  Equation  is  tramfomudy  by  having  its 
Roots  increafed  by  a  giv^  Quantity  e,  the  affrrmatiui  Roots 
only  are  incnafed^  hut  the  Negatives  are  dtminijbed  by  it  % 
its  Sign  being  the  fame  with  that  of  the  afBrmative»  ami 
tftfi  contrary  to  t^at  of  the  negative  Roocs. 

2136.  Whence^  if  Ms  ^jumsky  is  eptal  f$  9ns^  Mr» 
fkm^  isle,  efthe  negative  RsHs^  Jo  many  Terms  of  the  tremf" 
firsmi  vttU  vani/by  and  it  wilt  be  defreffed  byfo  many  Di^ 
nunfmm  \  and  converfeiyj  if  the  tramfirmid  be  defreffid^  Aa 
prspofed  has  fi  many  negative  s^mLR^tij^  aad  0^1  to  the 
^antity  e  ^  tffbicb  the  R^qts  are  increyed* 

«37.  If  the  ^uofterty  e,  by  w^eb  tht  Roots  are  awment* 
odj  be  greater  {i$at  is^  more  remote  from  notlnng)  tSmt  tbt 
groateji  negative  Root^  all  the  Negatives  w91  become  Affiiv 
Mative  by  the  Transformation ;  and  all  the  Roots  of  ^ 
traraformed  will  be  etfflrmativey  and  the  Terms  akernatdf 
er^ mative  and  negative;  and  the  kaft  Root  in  the  tran/^ 
firmed  anfipers  to  the  greauft  negative  Root  of  the  fropofd^ 
and  is  the  Excefs  of  ^  the  given  Quanttty  above  the 
gr^tieft  negfttive  Root  of  the  pKii^K»fe4 :  For  the  £x- 
ce^  of  oy  above  the  n^gaUve  Roots  of  the  pr9pore49  arc 
ibe  ajBroijitivc  K^oots  of  the  trw^ionoed  whicih  ace  left 
tb^n  r  i  and  ^at  Excef?  muft  be  leaft»  wbiob  excecdf 
the.  ^9teft  ;  (tmd  the  RfiSts  gro^fr  tbm  ^  wan  qffrsoA^ 
iivetn  the  propofed  (228). 

2^38.  Jnd  tomirfoby^  iftho  Termoof  the  tnms/irmod  he^ 
§mne  edternOtohf  pofiHvo  and  nog^stivo^  iho^umtity  bywhieh 
sboRfiots  aromsgmenSody  is  gt^atep  than  the  greaU/l  negativo 
R^  I  and  if  one  Siseeijfion  imservtl^y  ih0$  wUt  be  a  negth' 
Hw  Root  gjFoaier  sban  e. 

139.  ?* 


^       TRANSMUTATION 

^if  this  manner y  by  augmenting  or  itmimjhii^  the 
KsffSy  if  any  of  them  are  impoj/sble^  they  will  fometinus  be 
nwre  eaftiy  diteifed  than  before.  Thus  in  the  Equation 
*'  —  Z^^^  "*"  3^*  =  o,  there  arc  no  Rco(s  that 
appear  impoflible  by  the  preceding  Rule ;  but  if  you 
augment  the  Roots  by  the  Quantity  a^  writing  y^-^  a 

for  ar, 

?39'  ^^  ^^^  *^  ^*^  -Rd^/x  of  an  Equation  affinfuuiviy  /# 
p  augment  them  by  a  Quantity  greater  than  thegreatejl  nega^f 
five  Root ;  or  to  Jubjittuie  a  negative  ^entity  for  the  un^ 
Inowny  greater  than  the  greatefi  negative  Root :  whereby  the 
refulting  Quantity  will  become  affirmative^  if  the  Equation 
is  of  even  Ditmnfiom  \  but  negative^  if  of  odd  Diman^ 
Juns  (88)  :  Tbis  Subftitution  being  equivalent  to  Tranfy» 
Iprmation,  by  augmenting  the  Roots. 

140.  IThen  an  Equation  is  transformed^  by  having'  its 
Roots  fubduff id  fiom  a  given  ^antity  e,  as  in  Numb.  22  c» 
the  affirmative  Roots  of  the  propofpd  become  mgative  in  ibe 
iransformedj  and  each  diminijhes  the  ^antitj  e ;  likeunfe^ 
the  negative  Roots  of  the  propofed  beeon^e  affirmative  in  the 
transformed^  and  each  increafes  the  Quantity  e.  For  if  a 
be  an  affirmative  Root»  then  tf=svir,  and  x '=z  e — yi, 
whence  tf  =:  ^  —  y,  and  y  =s  ^  •?-  « :  Again,  if  ^  ,be  a 
negadve  Root,  then  -—«  =  *•,  and  *■=*—;? 5  v^^cnc^ 
—  tf  =  #  f— y,  and  y  ss  /  +  a, 

7.\\.  If  the  Quantity  t^  from  which  the  Roots  arejub^ 
iu^edy  be  equal  to  one^  two^  lie.  affirmative  Roots  of  the 
propofed^  the  transformed  will  be  deprejfed  fo  many  Dimen'" 
fions ;  and  converfelyy  if  the  transformed  is  depreffidy  the 
pr^fed  has  fo  many  affirmative  Roots  equals  and  equal 
U  c. 

%\2*  If  the  Quantity  e,  from  which  the  Roots  are  fyb* 
du^idf  is  greater  than  the  greatefi  affirmative  Root^  aU  the. 
Roots  of  the  transformed  will  be  affirmative  (240] ;  and  the. 
Terms ^  altematny^  affirmative  and  negative ;  iotd  converfelu 
if  the  Terms  be  alternately  affirmgttvt  and  negative^  ibe 
^Montity  e  is  greater  than  the  greatefi  affirmative  Root^ 


OF     E  dU  A  T  1  O  N  S.  fti 

for  >,'  you  may  now,  by  that  Rule,  difcover  two  im-' 
poffible  Roots  in  the  Equation  refiilting,  jr '  — ^  3  ayf 
— •  tf  •  =  o. 

CXXV.  Bytbejfmt  Operatim  yiu  mof  alfi  take  awM^ 
the  fecund  Terms  of  Equations»     This  nvill^e  done^  if  you 

~  the  E' 
\ftons  of 

o  -. ^.  -  w  -^        J  whidf 

fou  afftmu  to  fig^fj  '^^  E.oot  of  the  new  Equation^  mnd 
fuhfttttae  the  Remainder  for  the  Root  of  the  Equation  pro'* 
fofed  {d).  As  if  there  was  propofed  the  Equatioa 
jr3  —  4Ap4r  +  4x  —  6  =  0,    I    fubtraa    the   known 

Quantity 


TCerm  <, 

J^etter  uummmtm    mj  •«««     ^vn**  *»i  j  v«^h«        «  va ,     %mj    kM«a   ■«•«««tma»^ 

if  the  (econd  Term  is  affinnative,  being  the  Sum  of  the 
Roots  under  a  contrary  Sign  (218) ;  .e<|ch  negative  Root 
is  increafed  by  the  affirmative  Sum  of  the  Roots  divided 
by  their  Number  (224) ;  that  is,  the  negative  Sum  of 
the  Roots  is  increafed  by  an  equal  affirmative  Sum,  and 
therefore  vaniflies  :  and  if  the  fecond  Term  is  negative^* 
tach  affirmative  Root  is  diminifbed  by  the  negative  Sum 
<if  the  Roots,  divided  by  their  Number  (223)  ;  that  is, 
the  affirmative  Sum  of  the  Roots  is  diminifhed  by  aa, 
equal  negative  Sum,  and  therefore  vanilhes. 

243.  TheJJfe of  externdnating  the pcondTerm^  is  to  mate 
tbi  Sobaion  <f  the  Equation  more  eajy :  For  if  the  propofti 
he  a  ^uadraticy  the  transformed  wHl  be  unafTeRed^  anJt" 
/LXXTV.  h.)  its  affirmative  Root  is  equal  to  the  negative  % 
%f  the  propofed  be  cuhic^  in  the  transformed  either  the  Sum, 
of  two  affirmative  Roots  is  eaual  to  one  negative  y  ot;  the  Sum  ^ 
of  two  Negatives  to  one  Affirmative  -,'  if  the  propofed  b«' 
a  Biquadratic^  in  the  transformed^  either  the  Sum  of  tbrea 
Negatives  is  equal  to  one  Affirmative^  or  the  Sum  of  tuf$^ 
Negatives  is  equal  to  the  Sum  of  two  Affirmatives^  ^  tai$, 
N^gatiu  is  equal  to  the  Sum  of  three  Affirmatives :  Tie  Sum 


^       T  JL  A  W  S  M  IT  t  A  1 1  O  N 

Qytndtjr  of  die  ftconA  Temii  wHich  is  a  4^  dMdal  b^ 
the  Nuiabef  of  tfa^  Ditnenfiolks  df  thfe  EqiMk>Ai  ^\%.  ^ 
from  the  Species  or  Letter  which  is  aflunied  to  fi^tfy 
the  new  Root,  fuppofe  from  y^  siiid  the  RomaSlder 
f^  ^  I  fubftittlftfe  fbt  x^  mi  thrt^  tdtttth  6ut 


+   4  J'  +  V 


CXX VI.  Jf  /&?  /r;nr  lfe**rfj  fbi  Aird  T&m  ef  M 
JbftmiMi  maj  bi  alfo  takiH  away.  Let  there  be  piopo(ed 
the  Equation  x*~3*»  4.  JJtjr  — 5*  —  a  jB  0,  anJT 
make  x  :sij  —  h  and  fubftitutiog  jr  -^  «  in  the  toom 
df  «r,  thtere  will  arife  this  Equation  ; 

l^he  third  Term  of  this  Equation  is  6//  +  9^  4*  j^ 
multiplied  by  jrj^    tVhere^  if  6// 4^  9/4*- 3  w«t^ 

nmhitig^f 

•     '         .....  ^ 

if  thi  affrtmatkfe  Itoris  heing  akuays  equal  t$  ihe  Sum  &f  tht 
negativi  Rms^  in  tvtry  Equation  which  wants  ihe  JecofjJ 
Ttrm  (iia).  Now  when  tbe  Roots  ef  tht  trailsforaied 
«re  found,  tkole  of  the  propofed  are  had  frotB  theiip- 
kud^n  Rdation  (aoii). 

144.  tn  etfUy  E^ioM  which  wants  tie  ficondTerm^i/ 
JB  its  ib$U  ttte  reaiy  tU  third  Tefih  will  be  Hegdtiv^ :  ¥ot 
tW  firft  Teitn  being  alferthativt,  tha  third  oug*t  to  liav^ 
tUtf  contrary  Atfbd&oil  (iia),  If^  therefore,  the  thirdf 
Tertfi  h  affirttUKtivt^y  V^ben  the  (%c6nd  is  ^aAUhg,  ^ere 
Akf  te,  and  geiieratt^  are,  im^ffible  Roots;  but  H 
d^^i  hot  fblfow,  that  Wh^h  there  arc  ifa^^ble  j^oo^^ 
tfke  tti&ii  Tenit  tah  hk  ^rffifmatlve* 


MtbiBg»  you  would  have  wbat  jou  ilefiitj»  iM^  u» 
fappo£^it  thex«fofe  t»  be  nothings  that  «ire  may  tah«n«p 
lUiri  vbat  Nombor  ought  to  be  fubftituted  in  this  Cafe 
for  /,  and  we  Ihall  have  the  quadratic  Equation  6  #^  4* 
9  ^  +  3  =  O  s  which,  divided  by  6»  will  becofli(6^ 
r» 4* 4 #  +  4- »=  99 ^r  t4Sf:f^i0 «^ 4^  aihI ckm£1- 

|ngtheRoo»^=-J  +  V-,«ir-.4,  «ft=-|4:/T!^ 
mt  is,  :iz  —  4  +  i,  and  confequently  either  =  —  { 
o^  =  —  t«  Whence  y  —  ^  will  be  eitJier  ^  +  ^  or 
J  ;f  I.  Wherefore,  fince  y  —  ^  was  writ  for  jr  ;  io 
the  r<»in  of  y  —  ^  there  «u^ht  t^  ke  writ  f  ^  ^  i^ 
y  -f  r,  for  X,  that  the  third  1  erm  of  the  Equaiioo  that 
refolts  may  be  taken  away.  And  that  will  K«ppen  ia 
kotk  Ca&s.  For  if  for  ^  you  write  f  +  i^  tbei»  will 
arife  this  Eq^uatioo,  y*  —  y'  —  Vj  ^-  fi  —  o  | 
kit  if  you  write  y  4^  l>  there  wtll  arim  this  equation,. 
y4+y»— 47  — 6  so  (f), 

CXXVIL.iAr^ 

CXXVI.  (0  Ths  ^0Mifj^  fnpir  ^  kt  tmaiMtai* 
Af  ijfimidLimr  y^  in  order  timt  from  ih  Stdj/^Mkn  ikt 
UmS^rmtd  MqmoUit  Jbali  want  ^  ^JjigfHd  Tm^  tontf  it 
/aufki  kf  the  S^ion  if  th$  RfiOhon  iff  Oe  Cnfidmt  0f  thtt 
Titm  in  tb$  inmformid^  irUo  whUh  the  gam^PtfmmU  tl 
JmngKk  Thuajri— ^**+ fir'  — l-4P^4- «#  —  #»% 
it  Mnafiuinod  iii«o 

Voiy  to  find  the  Quantity  proper  for  the  Exterminatioa 
•f  the  fecund  t*ettn5T-^Xy**  Waiifc  5^— /  =  0, 
di«o  $€  mp%  an^'  #  s  ^  :  now  p^ldbit  ^  «ni»e)rfi% 
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ClTXVir.  Moreover  J  the  Ibots  of  EpuMons  mfy^he  muV- 
lotted  or  divided  by  given  Numbers ;  and  after  tbisRate^  the 
Terms  of  Equations  be  difmnijhedy  and  FraSiimn  dnd  raHed 
^uishtitih  fomitimes  be  taken  away. 

Asi£ the Eqiiation  were /—  4^jr— ■  *^^  =  o  j  in  ordw 
to  take  away  the  Fradions,  I  fuppofe  y  to  be  as  ^  z  | 

and 


Coir  ^e JDimenfions  of  the  Equation,  the  Quantity  will 

be  y  +  ^ ,  as  in  the  above  Rule.    Again  to  cxlcr- 

"^  n  ■  ^ 

ininate  the  third  Term  lo ^*  —  4/>  ^  +  J  Xy»;  becauft 

loe'-^^pe  +  9  =  6,  then  ^  =  4>  +  ^isPj—TJ 
(LXXlV)i  that  is,  puttingsi=y^,>±t+VZ— X 

Vm  he  the  Quantity  to  be  fubftituted  :  and  in  like  mao' 
ner  die  fourth  Term  may  be  exterminated,  by  a  Qpan^ 
tity  found  by  the  Solution  of  the  cubic  Equation,  which 
18  the  Coefficient  of  the  fourth  Term  of  the  transformed, 
and  fo  Ofi.  Hence  it  appears,  thzt  to  find  thi  ^uantitf 
p-oper  to  be  €Ohne£led  toith  the  djjumed  Letter  ^  fo  exfetwinate 
^  ^j  3^9  A^K  S'*>  6^^.  Term  of  an  Equation,  there  is  t$ 
lefohjeaafimpU,  a  quadratic,  a  cubic,  a  bifua^atie  Equa^ 
tion,  ffc.  rehe^iveJy  j  and  confequently  there  is  but  one 
Quantity,  woich,  connected  with  the  unknown,  will  extern 
mutate  the  zd  Serm  ;  two  Quantities  the  ^d  -,  three  the  j^b^ 
four  the  $tb  (CXU)  j  and/o  on. 

In  lite  mann/nr  an  Equation  which  wants  the  %d,  ^d,  ^c* 
Term,  may  be  transformed  into  one  which  fhaU  have  that 
Term,  and  whofe  Value  Jhall  be  e  j  viz.  by  finding  the 
Value  of  «  in  the  Equation  of  the  indeterminate  Coaffi- 

cients  of  that  Term,   and  fubftituting  /  +  -»  7  i  "1 

+  y/Pl  —  1,  &c.  for  the  ad,  3d,  &c.  Term,  ftfpc^- 
dfcly. 


OF      EQUATIONS.  385 

and  then^  by  fubftituting  4  %  for  j,  there  Comes  out 

-.L-  V        *        2*        122..    146  _j  •    , 

this  new  Equation,   —  —  —  -^-^  ri  o,  artd  ha^r* 

27         27  27 

ing  rejeSed  the  cbmmon  Denominator  of  the  Tcrms^ 
jts  —  122  —  146  =  o,  the  Roots  of  which  Equation 
are  thrice  greater  than  before.  And  again,  to  dimini(h 
the  Terms  of  this  Equation,  if  you  write  2  v  for  2> 
there  will  come  out  8  v'  —  24  V  —  146  =  o,  and 
dividing  all  by  8,  yoii  will  have  v^  —  3«^— ^ig^rro; 
tke  Roots  of  which  Equation  are  Half  of  the  Roots  of 
the  former.  And  here,  if  at  laft  you  find  Vj  make 
^v  TzZj  ^zzzyy  and  y  ^  ^iz  Xy  and  you  will  have  x 
the  Root  of  the  Equation  ;rJ  —  4**'-(-4;f^*-6s=:o, 
as  firft  propofed. 

And  thus,  in  the  Equation  A^'-*-2*'+y'3  =  0,  to 
take  a^ray  the  radical  Quantity  ^3 ;  for  a*  I  v/rite  y  ^J, 
•  and  there  comes  out  the  Equation  ^y^  4/^  —  2y  ^^  + 
^.3  s=  o,  which,  dividing  all  the  Terms  by  ^/3,  be- 
comes 3/3  —  ^y  +  1  =  0  (/). 


GXXVII.  (/)  245.  Jn  Equation  may  be  tramfornui 
into  another  whofe  Roots  Jhall  have  a  given  Ratio  to  tke  Roots 
tf  the  proftffedy  viz.  y  :  x  ::  a  :  b;  by  finding  the  Valm 
of  X  in  an  Equation  formed  from  the  Proportion ;  and  by 
fubfiituting  this  Value  and  its  rowers  for  x  and  itf  Power f 
in  the  propofed.     Thus  if  the  Equation  x^  —  ^**  + 

qx  —  r  =£  C  be  prdpofcdj    becaufe  Jr  =  i-  the  tranf- 

a 

formed  will  be  ^l^  —  t^  ^th  —  rz±o.    Nov^, 
a^  a^  a 

by  multiplying  by*',  and   dividing  by*',  the  tranf- 

foriflcd  18  f  J  -»■  V  J'^  +  ^-  '^  %7-  ^  ^'    Hence  it 
h         ^      b^  bi 

appears,   that,   beeaufe  jrs-L^,   and  that  —   is  the 

Reciprocal  of   the  given  Ratio  ^,    the  Transformation 

b 

is  done  iy  fuhflituting  for  x  and  its  Poi:jcrSy  the  ProduSfs 

of  J  and  its  Powers'  into  the  ReL':^:Qcal  of  the  given  Rath 

C  c  and 
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and  its  fimilar  Powers ;  «r,  which  is  at  length  the  fit 
things  by  multiplying  the  Terms  of  the  Equation  by  the  r§^ 
fpeSiive  Terms  rf  a  geometrical  Progreffton^  beginning  from 
Unity i  in  the  Ratio  of  Unity,  to  a  Fraction  expreffsng  tha 
pven  Ratio. 

246.  Hence,  if  it  be  required  to  multiply  the  Roots  rf  ant 
Equation  by  any  given  Quantity  a,  for  x  and  its  PowerSf 

y*  divided  by  the  Multiplier  a,    or  y  multiplied  info   -  /^ 

Reciprocal  of  the  Multiplier y  and  its  Powers y  is  U  he  yi*- 
fiituted'y  for,  from  the  Nature  of  Multiplication,  the 
Confequent  of  the  Ratio  of  Numb.  245  is  Unity. 
Or^  vmich  comes  to  the  fame  thing,  by  multiplying  the  Terms 
of  the  Equation,  by  the  refpeSiive  Terms  of  a  Series,  (hegin^ 
ning  from  Unity)  of  Proportionals,  in  the  Ratio  of  Unity  to 
the  Multiplier  M 

247.  If  it  be  required  to  divide  the  Roots  of  an  Equation 
by  any  given  ^antity  b,  for  x  and  its  Powers  fuhJKtuU  j 
multiplied  into  the  Divifor,  viz,  yh,  or  y  divided  by  toe 
Reciprocal  of  the  Divifor,  and  its  Powers  ;  becaufe  the 
Antecedent  of  the  Ratio  is  Unity  (245).  Or,  which 
comes  to  the  fame  Thing,  the  Terms  of  the  Equation  are  to  be 
divided  refpe£iively  by  the  Terms  of  a  Series,  beginning  from 
Unity,  of  continued  Proportionals  in  the  Ratio  of  Untty  ta 
the  Divifor. 

248.  If  the  fir/I  Term  of  an  Equation  has  a  Coefficient 
different  from  Unity,  it  can  be  taken  away  by  multiplying  the 
Roots  by  that  Coefficient;  thus  ax^  —  6jf»+^;r  — r 
=:  o,  multiplied  hy  i,  a,  a\  a'^  (^W»  becomes  ax^ 
m^pax'^  +  qa-x  —  a^r  =  o.  NoW,  by  dividing  by 
a,  it  becomes  x^ — ■'/^*+  qaX'^a'^rzs:  o.  Whence 
it  appears,  that  the  Operation  will  be  performed  at  once, 
by  expunging  it  from  the  firji  Term,  and  by  multiplying  the 
Terms  of  the  Equation,  beginning  with  the  third,  by  the  Co* 
efficient,  its  Square,  Cube,  ^c*  rejpe&ively.     Hence  alfo 

249.  If  an  Equation  has  Fractions,  it  may  be  transformed 
into  one  which  Jhall  be  clear  of  Fra£iions,  and  whofe  firfi  Term 
fhall  have  Unity  for  its  Coefficient ;  if  the  Terms  being  ftrft 
multiplied  by  the  Product  of  the  Denominators,  the  Terms  be^ 
ginning  with  the  third,  are  multiplied  by  the  Coefficient  of  the 

3  jkft 
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jirft  Term^  and  its  Powers  ufpeSiively ;  as  in  Numb.  248. 
aod  the  Coefficient  is  expunged  from  tbe  firft  Term. 

250.  Jn  Equation  can  be  cleared  0/ Radicals  by  MuUipli" 
tation,  when  tbe  Radicals  recur  in  fuch  Terms  oj  the  Equa- 
tiofiy  as  that  when  a  Series  of  Proportionals  is  /o77ned  in  the 
Ratio  of  Unity  to  the  Radical j  tbe  ProduSi  oftSe  Numerators 
vf  the  Indices  of  the  factor  Terms  ^  in  the  Equation  and 
Series^  can  be  meafured  by  their  common  Denominator:  For 
then  the  Produfis  will  be  Unity  or  Rational  (79).  Thus 
if  a  Quadratic  Radical  recurs  in  tbe  alternate  Terms,  it. 

can  be  exterminated,  as  x^  —\/px^+^x^^^\/prx* 
+  sx^^  ^/p^tziz  o  is  cleared,  by  multiplying  by  the  re- 
fpcSive  Terms  gf  the  Series  i,  V/s  ?>  P  ^p7  p\  p^^h 
and  becomes  ;r5—^v*+^^*' — p^rx^  +  p^sx-^pU^zo* 

Sox^^^/q^x''•\'^qx^'^rx*  +  ^/q^x^  —  ^/qxt^sx*^ 
3  3  ^  «.  3  ^^_^  3  _      3  ^^ 

y/q'^x+\^qtzzOintOty   Vf,  Vq\   fy    qVq,  qy/q\    q\ 

•  3  J 

f^y  ^Vj%  becomes  Af^r-f  Jf^  +  y***  —  ^r  x^  -jr  j*a* 

-^fx^J^q*sx'^q^X'\'qU  =  0.  Alfo  x^^Vp^/i* 
Vr^Vs^x'i'  V'  f  V  r*  %^i'  x'^^^pVr  Vx*  x^  +  V^I^  v'i**— 

^y^i^rUx^  +  V^r*  Vj^  vx^—y/p  V^*  Vr  V  s»  z  «  + 

J     ,  *— 3^*— * ^  .♦— .^^,    --- 

Vj  VF A=  o into  I,  V/>  V^  Vr  Vi, />  Vy4  v'r V j*p  V7? 

VP^ViS  f^i'J^ry/sS  p-'^p^fry/rsy  pfr^r^sy/s^ 

^ v7j* ^qr^r's V^*,  ?* ^* V^f  ^* ^ v iS    becomes  y''  — 
tqrs^xT  +  pqrsx^^p^qrsx^+p^q^rsx^—p  q^r^stx^ 
J^p^q^t^s-^^f^'-t^q^r^i^zx^p^q  r*i^A  =  0. 
251.  Ihe  Coefficients,  or  tbe  laJiTerm  of  an  Equaum  wfll 
■     be  made  d:viftide  by  any  Number  or  Numbers,  tfthe  Roots  of 
the  Equation  be  multiplied  by  that  Number,  or  the  Produa  of 
the  afligmd  Numbers.  For  if  the  Equation  x^  —  px^-^qx 
—  rx  +  x^ohas  its   Roots  multit^Ued  into  a  be,    it 
•  C  c  2  becomes 
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CXXVIII.  Jgain^  the  Roots  of  an  Equation  may  bi 
changed  into  their  Reciprocals^  and  after  this  IVay  the  Equa» 
tion  may  he  fometimes  reduced  to  a  more  commodious  Form  (g). 

Thus,  the  laft  Equation  3j^J  —  27-+-i=o,  by 

writing  —  foF  y^  becomes  -^    —  —  •+•  I  =  o,    and 

all  the  Terms  being  multiplied  by  a*,  and  the  Order  of 
the  Terms  changed,    z»  —  2zz  J^  3  =  0.     Tie  lajl 


becomes  ;^—  ahctxl  +  a^b*  t^q  x*  —  a^blc^rx  + 
fl+^*f*x  sr  o,  (246)  all  whofe  Coefficients  arc  divi- 
fible  by  a^  or  by  or  c^  or  a  b  c* 

CXXVIII  (g)  252.  An  Equation  may  be  transformed 
into  another  whole  Roots  Jhall  be  the  Reciprocals  of  the  tropo^ 
fed^  by  Juhjiituttng  Unity y  or  rather  thi  laft  Term^  divided  by 
the  affumed  Letter  y,  and  its  Powers^  into  thePlaciofx  and 
its  Powers \  for  then  the  Proportion  (245)  x:y  '.i  aiby 

becomes  xi  i  \i  wy^  and  the  Value  of  *»is  i-.      if  ^e 

fubftitute  Unity  or  any  other  Quantity  befide  the  laft 
Term,  we  Ihall  have  fradional  Coefficients,  or  the  high- 
eft  Term  will  have  a  Coefficient  different  from  Unity ; 

thus  by  fubftituting  _  for  x  in  the  Equation  x^—^pxl 
+  }**  —  r  X'\'  s  =  0,  we  have -L I.jl,-!^ !L  j« 

^  =  0^  9nd  by  tranfpofing,  j_l+±_A^^ 
=  o  5  and  multiplying  by  ;4,  sy^  -^r y^  -^^  q y*  ^^ p  y 
4-  I  =:  o  ^  and  if  we  divide  by  i,  y^  m^JLyZ  -j.  i  j*  — 

JLy^—z=  o :  In  like  manner  if  we  fubftitute  ~  for 

S  S  y 

.V,  we  ftiall  have  j>4  —  r/7^3 -f  ^^*/  — ^^j^^.  iH 
=  0,  or;*  — — /$  +  I_>*  — £_j^4.  JL  ==  o: 

Whereas  if —  were  fubflitutcd,  wc  Ihould  have  /  v'  ~ 

y 

rs)Z 
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Term  tut  one  of  an  Eauation  may  alfo  by  this  Method  he 
taken  awaj^  previded  the  fecond  was  taken  away  before^  as 
yen  fee  dine  in  the  precedent  Example.  Or  if  yju  would 
take  away  the  Iqft  but  two,  it  may  be  donej  pr&vided  you  have 
taken  eeway  the  third  before  [h).  Moreover^  the  leajl  Root 
may  be  thus  converted  into  the  greateji^  and  the  greatefi  into 
the  leafty  which  may  be  of  fome  life  in  what  follows  (/). 

Thus>  in  the  Equation  x^  —  x^ — i()xx^4^()x 
—  30  =:  o,  whofe  Roots  arc  3,  2,  i,  —  5,  if  you  write 

1  for  Xy  there  will  come  out  the  Equation  —  —  i 

y  '  f       f 

-2  -|-  Z?  —  30  =;  o,  which,  multiplying  all  the  Terms 
by/,  and  dividing  them  by  30,  thp  Signs  being  changed, 

becomes  /  _  1?    ,   •   j^  jp*  +  ±  « L  =  0,  the 

30  "^         30  10  \        30         ' 

Roots  whereof  arc  4.,  J,  i,  —  4  >  ^"^  greateft  of  the 
affirmative  Roots  3  being  now  changed  into  the  leaft  4», 
aod  the  leaft  i  being  now  made  greateft,  and  the  nega- 
tive Root  —  5,  which  of  all  was  the  moft  remote  from 
0,  now  coming  nearcft  to  it. 

There  are  alfo  other  Tranfmutations  of  Eqmtions^  but 
which  may  all  be  performed  after  that  Way  of  iranfmutating 
we  have  Jhewn^  when  we  took  away  the  third  Term  of  the 
Equation   (i). 

CXXIX. 


rsyi  -|.  ^  i*y»  —  j^  i3y  4.  j4  =:  o,  r.  e.  dividing  by  j, 
/  — r;r3-j-  qsy* —  pi*y+  ^^  =  ^* 

(*)  Becaufe  by  the  Operation  the  Order  of  the  Co- 
efficients is  now  inverted. 

(/)  Becaufe  ais  *•  =  -p^,  and  yzz  — ,  when  x  is  great- 
y  X 

cft,y  muft  be  leaft  j  and  converfely. 

{k)  253.    Jn  Equation  is  transformed  info  another  whofe 

Roots  Jhall  be  mean  Proportionals  between  the  Roots  of  the 

fropofed  and  any  given  ^antity  a,  by  fubjiituting  for  x  and 

its  Power Sy  tlje  Square  of  the  ajfumed  y  divided  by  the  ^an* 

C  c  3  titj 
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CXXIX.  Trim  the  Generation  if  Ejuatlms  it  is  evident^ 
that  the  known  ^antity  of  the  fecond  Term  of  the  Equation^ 
if  its  Sign  be  changed^  is  equal  to  the  Aggregate  of  all  the 
Roots  under  their  proper  Signs  j  and  that  of  the  third  Term 
equal  to  the  Aggregate  of  the  ReSiangles  of  each  two  of  the 
Roots  ;  that  of  the  fourth^  if  its  Sign  be  Changed^  is  equal  t9 
the  Aggregate  of  the  Contents  under  each  three  of  the  Roots  ; 
that  of  the  fifth  is  equal  to  the  Aggregate  of  the  Contents  under 
each  four  J  andfo  on  ad  infinitum  (/). 


tity  a,  and  the  Powrrs  of  this  ^ote.  For  the  Proportion 
(245)  x:  y  :  :a  :  b  becomes  x  : y :  : y  :  a^  whence  the 

Value  of  X  is^.  Thusif  inAf'— ^**-)-^— r=o,^ 
a  a 

be  fubftitutcd  for  *■,  we  have  ^  —  ^  4.  ?2!— r=:o, 

a%  a*     V     a 

that  iSj  y^  ^^  p  a  y^  -^  qa*  y^  ^^raS  =:  o^  whofe  Roots 
are  mean  Proportionals  between  a  and  the  Roots  of  the 
propofed* 

254  An  Equation  may  be  transformed  into  another  wJ>ofi 
Roots  /hall  be  the  Square j  Cubey  &c.  Roots  of  the  propofed^ 
by  fubjlituting  for  x  its  fuppofed  Falucy  that  ts^  y%  y3,  &c. 

for  fmce  t/  x  -^.y  then  ;r  r=  y*  ;  or  if  ^  .r  :=  ^,  then 
u  zny"^  9  and  hence  it  is»  that  Equations  can  be  depref- 
fed,  if  the  Indices  of  all  the  Terms  can  be  meafured  by 
the  Index  of  the  loweft  Power  of  ;f  (1S4)  :  Thus  *•  -f" 
f  a4  4"  ^**  +  v  =1  o  is  deprefled  to  yi  -f*  ?>*  +  'J'  +  ^ 
z=:  o,  by  putting  x*  =:  y^  whence  x  :=i  ^y  \  and  the 
Roots  of  the  transformed  are  the  fquare  Koots  of  the 
propofed  (221,)  as  in  N*.  184. 

255.  In  every  land  of  Transformation^  if  the  Quantity 
by  which  the  Koots  are  diminiihed,  multiplied,  &c.  be  a 
real  Quantity,  any  imaginary  Quantity  diminifhed,  &c. 
by  it,  mujl  remain  imaginary  j  wherefore  aU  imaginary  Roots 
remain  after  Transformation.  It  is  alfo  manifeff,  that 
when  the  Roots  of  the  transformed  are  found,  thofe  of 
the  propofed  may  be  found,  from  their  known  Relation  to 
thofe  of  the  transformed  (221.) 

CXXIX,   (/)  See  Numb.  95,  &c. 

Let 
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IjCt  us  aflume  ;r  ;;:  <t,  a:  =  *,  ;r  =  —  ^,  ;r  =  rf,  &c. 
or  X  —  tf=:0,  X  —  ^  =  0,  *•-!-/==:  O,  :r-— .^=0» 
and  by  the  continual  Multiplication  of  thefe  we  may 
generate  Equations,  as  above.  Now,  by  multiplying 
jr  —  a  by  x  —  by  there  will  be  produced  the  Equation 

xx^^x  +  ab^zO',  where  the  known  Quantity  of 

the  fccond  Term,  if  its  Signs  arc  changed,  viz.  <7  -f  ^» 
is  the  Sum  of  the  two  .Roots  a  and  ^,  and  the  known 
Quantity  of  the  third  Term  is  the  only  Rcftanele  con- 
tained under  both.  Again,  by  multiplying  this  Equation 
\>y  X  +  £,  there  will  be  produced  the  cubick  Equation 

-»  tf         +  ab 
fi^  ^^bxx  '-^acx  •+•  abc  =  o,   where  the    known 

+  tf  —be 

Quantity  of  the  fecond  Term  having  its  Signs  changed,, 
viz.  «  +  ^  — -  ^,  is  the  Sum  of  the  Roots  Oy  and  by 
9ind  —  r ;  the  known  Quantity  of  the  third  Term 
tti  —  ac-^bc  is  the  Sum  of  the  Rectangles  under 
each  two  of  the  Roots  a  and  by  a  and  —  c^  b  and  —  c ; 
gnd  the  known  Qjuintity  of  the  fourth  Term  under  its 
Sign  changed,  *^  abc,  is  the  only  Content  generated 
by  the  continual  Multiplication  of  all  the  Ropts^ 
ahyb  into  —  r.  Moreover,  by  multiplying  that  cu- 
bick Equation  by  x  —  dy  there  will  be  produced  this 
biquadratick  one; 
+  ab 

—  /J     '^^  ac  +  ^^^ 

—  d     -^-  ffd         -4-  acd 

—  cd 
Where  the  known  Quantity  of  the  fccond  Term  und^r 
its  Signs  changed,  viz.  a  •\^  b  — ^  c  '\^  dy  is  the  Sum  of 
all  the  Roots  ;  that  of  the  third,  ab-^ac  —  be  ^  ad 
+  Arf  —  f 2/,  is  the  Sum  of  the  Redangles  under  zvtxy 
two  Roots  ;  that  of  the  fourth,  its  Signs  being  changed, 
^abc  -j-  abd  -^  bcd-^  aedy  is  the  Sum  of  the  Con- 
tents under  each  Ternary  ;  that  of  the  fifth,  —  abed, 
is  the  only  Content  under  them  all. 

Cc4  CXXX. 
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CXXX.  And  bemi  we  fwft  infer ^  that  of  any  Equation 

that  invffhes  neither  Surds-  nor  Fractions  all  the  rational 
RoctSy  and  the  Ri^anghs  tf  any  two  of  the  RootSy  and  tht 
Contents  of  any  three  or  more  ofthem^  are  fome  of  the  integral 
Divifors  of  the  laft  Term  %  and  therefore  when  it  is  evirfent 
that  no  Divlfor  of  the  iaft  Term  is  either  a  Root  of  the  Equa- 
lionf  or  Rt^tangfe^  or  Content  of  two  or  more  Roots^  it  tvill 
alfo  be  evident  that  there  it  no  Rooty  or  ReilangUy  or  Cont^m 
of  Roots ^  except  what  isfurd  (w). 

CXXXI.  Let  us  fuppofe  noWy  that  the  known  ^aniities 
of  the  Terms  of  any  Equatinn  under  their  Signs  changed^  ar^ 
P»  q>  r>  8,  t,  V,  v/z.  that  ofthefecond  p,  that  of  the  third  q, 
of  the  fourth  r,  of  the  fifth  s,  and  fo  on.  And  the  St^ns  of 
the  Terms  being  rightly  obferved^  make  p=ra,  pa-f-  2q 
=  b,  pb4.qa  +  3r  =  c,  pc  +  qb4.ra4-4« 
r=d,  pd  +  qc  +  rb4-sa-|-5t  =  c,  pe-fqd-f- 
rc-f.sb  +  ^^  +  6v  =  f,  and  fo  on  in  iniinituni)  eh- 
fcrving  the  Series  of  the  Progreffion.  And  a  will  be  the  Sum 
of  the  Roots  y  b  the  Sum  of  the  Squares  of  eath  of  the  Roots^ 
c  the  Sum  of  the  Cubes y  d  the  Sum  of  the  Biquadrafes^  e  the 
'  Sum  of  the  ^^adrato-^cubeSj  i  the  Sum  of  the  Cube-ctibeSy 
and  fo  on. 

As  in  the  Equation  jr*  -r-  *•  —  ig^rjr-f-  49  jr  — • 
30  IS  0,  where  the  known  Quantity  of  the  fecond  Term 
13  —  I,  of  the  third  —  i<)»  of  the  fourth  +  49,  pf 
the  fifth  —  30 ;  you  muft  make  i  =  ^,  19  :=:  f,  — 
49  =  r,  30  =s  5.      And    there  will    thence  arife    a  = 

(/>  =)  I,  ^=  (/>^  +  2f  =  1  +  38  =)39»  ^  = 
(^A  +  f  fl  +  3r  =^  39  +  19  —  147  =)  —  89,  rf  = 


CXXX*  {m)  It  can  haye  no  fra£ljonal  Root»  for  a 
fradional  Root  would  give  fra<9ional  Coefiicients,  and 
if  they  were  removed  the  higheft  Term  would  have  a 
CocfEcienJ  different  frqm  Unity,  which  is  contrary  to 
Suppofition  ;  now  Roots  which  are  neither  Integers  nor 
Fradlions  muft  be  Surds  (161).  Alfo,  if  the  higheft 
Term  of  an  Equation  has  a  Coc^cicnt  different  frpm 
Unity,  one,  or  fome,  pr  all  the  generating  Binomes  (121) 
hj^  either  a  Coefficient  in  tlie  firft  Number,  or  their 
fecond  Number  fradional. 


OF      E  Q^U  A  T  I  O  N  S.  39J 

(  ^f  +  J  *  -I-  ^  tf  +  4^  =  ~  89  4.  741  ~  49  +  lao 
— )  723.  Wherefore  tbe  Sum  of  the  Roots  will  be  i, 
the  Sum  of  the  Squares  of  the  Roots  39,  the  Sum  of  the 
Cubes  —  89,  and  the  Sum  of  the  Biquadrates  7231  viz. 
the  Roots  of  that  Equation  are  i,  2,  3,  and  — -  5,  and- 
the  Sum  of  thefe  i  +  2  -j-  3  "^  S  is  i  j  the  Sum  of  th^ 
Squares,  I  -f-  4  •+  9  +  25,  is  39  ;  the  Sum  of  the 
Cubes,  I  4-  8  4*  27  —  125,  is  —  89  ;  and.  the  Sum 
of  the  Biquadrates,  i4.26-l-8i-{-  625,  is  723  (n). 


CXXXI.  (n)  This  Rule  follows  eafily  from  the  al- 
gebraical  Expreffions  of  the  Quantities,  and  the  binomial 
Theorem.  '  For  <r'  being  =:^,  and  p  the  Sum  of  the 
Roots  (CXXIX),  —  ?  the  Sum  of  the,  Produds  of  2 
Roots,  their  Signs  being  changed  (9s),V  the  Sum  of 
the  Produfls  of  three  Roots  (CXXIX),  —  1  the  Sum  of 
the  Produ&s  of  4  Roots,  witlj  their  Signs  changed  (95), 
/  the  Suip  of  the  Prodqfb  of  5  Roots,  and  fo  on ;  puttinjf 
X'\-j'-{-Zficc.  for  the  Roots  iBecatife  (pa  — 2f )  the  Square 
of  the  Sum  lefs  twice  the  Sum  of  the  Products  of  the 
Rbots  is  equal  to  the  Sum  of  the  Squares  of  the  Roots, 
therefore 

from^^=    *»  +/+  2»,  &c.  +2A74'***+^*J'>,&c. 
fubducl  —  2  y  =  2af/+  i^'z+^^^j'&c- 

remains  pa  ^2q'=zi  x^  "^  y^'\'^\  ^^*  ^^^  ^^^  of  the 
Squares  =  b> 

Again,  becaufe  pi  the  Sum  of  the  Squares  multtj^ied 
into  the  Sum  of  the  Roots  is  equal  to  the  Sum  of  the 
Cubes,  more  the  Sum  of  the  Squares  of  each  Root  into 
the  other  Roots  ;  and  becaufe —  q  a  the  Sum  of  the  PnK 
duds  of  two  Roots  into  the  Sum  of  the  Roots  is  equal 
(o  the  Sum  of  the  Squares  of  each  Root  into  the  otiicr 
Roots,  more  thrice  the  Sum  of  the  Produ^  of  three 
Roots,  i.  c.  3  r  J  therefore  fubdufting  the  latter  Produfts 
from  the  former,  i.  e.  pb  -^  qa-^  3r,  the  ReGdue, 
viz.  p^  +  ftf—  3r  will  be  the  Sum  of  the  Cubes 
lefs  thrice  the  Suni  of  the  Prod  uds  of  three  Roots,  which 
being  therefore  added,  we  have  the  Sum  of  the  Cubes. 

Thus 
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Thusfrom^*=jf34- y^  +  a3,  &c.  4-  2 y  +  a  z,  gecT 
X**+2*  +  .22,Acc.  xr*  +2  *  -f-  2  j^  X  **,  &c. 
fubduft  —  a  g  z=ixy  Zy  dec.  X  3+  2y  +  2  z,  6ic.  X  ** 
+  iHhTzTSc,  X >*H- 2T+T^  &C.  X» V &c.  re* 
main«  ^^  +  tff  =:jr'+>^-f^  z3,  &c>  -—  yj^  z,  6gc. 
X  3  5  add  3  r  = ^rj^g,  &c,  X  3 

the  Suirt ^*-f-«y-h3r=«f3-f»^-f-z3,  &c.  =  f, 
the  Sum  of  the  Cubes. 

Again,  becaufe^f  the  Sum  of  the  Cubes  into  the 
Sufn  of  the  Roots  is  equal  to  the  Sum  of  the  fiiqva<« 
draces  more  the  Sum  of  the  Cubes  of  each  Root  into  the 
other  Roots  ;  and  becaufe  —  g  b  the  Sum  of  the  Pro- 
iiiQs  of  two  Roots  into  the  Sum  of  the  Squares  is  equal 
to  the  Sum  of  the  Cubes  of  each  Root  into  the  other 
Roots  more  the  Sum  of  -the  Squares  of  each  Root  into 
the  Sums  of  the  Produ<3;s  of  two  Roots ;  therefore  fub* 
du£ling  the  latter  Produfb  from  the  former,  that  is, 
i^^gi  from/r,  the  Refiducpr  -f-^A  is  equal  to  the 
Sum  of  the  Biquadrates  lefs  the  Sum  of  the  Squares  of 
each  Root  into  the  Sum  of  the  Products  of  two  Roots  : 
Now  r  a  the  Siun  of  the  Products  of  three  Roots  into 
the  Sum  of  the  Roots  is  equal  to  the  Sum  of  the  Squares 
of  each  Root  into  the  Sum  of  the  Produds  of  two  Roots 
more  ->*  4  Sy  quadruple  the  Sum  of  the  Products  of  four 
Roots;  adding  therefore  the  latter  Prod u6t  to  the  for- 
mer Refidue,  the  Sum,  pc  •+•  gb  -4-  r^,  is  equal  to  the 
Sum  of  the  fiiquadrates,  more  quadruple  the  Sum  of  the 
Prcdii£ks  of  four  Roots  $  therefore  fubduding  — 4^  this 
quadruple  Sum,  the  Refidue  is  the  Sutn  of  the  Btqua^ 
drates.  Thus  from^  c  =  **-!->♦,  &c.  -hj^-f- z,"&c, 
X  Jrt  +  7+z,   &c.  X  /  +,  &c.  fubdu<a  —  gi  = 

3^«, &c.  X *-  +xz+yiic.xy^+y  +  ^yicc.xx^  + 

X  +  z,  &c.  X>3,  &c.  remains  p  c  -^- g  bz=:9^  -{-y^  tec. 
*^yZy  &c.  Xjt»  —  yz4-/f/+,  &c.  X/,  &c,  add  r  tf 
=.xyzn^xy zlj &c*X4  +  J'^i+t &c.XAf*  4. ^rs-f»,  &c. 
X/,  &c. 

Sum 


OF      E  Q.U  A  T  I  O  N  S.  395 


fubduft  —  4  J=:  xyzn-^xyziyUc.X^. 

remains  pc^qb+ra  +  4.sz^x^-^)^'^z^j  iic  =r  d* 
Sum  of  the  Biquadrates. 

In  like  Manner,   from  fdz=:x^  +  ^^  +*  &c.  + 
y    -^   K  +y   6cc.    X    y^   +   X   +    %y    &c>  X    y^j    &tc. 

J'  4-  z    X  *^  +  ^  +  z   +,    &c,  X  A    ^c- 
femains pd+q  c:six^  +  y,&c.  — )>  »+,  &c.  x*'  — 

xz  +  &c>      X  J^3^  kc.  

addr  iznyzn-^-yzm^dicXx^y  &c.  +  j>«-j-,6cc.X4r'&c. 

the  Sumpd+q  c+rhzzx^  +/>  &C'  +  y^o  +  yzmjkc. 

X  *S  &c, 

fubduft  —  J  tf  =  x  yzn  I  +  yz  nl  m^  &c.  X  5  + 

j^  2  »  -|-  ^  2  //i,  &c.  X  **,  &c. 

rem.^rf4-^f+r^+Jflr=jrS+jf%&c.-Afyg«/4-;>g»/w7&c, 
X 5  add  5  /  = xyznl+yzlmn.kc.  X5 

Sum  pd+qc  +  rb+  sa+  s^  ^^^  +r^  +  z*,  &c. 
ri:  ^.     Sum  of  Quadratocubes,  and  fo  on. 

Now  that  the  Sum  of  the  Roots  multiplied  into  the 
Sum  of  the  Produfts  of  two  Roots,  of  three  Roots,  of 
four  Roots,  &c.  is  equal  refpc&ivcly  to  triple,  quadruple, 
quintuple,  &c.  the  Sum  of  the  Froduds  of  the  RooC^ 
by  threes,  by  fours,  by  fives,  &c.  more  the  Sum  of  the 
Squares  of  each  Root  into  the  Sum  of  the  other  Roots» 
into  the  Sum  of  their  Produ£ls  by  twos,  by  threes,  &c. 
refpedively,  appears  from  this ;  that  in  thofe  refpeflive 
Multiplications,  each  Root  is  multiplied  either  into  a 
Product  into  which  it  had  entered  before,  and  then  the 
Power  of  it,  either  Square,  Cube,  &c.  is  produced  5  or 
Into  a  Produft  into  which  it  had  not  entered  before ; 
and  then  this  Produd  is  produced  fo  many  times  as  cheoe 
are  Fadors  in  it:  Thus  xy  zis  produced  by  x  into  jrs, 
^  f  y  into  xz  and  by  z  into  xy,  viz,  thrice,  and  fo  of  every 

other 
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other  Product  of  three  different  Fadors,  when  the  Sum  of 
the  Roots  1$  multiplied  into  the  Sum  of  the  Produds  of 
two  Roots.     Thus  ;r  into  ^  z  »,  y  into  ;r  z  »,  z  into  %y  n^ 
and    n  into  zjrz,  produces   xy%n\   that  is,  xi%n   is 
produced  four  times,  and  fo  of  evcty  other  Produd  of 
four  different  Faftors,  when  the  Sum  of  the  Roots  is 
multiplied  into  the  Sum  of  the  Produds  of  three  Roots. 
Thus  again,  x  into y%nm^  y  into  x z » m,  z  into  xynm^ 
n  into  xyznty  and  m  into  xyzn,    produces  xyznm^  . 
that  is,   xyznm  is  produced  five  times,  and  fo  of  every 
other  Produd  of  five  different  Fadors,   when  the  Sum 
of  the  Roots  is  niultipiied  into  the  Sum  of  the  Produ% 
by  four  Roots  i  and  fo  on  continually. 


•  Of  the  Limits  of  the  Roots  of  E<iyATiONs. 

CXXXII.  y/JV-D  *^«^'  ore  colleSled  the  Limits  he-- 
""  iween  which  the  Roots  of  the  Equathn 
/ball  conjift^  if  none  of  them  is  impoJftbU.  For  when  the 
Squares  of  all  the  Roots  are  affirmative^  the  Sum  of  the 
Squares  will  be  affirmative^  and  therefore  greater  than  the 
Square  of  the  greateji  Root*  And  by  the  fame  Argument^  the 
Sum  of  the  BiquadraUs  of  all  the  Roots  will  be  greater  than 
the  Biquadrate  of  the  greateji  Rooty  and  the  Sum  of  the  Cubo" 
Cubes  greater  than  the  Cubo-Cuhe  of  the  greateji  Root  (a). 

CXXXIII.  TVherefore^  if  you  dcfvre  the  Limit  which  no 
Roots  can  fafs^feck  the  Sum  of  the  Squares  of  the  RootSj  and 
ixtraSl  its  Square  Root.  For  this  Root  will  be  greater  than 
the  greateji  Root  of  the  Equation,  But  you  will  come 
nearer  the  greateft  Root  if  you  fcek  the  Sum  of  the  Bi- 
quadrates^  and  extract  its  Biquadratic^  Root ;  and  yet  nearer. 


CXXXII.  (a)  The  Sums  of  the  even  Powers  are  af- 
firmative, whether  the  Roots  arc  affirmative  or  ne- 
gative. (88) 

if 
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ifjou  feek  the  Sum  of  the  Cuho-Cubes^  and  extras  hi  Cubo» 
eabical  Root ;  and  fi  on  in  infinitum,  (b) 


CXXXni.  {b)  For  let  all  the  Roots  jf,  jf,  «,  «,  «r,  &c; 
be  affirmative,  and  x  the  leaft  Root,  y  greater  than  x, 
z  greater  than  y^  and  fo  on  continually.  Then  ilnce 
**  19  to  jF*  as  X  to  a  third  Proportional  in  the  Ratio  of 
ar  to  y^  and  x^  is  to  y*  as  ;r  to  a  fourth  Proportional  in 
the  fame  Ratio ;  and  fince  x  is  not  greater  than^,  th« 
Ratio  of  jf*  to  /  will  not  be  lefs  than  the  Ratio  of  *1 
to>*,  and  (comp.)  the  Ratio  x^  +  y^^^  y^  will  not  be 
Icfc  than  the  Ratio  of  x^  +  y^  to  7'  and  (altern.) 
the  Ratip*.  of  x^  +  y^  to  x^  +  >3,  will  not  be  lels 
than  the  Ratio  of  >>  to  ;3  :  But  fince  jp  is  not  greater 
than  z,  the  Ratio  of  1  to  jr,  that  is,  of  7^  to  jp* 
is  not  lefs  than  the  Ratio  of  i  to  z,  that  is,  of  z» 
to  a3 ;  therefore  the  Ratio  of  **  +  /  to  j?  *  4-  ;S 
U  not  le&  than  the  Ratio  of  z*  to  zS  and  (ahem.)  the 
Ratio  of  9e^  4.  7«  to  z^  is  not  left  than  the  Ratio  of  xl 
+  y^  to  z' ;  and  therefore  (comp.)  the  Ratio  of  *»  -}-  J'* 
+  z»  to  z»  is  not  lefs  than  the  Ratio  of  a3  -}-  ^3  ^  z^ 
to  z'.  And  by  the  fame  reafoning,  the  Ratio  of  x*'  4^ 
>*  +  z*  +  «*  to  II»  will  not  be  lels  than  the  Ratio  of  x^ 
-+  jr»  -j.  z*  +  »5  to  »3,  and  fo  on  continually  j  viz. 
the  Rauo  of  the  Sum  of  the  Squares  to  the  Square  of 
the  greateft  Root,  or  to  the  Square  of  that  Root,  than 
which  there  is  no  greater  in  the  Equation,  is  not  lefs 
than  the  Ratio  of  the  Sum  of  the  Cubes  to  the  Cube 
of  the  fame  Root;  that  is,  it  is  equal  if  all  the  Roots 
be  equal,  but  greater  if  any  of  the  Roots  be  unequal. 
And  after  the  fame  Manner,  the  Ratio  of  the  Sum  of 
the  Cubes  to  the  Cube  of  the  greateft  Root  is  not  Ief$ 
than  the  Ratio  of  the  Sum  of  the  Biquadrates  to  the  Bi- 
iiuadrate  of  the  greateft  Root,  and  fo  on  continually. 
Therefore  the  Ratio  of  the  Sum  of  the  Squares  to  a 
mean  Proportional  between  this  Sum  and  the  Square  cf  . 
the  greateft  Root,  is  greater  than  the  Ratio  of  the  Sum 
of  the  Cubes  to  the  firft  of  two  mean  Proportionals  be- 
♦«•"en  this  Sum  and  the  Cube  of  the  greateft  Root,  and 
5  Ratio  is  greater  than  the  Ratio  of  the  Sum  of  the 

iquadraies  to  the  firft  of  three  mean  Proportionals  be- 
tween 
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Thus,  in  the  precedent  Equation,  the  Square  Root 
of  the  Sum  of  the  Squares  of  the  Roots,  or  ,/  39,  i$  64. 
nearly,  and  6i  is  farther  diftant  from  o  than  any  of  thcf 
Roots  I,  2,  3>— 5-     But  the Biquadratrck  Root  of  the 

Sum  of  the  Biquadratcs  of  the  Roots,  viz.  ^/  723,  which 
is  5x  nearly,  comes  neai^r  to  the  Root  that  is  moft  re- 
mote from  nothing,  viz»  — •  S- 

CXXXIV.  If^  hetwtin  the  Sum  if  the  SqUdns  and  tbi 
Sum  of  the  Biquadrates  of  the  Roots  you  find  a  mean  Pvopsr^ 
tional,  that  will  be  a  little  greater  than  the  Sum  of  the  Cubes 
Qf  theRaoU  conne£icd  under  affirmative  Signs  (c).     And 


twcen  this  Sum  and  the  Biqtiadrate  of  the  grcateft  Root^ 
and  fo  on  continually  :  that  is,  the  Ratio  of  the  fquare 
Root  of  the  Sum  of  the  Squares  to  the  greateft  Root  is 
creater,  or  more  remote  from  the  Ratio  of  Equality, 
3ian  the  Ratio  of  the  Cube  Root  of  the  Sum  of  the 
Cubes  to  the  grcateft  Root  j  and  this  Ratio  is  greater 
than  the  Ratio  of  the  Biquadratc  Root  of  the  Sura  of  the 
Biquadrates  to  the  gteateft  Root,  and  fo  on  cdntinually. 
Now  fhould  any  of  thofe  Roots  be  changed  into  nega- 
tive, yet  thofe  Powers  of  them,  whofe  Indices  are  even 
Numbers,  will  continue  affirmative  (88)  j  and  con- 
fequentlv,  it  follows  univerfally,  that  the  Ratio  of  the 
Square  Root  of  the  Sum  of  the  Squares  to  the  greateft 
Root,  or  moft  diftant  from  nothing,  is  greater  than  the 
Ratio  of  the  Biquadrate  Root  of  the  Sum  of  Biquadrates 
to  the  greateft  Root ;  and  this  greater  than  the  Ratio  of 
the  Cubo-Cubic  Root  of  the  Sum  of  the  Cubo-Cubes  to 
die  greateft,  and  fo  on  continually. 

CXXXIV.  (f)  Since  all  the  Roots  under  affirmative 
Signs  are  not  equal,  and  fmce  ^»,  x\  ^,  &c.  are  con- 
tinually Proportional,  alfo  >s  y\  y\  &c.  and  2»,  z»»  2^, 
&c  &c.  therefore  the  Produas  of  the  correfpondmg 
Terms  x^  X  J^S  *'  X  y\  ^^  X  y\  will  be  conUnued 
Proportionals  ;  that  is,  x'^  X^'  is  a  geometncal  Mean  be- 
tween  x''  X  v*  and  x^  X  >♦,  and  therefore  between  x^  X>* 
and  x+  X  V*  ;  therefore  the  Sum  of  the  Extremes  is  greater 
^  *  than 
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bifiay  tbt  half  Sum  9/  this  mion  Proportional  ^  rf  ^^0 
Sum  of  the  Cubes  coUeiied  under  their  proper  Signs j  found  as 
before^  will  be  greater  than  the  Sum  of  the  Cubes  of  ri>e  Affir^ 
mative  RootSy  and  the  half  Difference  greater  than  the  Sum 
of  the  Cubes  of  the  Negative  Roots. 

CXXXV.    Jnd  eonfequentlyj  the  greateji  of  the  Affirma^ 
five  Roots  wiU  be  lefs  than  the  Cube  Root  of  thea  half  Sum^ 

and 


than  double  the  Mean,  viz.  x^  Xy^  +  x^  X  y*  is  great- 
er  than  2Xx^Xyi  (EucK  V.  25)  ',   but  the  ProduS  of 
the  Sums  x^+y*  into  x^  +^*  iscqual  to  the  Produfls  of 
*»   into  If*,  and  of  y^  into  y^  (that  is,  to  the  Squares 
of  A»  and  ^5   (N*.  79.)  together  with  the  Rcftangles  *• 
into  J*  and  j^  into  x*  (EucJ.  II.  4.}  now  the  Square  of 
the  Sum  *3  X  /  is  equal  to  the  Squares  of  x^  and  y*  to- 
gether, with  2  X  ;r'  X  >'3  (Eucl.  IL  4.)  therefore  the  Pro- 
dud  of  the  Sum  x^  X  y"-  into  x^  Xy^  is  greater  than  the 
Square  of  the  Sum  x^  +  y^.    Whence  if  a  third  Propor- 
tional P  be  taken  in  the  Ratio  of  x'+f  to  x^+yt^  it  will 
be  lefs  Aan  **+^Sand(as  jvas  (hewn  before)  the  Pro- 
dufi  of  the  Sum  *»  -|-  y*^  z»  into  the  Sum  I'+a*,  can- 
not be  lefs  than  the  Square  of  the  Sum  x^  ^y^l^^z^  ;  and 
confcquently,  the  Prodod  of  the  Sum  jf*-j-/+  a*,  into 
44  «|.  jf4  -f.  a*,  will  be  greater  than  the  Square  of  x^  +^J 
-J-  %'-     In  like  manner,  the  Produft  of  the  Sum  **  -f-  y* 
+  %»  -Jt»  «*  into  JP+  +  /^  +  z*  -|-  «*,  is  greater  than  the 
Square  of  the  Sum  4fJ+j'J+  ai  -|-^*>  and  foon  continu- 
ally, viz.  If  between  the  Sum  of  the  Squares  and  the 
Sum  of  the  Biquadrates  a  mean  Proportional  be  taken, 
it  will  be  greater  than  the  Sum  of  the  Cubes  under  affir* 
mative  Signs.     And  after  the  fame  manner,  if  a  mean 
Proportional  be  taken  bet^veen  the  Sum  of  the  Biqua- 
drates and  Sum  of  the  Cubo-cubes,  it  will  be  greater 
than  the  Sum  of  the  *Quadratc*cubes,  and  fo  on  in  infi^ 
urn» 
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andthi  gnateji  of  tbi  Negative  Roots  lefs  than  the  Cube  Rooi 
of  that  Semt'dijference  (d). 

Thus,  in  the  precedent  Equation,  a  mean  Propor- 
tional between  the  Sum  of  the  Squares  of  the  Roots  39^ 
and  the  Sum  of  the  Biquadrates  723,  is  nearly  168. 
'  The  Sum  of  the  Cubes  under  their  proper  Signs  Was,  as 
above, — 89,  the  half  Sum  of  this  and  168  is  39^,  the 
Semi-difFcrencc  is  128  J,  The  Cube  Root  of  the  former, 
which  is  about  3! ,  is  greater  than  the  greateft  of  the' 
Affirmative  Roots  3.  The  Cube  Root  of  the  latter, 
which  is  5  ^T  nearly,  is  greater  than  the  Negative  Root 
<^5.  By  which  Example  it  may  be  feen  how  near  you 
may  come  this  Way  to  the  Root,  where  there  b  only 
one  Negative  Root  or  one  Affirmative  one. 

CXXXVI.  And  yet  you  might  come  nearer  JitU^  if  you 
found  a  mean  Proportional  between  the  Sum  of  the  Biquadrates  of 
the  Roots  and  the  Sum  of  the  Cubo-Cubes^  and  if  from  the 
Semi-Sum  and  Semi-^Difference  of  thisj  find  of  the  Sum  of 
the  ^adrato-Cuhe  of  the  Roots^  you  extraSled  the  ^adrato- 
Cubical  Roots.  For  the  ^uadrato-Cubical  Root  of  the  Semi^ 
Sum  would  be  greater  than  the  greatefl  Affirmative  Root,  and 
the  ^adrato^Cubic  fioot  of  the  Semi-Difference  wosdd  be 

greater* 


CXXXV.  {d\  For  the  Sum  of  the  Cubes  under  their' 
proper  Signs  added  to  the  Sum  of  the  Cubes  taken  affir- 
matively, is  double  the  Sum  of  the  Cubes  of  the  affirma- 
tive Roots,  (N^  22.)  and  the  Sum  of  the  Cubes  under 
their  proper  Signs  fubduded  from  the  Sum  of  theCube? 
taken  affirmatively,  is  double  the'^Sum  of  the  Cubes  of 
the  negative  Roots  (36);  but  a  mean  Proportionat  be- 
tween the  Sum  of  the  Squares  and  the  Sum  of  the  Bi- 
quadrates, is  greater  than  the  Sum  of  the  Cubes  taken 
affirmatively  (CXXXIV.) ;  therefore  half  the  Sum  of 
this  mean  rroportional,  and  of  the  Sum  of  the  Cubes  of 
the  Roots  under  their  proper  Signs,  exceeds  the  Som  of 
the  Cubes  of  the  affirmative  Roots,  and  half  their  dif- 
ference exceeds  the  Sum  of  the  negative  Roots ;  where« 
fore,  by  extracting  the  Cube  Roots  of  the  half  Sum  and 
of  the  half  Difference,  Limits  are  found  which  exceed  the 
greateft  affirmative,  and  the  greateft  negative  Root. 
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gr4atirthan  thi  grtatfft  tugaiiye  lUoU  hut  hy  aUfs  Except 
than  before  (^).     &ince  therefore^  any  Rooty  by  augmenting 


CXXXVI/  {e)  By  therfimc  method  of  Reafonmg  it 
follows,  that  if  a  modix  PropcrtiohaK  be  takjcn  between  tfi0 
Sum  of  the  Biquadrateaand.SumofthbCubo^Cubes,  half 
the  Sum  of  this  Meaea  and  -the  Sum*  of  the  Qu^drato» 
Cubes  of  the  Roots  under  their  pnoper  Signs*  svill  b^ 
greater  than  the  Sum  of  the  Quadrato-^Cabj^  of  the  lAf- 
Srmative  Roots,  and  half  the  DiiFerenee  greater  than  the 
Sum  of  the  Quadrato-Cubes  of  the  negative  Roots : 
and,  confequentt^  the  Quadrato^^Cubtc  Root  of  this  halt 
Sum,  will  be  greater  than  the  greateft  affirmative  Root ; 
and  the  QaaSrato-Cufaic  Root  of  the  half  DifFerence 
greater  than  the  greateft  negative  Root,  and  fo  on  con* 
tinually,  -  •  "  ^*-  '•'    ♦     ♦.   *-    i*  -   - 

256.  Th8  Cubic. and-  Qua4rato-Cubic  Roots  of  the 
half  Sum  and'  half*  Difference  beittg'' greater  than  thfc 
Sum  of  the.  afirjgpi^ye  and^Sumo/  the  ^negative  Roots } 
(CXXXIV.  c!)  anid  the  Sum  of  the  affirmative  Roots, 
when  madyy' being,  greater  than  the  greateft  affirinative 
Root  J  alfo  the  Siim  of  the  negative  Roots,  when  many, 
being  greater  than  the  greatcA  negative' Root  j  it  fol- 
lows, that,  when  there  is  but  one^ affirmative,  or  one 
negative  Rodt,  it  Is  itfelif  the  Sum  ;  and  that*  therefore 
the  Cubic  and^uadrato-Cubic  Roots  of  thehalfSum  andha^ 
Diffetehci^lafe  nearer  Limits  to  the  greateft  affirmative  and 
negative  Roots ^  when  they  are  fingle  in  the  Equation ^  than 
uhen-thereare  more  than  9f|#  of  each, 

257..  The  Ratio^  which  theExcefs  of  a, mean  Proportional 
between  the  Sum  of  the  Squares  and  the  Sum  of  the  Biqua^ 
drtttes  of  the  Rffots  above  the  Sum  of  tbeir.CuUs  under  affir^ 
motive  SimSj  has  to  the  Cube  of  th(  greatefl  Root,  is  greater 
than  the  Katio,  which  theExcefs  of  a  mean  Proportional  be^- 
tween  the  Sum  of  the  Bifuadrates  of  the  Roots^  and  the  Sum 
of  their  Cubo-Cubes'  above  the  Sum  of  their  ^uadratO'Cubes 
under  affirmative  Signs  has  to  the  ^adrato-  Cube  of  the 
greatefl  Root ;  and  this  Ratio  is  greater  than  the  Ratio  winch 
the  Excefs  of  a  inean  Propottionai  between  the  Stmt  of  the 
i  ^'Cubes  of  the  Roots  and  the  Sum  of  their  BifUadrato* 
4  uadrates  above  the  Sum  of  their  Bi^uadrato -Cubes  undtr 
D  d  affirmative 
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9r  dimimjhing  all  ibe  Rhh^  may  be  made  thi  Uafl^  and  them 

ibt 


affarmatlvi  Signs  has  U  the  BifssniratoCnbe  cf  the  greaiefi 
jtoot,  and  /o  en  tmlinualfy  :  for  let  R,  S»  1 ,  denote  re^ 
ipedively  thore  above-mentbned  mean  Proportionals  ; 
r,  J,  /,  rcrpcdivdy  the  Sums  of  the  Cubes,  Quadrato- 
Cubes,  and  Biquadtato-Cubes,  under  affirmative  Signs ; 
'  and  f,  /,/,  refpedirely  the  Sums  of  die  Cubes,  Quadra- 
to-Cubei,  and  fiiquadrato-Cubes,  under  their  own  Signs : 

Then  is— tf  the  Sum  of  the  Cubes  of  the  affirmative 

2 

R— r  R— r 

Roots  increafed  by  die  Quaacity  i!-^|  and  — -^^ 

Sum  of  die  Cubes  of  the  negative  Roots  changed  into 

affirmalivey  and  increafed  by-^-^*:  Alfo  ^TETdieSum 

of  the  Quadrato-Cubes  of  die  aflbmidTe  Roots,  In- 

c  c  *  ° 

crtafed  by  the  Qvantity  -^ ;  and  «Hf  the  Sun  o£  the 
Quadrato-Cubes  of  the  negadve  Roots  changed  Inte 
affirmative^  and  increafed  by  the  Quantity  «-IHf:  AUb 

Jjli.  the  Sum  of  the  Biquadrato*Cubes  qf  the  afirma- 

2 

tive  Roots,  increafed  by  the  Quantity  «— >—  i  and  — ZIS 

the  Sum  of  the  Biquadrato-Cubes  of  the  negative  Roots 

changed  into  affirmative,  and  increafed  by         j  and  fo 

on  continually.  But  the  Ratio  of  the  Sum  of  the  Cubes 
of  the  Roots,  whether  AfSrmaiive  or  Negative  under 
affirmative  Signs,  to  the  Cube  of  the  greateft  Root, 
viz.  moft  remote  from  nothing  under  an  affirmadve  Sin, 
is  greater  than  the  Ratio  of  the  Sum  of  the  Quadrsito* 
Cubes  of  the  fame  Roots  to  the  Quadrato-Cube  of  the 
greateft  Root ;  and  this  Ratio  greater  than  the  Ratio  of 
3  the 
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fit  Uaft  (muerted  thti  th  gnateft^  and  itfierwards  all  hefidis 

the 

the  Slim  of  the  BIqUadrato-Ctibes  to  the  Biquadrato^ 
Cube  of  the  greateft  Roo*t,  and   fo  on  continually  : 

Whence  becaufe  alfo  the  Ratio  of  l^lll  to  the  Cube  of 

2 

the  greateft  Root  is  greater  than  the  Ratio  of  < —  to  the 
Quadrato-Cube  of  the  greateft  Root,  and  this  Ratio 
greater  than  the  Ratio  of- — »  to  the  Biquadrato-^Cube 

of  the  greateft  Root,  and  fo  on  continually  }  it  follows» 

R+f 
tiitt  the  Ratio  of  •-^=^  to  the  Cube  of  the  greateft  Root 

i»  greater  than  the  Ratio  of -^  to  the  Quadrato-Cube 

t>f  the  greateft  Root)  and  this  Ratio  greater  than  the  Ra- 

•^oof  -— =3B  to  the  fiiquadrato-Cube  of  the  greateft  Root» 

and  fo  on  continually. 

258.  If  Mf ,  ^,1*8,  ^^  nfpeHWely  greaUr  than 
222 
ibi  CAbt^  ^drato-Gube^  Biquadrato-Cubey  of  the  greateft 

R+f 
Ro0t  X  then  the  Ratio  of  — =-to  the  lirft  of  two  mean 

2 

R+r 

Proportionals  between and  the  Cube  of  the  greateft 

2 

Itootft  will  be  greater  than  the  Ratio  of  v=:^  to  the  firftof 

2 

Jbttr  mean  Proportionals  between  -^  and  the  Quadra - 

2 
t»»Cub€  of  the  greateft  Root  5  and  this  Ratio  greater 

dun  the  Ratio  of  — ^  to  the  firft  of  fix  mean  Propor- 
2 

tlonalt  between  Z^  and  the  Biquadrato*Cube  of  the 
D  d  2  greateft 
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the  greate/t  hi  made  negative^  k  is  manifeft  how  any  RaotJt' 

fired  may  he  found  nearly  [4). 

CXXXVfl. 


greateft  Root,  and  fo  on  continually  :  that  is,  ibeCuk 

R+c 
Root  of  the  Quantity — =-  will  be  greater y  and  iberefore  ibe 

more  remote  from  the  greateji  affirmative  or,  negative  Host 
of  the  Equation^  than  the  ^adrato-Cuhic  Root  of  the  ^jm- 

S+c 

/,'/y  «:=-  .  and  this  Root  exceeds  the  greateji  Root  mere  than 

tl)e  Biquadrato^Cubic  Root  of  the  Quantity      —^  exceeds  itj 
and  fo  on  continually.    But  if    t-^^,j=,, — su£,  bereffee- 

''  2  2  2 

tivelylefs  than  the  Cube^  ^adrato^Cube^  Biquadrato-Cvht^ 

R"f"f 
of  the  greateft  Rooty  it  may  happen  that  the  Ratio  of  — =-  to 

fome  intermediate  Cube  N'  between  ■  —   and  the  Cube 

2 

©f  the  greateft  Root  is  Icfs  than  the  Ratio  of-=-  toNS 

and  this  Ratio  lefs  than  the  Ratio  of  — =£  to  N? ;  zni 

2 

R+c 
confequently,  that  the  Cube  Root  of  the  Quantity  — i=-  «»^ 

2 

exceed  thegreatefi  Root  by  a  lefs  Quantity  than  the  ^drato- 
Cubic  Root  of  .^'^  and  this  by  a  lefs  Quantity  than  the  Bi- 

quadratO'Cubic  Root  of  »  ^r^  andfo  on  continually* 

(/)  Jf^en  it  is  known  that  there  is  but  one  affirmative  er 
one  negative  Rooty  and  that  it  is  thegreatefty  and  confcquently 

that  ^1=^,1=:!, -L=£,  are  greater  refpcaively  than  the 

2  2  2 

Cube,  Quadrato-Cube,  Biquadrato-Cube,  &c.  of  the 

greatcff 


^ 


O  F    E  Q.U  A  T  I  O  N  S.  405 

.  CXXXVII.  If  aU  the  Rms  except  two  are  negative^ 
tbofe  two  may  be  both  together  found  this  Way. 
.  The  Sum  of  the  Cubes  of  thofe  two  Roots  being  found  ac* 
€ording  to  the  precedent  Method,^  as  alfo  the  Sum  of  the  ^ad^^ 
ratO'CubeSy  and  the  Sum  of  the  ^adraio-^adrato-Cubes 
of  all  the  Roots  :  between  the  two  latter  Sums  feek  a  mean 
Praportionalj  and  that  will  be  the  Difference  between  the 
Sum  of  the  Cubo-Cubes  of  the  affirmative  Roots,  and  the 
Sum  of  the  Cubo-Cubes  of  the  negative  Roots  nearly  ;  atid 
conjequentfyy  the  half  Sum  of  this  mean  Proportional^  and  of 
the  Sum  of  the  Cubo^Cubes  of  all  the  Roots,  will  be  the  Sum 


greatcft  Root ;  thefuperior  Limit  of  the  greatejl  eiffirmative 
and greateji  negative  Root,  will  be  htsd  by  extracting  the  Cubg 

R+e 

Jbet  of  the  ^antity  — =.  -,  but  more  accurately,  by  extra^-^ 

S+c 
ingtbe  ^uadralO'  Cubic  Root  of  the'  ^antity  -.=.;  and  nearer 

Jlill,  by  extraHing  the BiquadratO' Cubic  Root  of    "^,  andfo 

on  continually  :  But  if  it  appears  that  the  Jingle  Root  is  not  the 

R-4-C 
'  greate/i  of  the  Equation,  the  Cube  Root  of    —    may  he  a  more 

g  ,  f 
quurate  Limit  than  the  ^adrato^Cubic  Rfiot'-=^,  and  this 

2 

more  accurate  than  of  the  Biquadrato^Cubic  Root  of^,=S^ 

ahd  fo  on  continually,  (258).  IFhenccit  isy  that  the  Author 
guards  againft  a  MifappHcation  of  this  Rule  to  the  finding  the 
Jiiperior  Limit  of  any  Root  when  it  is  not  the  great^,  to 
any  defired  Accuracy,  by  adding,  ftnce  any  Root,  by  aug'^ 
fnenting  or  diminijhing  all  the  Roots,  may  he  made  the  leaft, 
{22l)andthen  the  kajl  converted  into  thegreateji  (CXXVII.) 
and  afterwards  all  befi/les  thi  greatejl  be  mme  Negative^ 
a  Method  is, given,  by  which  any  ajpgned  Root  may  be  obtained 
to  any  Accuracy  5  viz»  hy  tnaktng  each  Root  in  irotation  the^ 
greatly  a  fupm^r  Limii^aTf  befoi(ti^foreach^  which  Jhall 
t>  d  3  no 
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pf  the  Cuhth-Cvhe^  rf  the  ixfprmathe  RwtSy  and  the  Setu^ 
iy'ifference  wUl  be  the  Sum  of  the  Cubo^Cubes  ef  the  nega* 
tive  Roots.  Having  therefere  both  the  Sum  (f  the  CideSf 
and  alfo  the  Sum  of  the  Cubo-Cubes  of  the  tvn  affirmeitroe 
Root f  J  from  the  Double  of  the  latter  Sum  fubira/i  tf/e  Squoti 
ef  the  former  Sum^  and  the  Square  Root  of  the  Remainder 
will  be  the  Difference  of  the  Cubes  of  the  two  Roots*  M 
bauing  both  the  Sum  and  Difference  of  the  Cubes^  you  will 
have  the  Cubes  themfehes,  Mxtr^Si  their  Cube  Roots^  eni 
you  will  nearly  have  the  two  affhmative  Roots  nf  the  Efm^ 
fion.  And  if  in  higher  Powers  youfl^atdd  eb  the  liie^  jm 
will  have  the  Roots  yet  nwn  nearly  (j*).  But  thefe  Limita- 
tions, 

not  exceed  it  above  a  given  Dijferenai  that  isy  the  Rnt$ 
ihemfelves-maj  be  approximated  as  near  asyoupUafe. 

CXXXVn.  {g)  For  having  found  the  Swsof  all 
the  Powers  as  high  as  (he  Biquadrato-Cubes,  the  m^fl 
Proportional  between  the  Sum  of  the  Squares  ifid  Suin 
of  the  Biquadrates  will  be  but  little  greater  tbtn  tbe 
Sum  of  all  the  Cubes  under  affirmative  Signs  (CXXXlVj. 

Whence.-<Xf  tbe  half  Sum  of  this  oiean  Proportionalf 

more  the  Sum  of  the  Cubes  under  their  proper  Signs,  wui 
but  little  exceed  the  Sum  of  the  Cubes  of  the  two  af- 
firmative Roots  ;  and  the  mean  Proportional  between 
the  Sum  of  the  Biquadrato-Cubes  and  the  Sum  of  tho 
Quadrato-Cubes  under  their  proper  Signs,  will  but  little 
exceed  the  Sum  of  the  Cubo^Cubes  under  their  proper 
Signs  ;  that  is,  but^Iittle  exceed  the  Difercnc»  o(  the 
Sums  of  the  Cubo-Cubes  of  the  two  affirmative  and  of 
the  negative  Roots  (XXIV)  :  Whence  tbe  half  Sum  of 
this  mean  Proportional  more  the  Sum  of  all  the  Cubo* 
Cubes  under  affirmative  Signs,  will  hut  little  exceed  the 
Sum  of  the  Cubo-Cubes  of  the  two  affirmative  Root8,ind 
half  their  Difference  tbe  Sum  of  the  Cubo-Cubes  of  tw 
jregativjB  Roots.  Now  the  Square  of  tbe  Sum  of  tW 
Cubes  of  the  two  affirmative  Roots  is  ^ual  t6  the  Sum 
of  their  Cubo-Cubes  (7Q)moredouble  the  Produft  of  their 
Cubes  (Eucl.  Book  IL  Prop.  4.)  fuhdufling  therefore  this 
Square  from  double  tbe  Sum  of  their  Cubo-Cubes, -tfic 
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ti^ns»  by  reafon  of  the  Difficulty  of  the  Calculus,  are 
of  Icfs  Ufe,  and  extend  only  to  thofe  Equations  that  have 
no  imaginary  Roots.  Wherefore  I  will  now  flbew  how 
to  find  the  Limits  another  Way,  which  is  more  eafy, 
and  extends  to  all  Equations  (b), 

CXXXVIII. 


Rclidue  is  the  Sum  of  their  Cubo-Cubes  lefs  double  the 
Produd  of  their  Cubes,  that  is,  the  Square  of  the  Diffe- 
renceof  their  Cubes  (Eucl.Book  II.  Prop.  7.)»  whercfote 
cxtradingtheSauareRootofthis  Refidue,' there  is  had  the 
Difference  of  the  Cubes  of  the  two  affirmative  Roots  ; 
and  the  Sum  added  to  the  Difference,  is  double  the  Cube 
of  the  greater  (z2«  36.)  and  the  Difference  fubduSed 
from  the  Sum  is  double  the  Cube  of  the  lefs,  confequently 
the  Cube  Root  of  the  half  Sum  is  nearly  the  greater,  and 
die  Cube  Root  of  the  half  Difference  but  little  exceeds 
the  lefs  affirmative  Root. 

(A)  This  Rule  for  finding  the  fuperior  Limits  f  were 
it  not  for  the  great  Labour  of  the  Calculation,  and  thai 
it  will  not  ferve  when  there  are  impoffible  Roots,  for  the 
Root  of  an  imaginary  Quantity  cannot  be  approximated 
to)  gives  nearer  and  therefore  better  Limits  than  thi 
Limits  chained  by  TransformationSj  as  is  next  (hewn,  be* 
caufe  thcfe  latter  are  truey  or  mean  Limits^  viz.  eqid£p' 
iantfrom  the  Roots. 

259.  The  ^riflteft  t^atrife  Coefficient  of  the  Efuationi 
made  affirmative  and  increafed  by  Unity j  ts  a  ftiterior  LtJ^ 
mt  to  the  greateji  affirmative  Root:  for  if  all  the  Coeffi- 
cients were  equal  and  negative»  ahd  the  Equation  tranf- 
formed  by  diminiihing  tti^  Roots,  by  any  of  them  in-* 
creafed  by  Unity,  (224)  all  the  Terms  of  the  Transform- 
ed muft  become  Amrmative  (the  Sum  of  the  Affirmative 
Parts  in  each  being  greater  than  the  Sum  of  the  negative 
Parts)  a  fortiori  tterefore,  if  the  Roots  are  diminiihed 
by  the  greateft  increafed  by  Unity  when  unequal,  and 
fome  of  them  Affirmative,  the  Terms  muft  ail  becoihe 
Affirmative,  therefore  the  Roots  of  the  Transformed  nth 
allNegathre  (232):  Whence  the  Quantity  by  which 
they  were  dimioiihed»  is  greater  than  the  greateft  Root 
D  d  4  (233) 
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CXXXVIIL  Multiply  every  Term  of  the  Equation  If 
the  Number  cf  its  Dimenftonsy  and  divide  fhe  Produit  bf 
the  Root  bf  the  Equation,  Then  again  mtdtiply  every  we  rf 
the  Terms  that  come  out  by  a  Number  lefsby  Unity  than  befon^ 
and  divide  the  Product  by  the  Root  of  the  Equation,  Andf» 
go  ony  by  always  multiplying  by  Numbers  lefs  by  Unity  than 
trftre^  and  dividing  the  Pr^uei  by  the  Root^  till  at  lengfbuU 
the  Terms  are  defroyed,  whofe  Signs  are  different  from  the 
Sign  of  the  firji  or  higheft  Term^  except  the  laji.  And  that 
Number  will  be  greater  than  any  affirmatiife  Root ;  which  be- 
ing writ  in  the  Terms  that  come  out  for  the  Root^  makes  the 

Aggregate 


(233).     But  this  is  commonly  a  very  remote  Limit,  and 
uf(5efs  if  no  Term  but  the  lalt  is  Negative. 

260.  v'  ^         ^^"^        is  a  Theorem  given  by  Mr  M«c 

Laurin  for  finding  an  inferior  Limit  to  the  greatejl  Root^  that 
is,  from  the  Square  of  the  Coeffcient  of  the  third  Termy  fab" 
du£i  double  the  Prodis  of  the  fecond  and  fourth  ;  to  the  Ktfir 
due  add  double  the  Coefficient  of  the  fifth  Term^  divide  the 
Sum  by  the  Index  of  the  firfl  lerm^  end  extraSi  the  Biqua- 
dratic Root  of  the  J^uctOy  and  it  will  be  a  little  lefs  than  the  greatejl 
Root',  for  from  the  algebraical  Expreffions  of  the  Quantities 
and  the  binomial  Theorem,  it  appears  that  the  Coefficient 
pf  the  third  Term  is  the  Sum  of  the  Produds  of  theRoots, 
taken  two  by  two;  whence  its  Square  is  equal  to  th^ 
Sum  of  the  .Squares  of  the  ProcUifts  of  two  by  two, 
more  the  Sum  of  double  the  Pro^uds  of  the  Squares  of 
each  Root  inlQ  ih€  Produfis  of  the  other  Roots  taken 
two  by  two,  and  more  alfo  the. Sums  of  the  Produfls  of 
ibe  Roots  taken  four  by  fourf  alfo  that  the  Produft  of  the 
Coefficients  of  the  fecofid  a^^  fouxth  Terms  is  the  Sum 
©f  the  Produfls  of  the  Sqqares  of  each  Root  into  the 
Urodu&^  of  tbpflLoots  taken  two  l^j^  two,  more  the  Sum 
of  the  Prodj^c^  ofah^  Roots  taken  feur  by  four  ;  and 
that  therqiprei  (abdi|£iing*  dV)(ble  t^is  Product  from  the 
Squw^  ^  t]^r(|M|Hl)C#efficiept9  the  Refidue  is  the  Sum^ 
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4ggrigfttt  ^  thofi  which  wen  each,  Timsprwiuced  by  Mtdti* 
pUcaiim  to  havi  akuays  the/am^  SigM  with  ihefirji  tr  higbeji 
Term  */*  the  Equation. 

As  if  there  was  propofed  the  Equa'tion  ^'-^2  x* — JO^? 
4-3o;f  jf  +  bs**—  iao  =  0.    I  ficft  multiply  this  thus  j 

^.        t     ^    3  1.  ^    J.A0'     ^nrs'      Then  I  again 

multiply  the  Terms  that  come  out  divided  by  x,  thus  ; 

4         3        ^       f   A     I  A?»  ***^  dividing  the  Terms 

that  come  out  again  by  jr,  there  comes  out  20*' —  2^xx 
— 6o*+60i  which,  to  leflen  them,  I  divide  by  the 

greateft 


of  the  Squares  of  the  Produdls  of  the  Roots  taken  two 
by  two,  Icfs  double  the  Sum  of  the  Produ<fts  of  the 
Roots  taken  four  by  four  :  Wherefore  adding  this  dou- 
ble Sum,  that  is,  double  the  Coefficient  of  the  fifth 
Term,  the  bum  is  the  Sum  of  the  ProduQs  of  the  Square 
of  the  Roots  taken  two  by  two  j  that  is,  the  Sum 
of  the  Produ<as  of  the  Square  of  each  Root  into  the  Sum 
of  the  Squares  of  the  other  Roots :  Now  the  Sum  of  the 
Produfis  of  the  Square  of  each  Root  into  the  Sum  of  the 
Squares  of  the  other  Roots,  is  lefs  «than  the  Produft  oF 
the  Sum  of  the  Biquadrates  of  the  Roots  into  half  the 
Index  of  the  higheit  Term  lefs  Unity  5  and  this  laft  Pro- 
duct is  lefs  than  the  Produft  of  the  Biqiiadrate  of  the 
5;reateft  Root  into  the  Index  of  the  higheft  Term ;  there- 
ore  dividing  the  above  Sum  of  double  the  Coefficient  of 
the  fifthTerm,  and  the  Difference  of  the  Square  of-the 
Coefficient  of  the  third  Term,  and  the  double  Produft  of 
the  fccond  and  fourth  Terms,  by  the  Index  of  the  higheft 
Term,  the  Q^ote  is  lefs  than  the  Biquadrate  of  the  greateft 
Root,  and  the  biquadrate  Root  of  the  Quote  is  lefs  than 
the  greateft  Root.    Hence,  1/  the  Equation  be  Cubic,  this 

Liffitiiiobef(mndby^tZ22i^ 
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greateft  common  Divifor  49  and  you  hare  5  jrf «— 6  jr 
15x4-15«  Thefe  being  again  multiplied  by  the  Pro* 
greffion  3»  2,  l»  0«  and  divided  by  x^  become  i^itx^^ 
1%X'^IS%  and  again  divided  by  3  become  5x4^—4» 
'i^5.  And  thefe  multiplied  by  the  Promffion  a,  i,^  o» 
and  divided  by  2  jr  become  jar—  a*  Now,  floce  the 
higheft  Term  of  the  Equation  x^  is  Affirmative,  I  xiy 
what  Number  writ  in  thefe  Produ£h  for  x  will  cau(e 
them  all  to  be  Afirmative.  And  by  trying  1,  you  have 
5JP-— 2=23  Affirmative;  but  c atat — 4«*—- 5,  you  have 
»—4  Negative.  Wherefore  the  Limit  will  be  greater  than 
!•  I  therefore  try  fome^  greater  Number,  at  a*  And 
fubftituting  2  in  each  forar,  they  become* 

5;^  —2        =8 

5;ifJ -^6jf  jr- —  15*    4.  15       SBf 

5JC*  — 8*'    — 30*jif4- 6o;r    -f63    =5.79 

jr»    r—  2  jp*    — 10  *3  -j-  30  XX  -j-  63  JT  —  120=  46, 

Wherefore,  fince  the  Numbers  that  come  out  8.  7.  r» 
79.  46.  are  all  Affirmative,  the  Number  2  will  be  greater 
than  the  greateft  of  the  affirmative  Roots.  In  like 
manner»  if  I  would  find  the  Limit  of  the  negative 
Hoots,  I  try  negative  Numbers.  Or  that  which  is  all 
Mi,  I  change  the  Sigm  of  every  ether  Term^  and  try  Affirma^ 
iiveenei.  But  having  changed  the  Si^ns  of  every  other 
Term,  the  Quantities  in  which  the  Numbers  arc  to  be 
fubftituted,  will  become 

5*      +a 

ixx  +4Jr    —5 

^x^    Hh^^^"^<5^   —15 

'     5**      +8jrl   —  30jrjr— 60  J*    +63 

**  +***    —10*»   ^- 30A'4r4-63'+ t^^ 

Out  ofthefe  I  chufe  feme  Quantity  wherein  the  nega-> 
jtjve  Terms  feem  moft  prevalent ;  fuppofe  5  ^r^  -|»  8  jt^ 
.— -30«*—- 6ox-f  63,  and  here  fubftituting  for  ;r  the 
Nmlibers  j  and  a,  there  come  out  the  negative  Num- 
ber^«i4  and  —  39*  Whence  the  Limk  wiQ  be  greater 
than-* a.    But  fubftituting  the  Number  3^  there  comes 

out 
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out  the  affirmative  Number  234.  And  in  like  manner 
in  the  other  Quantities,  by  fubftituting  the  Number  3 
for  JT,  there  comes  out  always  an  affirmative  Number» 
which  may  be  feen  by  bare  Infpociion.  Wherefore  the 
Number— 3  is  greater  than  all  the  negative  Roots. 
And  fo  you  have  the  Limits  2  and — 3,  between  whic^ 
are  all  the  Rootsl^')* 

CXXXIX. 


CXXXVIIL  (f)  Becaufe  that  when  the  Roots  are 

diminiihed  by  any  Quantity  e^  the  laft  Term  of  the 
transformed  differs  nothing  from  the  propofed,  but  in' 
the  letter  denoting  the  unknown;  and  that  the  precedinjg 
Terms  of  the  transformed  are  derived  according  to  thia 
Rule  from  the  laft  Term  (226, 227) ;  theref»re  by  treat* 
ing  the  propofed  according  to  this  Rule»  Equations  are 
derived  which  are  thepremling  Terms  of  the  transform* 
ed,  fuppofing  the  propofed  to  be  its  laft  Term.     Now  if 
the  Quantity  /»  by  which  the  Roots  are  dimloiil^,  is 
greater  than  the  greateft  affirmative  Root»  the  Roots  be- 
come all  negative,  and  all  the  Terms  of  the  tranffermed 
become  Affirmative  (232);  andconverfely  f2^3).  Theie- 
fore  that  affirmative  Quantity,  which  fubftituted  in  all 
the  Equations  derived  accordmg  to  this  Rule,  makes  the 
Rcfults  all  Affirmative,  that  is,  of  the^fame  Sign  with  the 
higheft  Term  of  the  Equation,  is  greater  than  the  greateft 
affirmative  Root.    Again,  If  the  Quantity  #,  by  which 
the  Roots  are  increafed,  is  greater  than  tne  greateft  ne*-« 
gative  Root,  the  Rooti  become  all  Affirmative ;  and  all 
the  Terms  of  the  transformed,  if  the  Equation  is  of 
even  Dimenfions,become  Affirmative  and  Negative  alter* 
nately;  but  if  of  odd  Dimenfions,  Negative  and  Affirma- 
tive alternately  (238)  (  and  converfely  (229.   Therefore 
that  negative  Quantity,  which  fubftituted  in  the  given 
Equation,  and  in  the  Expreffions  by  diis  Rule  derived 
from  it,  makes  the  Refults,  when  the  Dimenfions  art 
even.  Affirmative  and  Negative  alternately,  and  when 
the  Dimenfions  are  odd,  hfcgative  and  Affirmative  alter* 
stately^  is  greater  than  the  greateft  negative  Root. 

Hence 
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CXXXIX.  But  the  Invinttm  of  thefis  Limits  isofUfi 
loth  in  the  RidiUIion  of  Equations  by  ratUnal  Roois,  ani  in 

.      .     u    .  •  the 


*  Hence  the  Juperior  Limit  of  the  greatefl  affirmative  Root 
is  found  by  inquiring  the  leaji  integer  eftrmative  Number^ 
iwichj  fubfiituted  in  thofe  Expreffionsy   will  give  them  all 
jt0rrmative  (234)  :  And  it  muft  be  greater  than  theCoeJt' 
cient  of  thefecond  Term  of  the  transformed  divided  by  the  Di- 
nunfums^  foppofiag  all  the  Roots  co  be  Affirmative  (for 
were  the  Roots  all  equal  it  muft  be  greater  than  tbi» 
.  Quote);  and  it  mufi  not  be  greater  than  the  greatefl  negative 
Coefieient  of  ^e  propojed  mtde  Affirmative^  and  increafed  by 
Umty  (259; :  And  in  this  Inquiry  we  ought  ahvays  to  be* 
gin  with  that  Expreffian  thus  derived^  that  is,  that  Term 
of  the  trao&formed»  iifhera  the  negative  Roots  feem  nwft  to 
prevail  . 

Hence  alfo  the  fuperior  Limit  of  the  greate/l  negative^ 
Root  i*  fmndy  by  inquiring  the  Uaji  integer  negative  Num* 
ier^  tvbich^  fMlituted  in  th^fe  Exprejponsy  will  give  them 
alternately  Affirmative  and  Negative^  if  the  Dimenfions  are 
evon^  but  Negative  andJffirmative  alternately ^  if  odd  ( 239  j : 
And  //  muft  be  greater  t)i^n  the  Coefficient  of  the  fecond  Term 
of  the  transformed  £wded  by  the  Dimenfions^  and  not  greater 
than  the,- greatefl  affirmative  Coefficient  of  the  propofedmade 
mgatiVfy  and  increafed  by  Unity  i  (for  if  the  Signs  were 
changed  in  .the  alternate  Places,  it  would  be  the  greateft 
negative  Coefficient,   and  greater  than  the  greateli  affir- 
mative. R  opt  (CXjKHI)  \  and  is  therefore  now  greater 
than  the  greatcft  negative  Root) ;  and  in  this  Inquiry  we 
ought  to  begin  with  that  £xpre£wn  ^  Term,  where  the  affir-. 
fnative  Roots  feems  moft  to  prevail. 

But  the  fuperior  Limit  of  the  negative  Roots  is  mofl 
eafily  found  by  the  Sobftitution  or  affirmative  Numbers*. 
having  firft  changed  the. Signs  of  the  alternate  Terms  of 
tlie.  transformed  (CXXUI-) ;  for  the  fuperior  Limit  oU 
the  affirmative  Roots  lof  the  transformed,  will  be  the. 
fufsorior  Limit  of  the  negative  Roots,  of  .the  prop(i/ed., 
CXXIII.  . 

26j« 
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fhe  Extramion  of  Surd  Roots  out  of  them  \  lejl  we  might 
jfimetimei  go  about  to  look  for  the  Koot  beyond  thefe  Limits. 

•         '   i    *   Thu5, 

261.  An  Equation  Jhall  be  transformed  into  another  ^  which 
Jkall  have  all  its  Roots  affirmative y  by  fubflituting  for  ^the 
foperiar  Limit  of  the  affirmative  Roots  e,  diminijbed  by  y^ 
-the  afjumed  Letter  denoting  the  unknown ;  viz.  i^  ■fubfiittt-> 
-ting  e  —  y :  for  tke  Excefs  being,  always  poutive^  and 
the  Terms  of  the  h^heft  Power  of  the  fubfiituted  Quao- 

•tity  e — y»  having  their  Signs  alternately -|-  and —^»  and 
«nsLking  a  Part  of  evf  ry  Term  of  the  transformed,  will 
be  therefore  always 'greater  than  the  Parts  of  the  fame 
.Terms,  which  have  oppofite  Signs  ;  fo  that  the  Signs 
'  cf  this  highcft  Power  every  where  prevailing,  the  T^prms 
iof  the  transformed  willbe  alternately  Afirmative  and  Ne* 
gative  ^  whence  all  its  Roots  are  Affirn^tive  (142}. 

262.  Again,  having  found  —  e  *Ap  fuperior  Limit  oftl;e 
^'negative  Roots  ^  if  fir  x  we  fub/Jitutey'^^e,  al/the  Roois 

of  the  Transformed  will  become  Affirmative ;  for  'alt  ihe 
Termsy  as  before^  will  be  alternately  Affirmative  and  Negotivfy 
end  therefore  all  the  Roots  Affirmative.  -If  the  Roots  pf 
the  prOpofed  are  all  Negative,  it  ia  plain  that  thtfy  will 
become  all  Affirmative,  by  changing  the  Siens  of  the  zU 
ternate  Terms  (CXXIIl).  Having  found  the  fuperior 
Limit  of  the  greatcft  affirmative  Root,  the  Limits  6f 
the  ^ther-  Roots  or  the  meun  Limits  are  found  in  the  foU 
lowing  Manner^  in  mjhiebwe  fuppoftyfor  the  fake  ofBreviiyy 
that  all  the  Roots  of 'the  propofed  are  Affirmative ;  it  being  an 
cafy  Tranfmutation  of  any  Equation  (261,  262).*  Let 
alfo  the  Roots  be  denominated  ifts  ii,  3^,  ^c.  according  to 
their  Magnitude^  phe  leajl  being  thefirjiy  &c» 

263.  Having  found  the  fuperior  Limit  of  the  greateft 

Rooty  if  it  be  fubjiituted for  the  unknown  x,  the  RefuU  will 

bepofittve  {234,  209,  261)  for  nd  Number  which 'is  not 

a  Root,  if  all  the  Roots  are  pofTible,  Cin  make  the  Re* 

fult  =  0;  and  if  there  are  impoffible*  Roots,  their  Pro- 

du£l   is   Affirmative,  and   cannot  alter  the  Sign  of  the 

Produ£i  of  the  poffiblc  Roots. 

......  .^^ 
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Thus,  in  thelaft  Equation,  if  J  would  find  the  ration  J 
Ropt9,  if  perhaps  it  has  any  ^  from  what  we  have  faid^ 

it 

Jft^hfubftiiutdforyc^  bydeftroyihg  all  theTtnnt 
«I  which  ir  wa^,  tht  Rrfub  will  bt  the  Iq/l  Term  untb  tit 
f^pit  Sigftj  that  is  ^  if  the  Dintenfions  of  the  Equa- 
tions are  even,  and  -«'  if  odd ;  for  by  Suppofition  tlie 
Roots  ^e  all  Affirmative,  and  therefore  the  Fafiors  all 
Ke^uals  (181} ;  that  is,  the  Signs  of  the  Terms  are  al« 
ternately  -(-  and  1—  (59} ;  and  thelaft  -{-,  or  — ,  accord- 
ing as  the  Index  is  even,  or  odd,  (88).  . 

I/Jir  X  a  Numbirkfs  than  tbi  Uaft  Root  be /lifyHiitldf, 
thi  SigHjf  tbi  refiJiinig  ^jumtity  wiU  be  the  fam  etslhatef 
the  lajl  Term  \  for  all  the  Fadors  ftill  retain  their  owi 
Signs,  and  are  Refiduals. 

If  ferxm  Nmnher^  mem  between  the  frft  arti  feeeni 


the  leaft  Fador  is  become  pofitive,  or  a  Binomial,  and 
the  others  remaining  Refidual,  the  Sign  of  the  Produd 
is  contrary. 

Iffer  X  a  Number^' mean  between  the  fecendandHnri 
JRMx,  be  fiAftituied^  the  Refidt  will  have  the  Sign  ef  tU 
Ja/l  Term  efibe  frapefed  |  for  two  Fa£tor^  having  changed 
their  Signs,  the  Sign  of  the  Pfodtia  will  remain  the  fame 
as  before  diey  were  changed,  and  therefore  the  Sign  of 
the  whole  Produd  will  be  the  fiunc  aa  before  i  eaid  fioi 
eoHtinaallyi  that  is,  if  there  be  fuze^fivdffubjiituied Numbers 
lefs  them  the  leaft  Rooty  ond  mean  between  all  the  Rooth  ^^' 
Kejuhs  will  be  in  order  tbefame^  and  the  eentrary  tdternatelji 
With  the  Sign  of  the  loft  Term  of  the  froprfed*, 

264.  And  cenverfelu  If  Numbers  fucaftvely  fubjlituttd 
/or  Xy  give  Rjfulti  wbofe  Signs  are  the  fame  and  ^^^^  f^l 
iernaufy  to  the  Signs  of  the  loft  Term  of  the  prepofed.tbofi 
NtrniBers  ntt  In  Succeffion,  Icfs  than  the  leaft  moU 
mean  between  the  ift,  ad,  3d,  &c.  Roots  of  the  pro- 
pofed  i  aad  therefore  limit  them.    Whence,  iftvft  Nwn- 
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k  is  certain  they  ran  be  no  other  than  the  Divifon  iiF 
the  laft  Term  of  the   Equation,  which  here  is   i2a. 

Then 


kersjuhjlitutea  for  x,  gwe  Rtfults  with  contrary  Signsj  an» 
9r  more  Roots  aro  limited  by  thofe  Numbers  ;  for  the  Signs 
being  contrary,  one  is  contrary  to  the  Sign  of  the  laft 
Term  of  the  propofed,  and  therefore  one,  or  an  od4 
Number  of  Fadors,  muft  have  changed  their  Signs. 

265.  If  the  Roots  of  an  Equation  he  ftuaj/ively  dtmtnljhej 
iy  Quantities  equal  to  its  RootSy  beginmng  with  the  leajl  or 
firjl  Root  J  the  la/l  Term  oftbetranrformedwill  be  always  ex-- 
Urminatedj  (229)  ^  and  its  Penultimate  or  rather  (having 
reduced  the  Dimeniions  by  dividing  by  x)  thelq/i  Term 
of  the  reduced  is  the  ProduH  of  the  Excejfes  of  the  other  Roots 
of  the  propofed  above  that  Root ^  whereby  they  were  ditnihijbed 
tn  the  Transformation  (27^).  Now,  when  tbn  are  diminijk* 
ad  by  the  leafi^  or  firft  Raot^  thofe  Exceflcs  remain  all 
pofitive ;  but  the  Fa£bors,  or  ExcefTes,  or  Rcfiduals,  arc 
onelefs  in  Number  in  the  reduced,  than  in  thepropofed  ; 
tbtrefere  the  Sign  of  the  laji  Tema  of  this  reduced^  and  of 
the  fropofedj  are  contrary.  Again,  if  the  Roots  are  £• 
mim/bed  by  thefecond  Root^  the  Produ^  of  the  Exceflcs  of 
the  other  Roots  above  it,  that  is,  the  laji  Term  of  this  r/i 
dsuidwiU  have  its  Sign  the  fame  with  that  of  the  Iqfi  Term 
of  the  propofed-y  for  one  Excefs  is  become  negative,  i.  e» 
one  Fador  a  Binomial,  and  the  refidual  Fadors  are  alfo 
lefs  by  one,  whence  the  whole  Nu^nbcr  of  r^ual  Fac- 
tors is  diminifhed  by  an  even  Number,  and  confequent^ 
ly  their  Produft  retains  its  Sign  j  that  is,  the  Signs  of 
the  laft  Terms  of  the  reduced  and  propofed  are  the  fame. 
Again,  if  the  Roots  are  diminifhed  by  the  third  Rooty  the 
Sign  of  the  lafl  Term  of  the  reduced  will  be  contrary  to  that  of 
the  laji  Term  of  the  propofed  ^^  for  two  Exceflcs  will  have 
become  negative,  that  is,  two  Favors  wiH  have  become 
binomial,  and  one  reflduai  Factor  is  wanting :  wheoce 
the  whole  Number  of  Rcfiduals  is  diminfhcd  by  three, 
an  odd  Number,  and  therefore  the  Sign  of  the  Produdi 
is  changed,  andfo  on  continually.    Whence,  if  the  Roots 
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Then  trying, all  its  Divifors,  if  none  of  them  writ  in  the 
Equation  for  x  would  make  all  the  Terms  vanifli,  it  is 

ceruia 

ef  thf  propofedy  beginning  with  the  Uaft^  are  fuccejpvely  fuk* 
JiiiuUdfor  x  in  the  Equation  reduced  by  one  Dimmfkny  the 
Signs  of  the  Refults  will  be  alternately  the  Jamey  and  contra- 
ry to  the  Sign  of  the  laji  Term  of  the  reduced  (for  they  muii 
1^  alternately  contrary,  and  the  fame  with  the  Sign  of  the 
lafl:  Term  of  the  propofed)  that  is,  the  lea/1  Root  of  the  pro* 
pofed  is  lefs  than  the  leajl  of  the  reduced^  and  the  greateft  oftlje 
^propofed  greater  than  the  great e/i^  of  the  reduced;  and  the  in-' 
iermediate  Roots  of  the  propofed  are  mean  bet%men  the  JRoOs 
of  the  reducedy  and  confequently  are  Limits  to  them 

266.  And  eonverfelyy  the  Roots  of  the  reduced  are  mean 
Limits  to  the  Roots  of  the  propofed :  Hence  the  reduced  is 
called  the  Equation  <f  Limits ;  and  if  to  its  Roots  be  added 
Cipher  and  the  fuperior  Limit  of  the  greateft  Root  of  the 
fropofedy  there  are  given  aU  the  Limits  of  the  Rootr  of  the 
prcpofedy  and  each  Equation  is  the  Equation  of  Limits  to  t& 
^ther. 

267.  Hence,  if  the  propofed  Equation  he  reduced  by  fuc* 
cefpve  Multiplications  and  uivifumsy  as  direited  by  this  Rulty 
to  afimple  Equation^  iba-Root  of  the  fimple  Equation  As  the 
mean  Limit  of  the  Roots  of  the.  ^adratic^  whofe  Roots  are 
the  mean  Limits  of  the  Roots  of  we  Cubicy  andfo  on  to  the 
propofed :  fo  that  there  is  a  compleat  Series  of  Equations  fr^m 
the  fimple  Equation  to  tie  propofedy  each  of  which  determines 
the  Limits  of  the  following  Equation:  And  converfehy  the 
propofed  contains  all  the  Limits  of  the  Roots  ofthefirft  Equa* 
4ion  of  LimitSy  whofe  Roots  are  all  the  Limits  of  the  Roots  ff 
the  fecond  Equation  of  Limits  j  andfo  ony  defccnding  through 
all  the  Equations  deducible  from  the  propofed  by  fucce^t 
Multiplicatiom  of  the  Terms  by  their  indices^  and  DivTfwns 
by  the  Root ;  or  becaufe  the  Indices  are  in  arithmetical  Pro" 
grej^ny  by  Multiplications  by  the  Terms  of  any  aritbmeticm 
rrogrejjion. 

a68  If  two  Roots  of  the  propofed  Equation  are  equal, 
then  their  intermediate  Limit  muft  be  equal  to  each  of 
them  s  and  this  Limit  is  a  Root  of  the  Equation  of  Li- 
mits: 


OF    E^tJ  A  Tt  ONS,  4,; 

certain  that  the  Equation  will  admit  of  no  Root^  but 
v^hat  is  Surd.  But  there  are  many  Divifors  of  the  laft 
Term  i20>  viz.  i. —  i.  2.  —  2.3.  — 3.  4.— .4,  5.-5. 
6,  — 6. 8.-8.  ibk  — 10.  la.  — 12. 15.  -—  15.20. — 20» 
24»  -—^4. 30.  i—  30.  40.  *-.40. 66. •^60. 120.  and*— 120* 

To 

■  1^     ■!*»■■■  I    I  i^a^^— ^^^— .^^    rti   I  >   mart 

mits  :  If  therefore  infubftituting  a  Root  of  the  Equation  of 
Limits  tn  the  propofid^  the  Refult  is  =  o,  then  the  Limit  is 
a  Root  of  the  fropojedy  and  ttuo  Roots  of  the  propofedare  equal  j 
mtd  m  often  as  fucb  a  Refult  emerges  equal  to  nothings  fo 
many  Pair  of  Roots  in  the  propofed  will  be  equals  and  each  of 
them  equal  to  that  Limit. 

26^.  No  rational  Number  whatever  fuMitttted for  x  wiH 
give  a  Refult  =  0,  if  all  the  Roots  of  the  Equation  be  imagi^ 
nary  {206):  for  no  rational  Number  can  be  equal  4o 
an  imaginary  one  i  and  though  a  Number  equal  to  the 
real  Fart  of  an  imaginary  Root  fhould  be  fubftituted» 
yet  the  pofitive  Froduft  t)f  the  radical  imaginary  Fart 
will  always  remain  (193})  and  the  Refulc  always  be 
affirmative, 

270-  Jftxtjo  rational  Limits  are  found  for  every  Root  rf' 
em  Equation^  the  Roots  are  all  reBl  and  unequal :  If  the  Al" 
temation  of  the  Signs  rf  the  refults  emerging  from  the  Sub- 
Jiitution  of  rational  Numbers  is  interrupted  by  a  Cypher  only^ 
the  Roots  are  all  real,  and  there  are  fo  nfony  pairs  of  equal 
Roots  as  Interruptions.  If  the  Jlternation  is  interrupted  not 
by  Cypher^  but  by  the  Intervention  of  pofitive  Refults  in  the 
place  of  negative^  then  fo  ntany  pair  of  Roots  are  imap^ 
nary. 

211.  If  any  Roots  of  the  Equation  of  Limits  are  impoj 


tie,  or  imaginary,  there  mvfi  be  fo  many  at  leajl  impojfibli 
in  the  propofed:  for  the  laft  Term  of  the  Equation  of 
Limits  is  the  Product  of  the  Exceflcs  of  the  Roots  of 
the  propofed  above  the  Quantity  whereby  they  weris 
Dimini&ed  [^y^')  >  'f  therefore  there  are  any  ImpofR* 
ble  £xpre£Sons  in  thofe  ExcefTes,  there^  muft  of  confe« 
quence  be  impoffible  Exprei&on$  in  the  Roots  of  the 
E  t  Pro* 
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To  try  all  thcfe  Divifors  would  be  tedious.  But  it  befog 
known  that  the  Roots  are  between  2  and  —  3,  we  are 
fteed  from  that  Labour.  For  now  there  will  be  no  need 
to  try  the  Divifors,  unlefs  thofe  only  that  are  Wilhia 
thefe  Limits^  viz.  the  Divifors  i,  and  —  I.  and  —2. 
For  if  none  of  thefe  are  the  Root,  it  is  certain  that  the 
£^ttftttoft-4Mi9~  m>  Root  but  what  h  S^ird  {^). 


propofed.  But  it  does  wt  follow^  fiat  if  all  the  Roots  tf 
the  Equation  of  Limits  are  Real^  the  Roots  of  the  propofed 
Jhall  all  he  Real;  becaufe  the  Roots  of  the  Equation  of 
Limits  are  not  all  the  Limits,  but  only  the  mean  Lioiits 
of  the  Roots  of  the  propofed  :  Tet  it  tvillfolhw^  that  if 
nil  the  Roots  of  the  propofed  are  Real,  all  the  Roots  of  e& 
the  Equations  of  Limits  deducihle  from  it^  are  alfo  real  -^  for 
the  Roots  of  .the  propofed  are  all  the  Limits  of  the  firfl 
Equation  of  Limits,  and  fo  on  ;  but  of  imaginary 
Quantities  there  can  be  no  real  Limits. 

CXXXIX.  (i)  When  any  imaginary  Roots  are  in 
the  propofed,  the  fuperior  Limit  of  the  greateft  affirma- 
tive Root  will  be  lefs  accurately  determined»  if  their 
Produ£l,  w^ich  is  always  Affirmative,  bears  any  «x^nfi- 
derable  proportion  to  that  of  the  offitftiativeRoots, 
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this  ReduHion  ^/  Eqjt;  a  t  i  on  s  by  Surd  Divifors. 

tXL.  rjrlttertol  have  treated  of  the  Redu£Uoh  of 

X  X  Equations  which  admit  of  rational   Divi-^» 

fors.  [a)     fiur  hifon  we  can  tondudej  that  aft  Equation  §f 

fout 

■  mil         liu  1.      I       n     ■        ,     I  t         .1  ,  , 

CXL.  {d)  It  may  be  of  Ufc  to  fet  forth  in  one  View 
the  moft  ufual  Methods  of  finding  the  iratianal  Roots  of 
Eqaations,  whofe  Dimenfions  afcend  above  the  Qua- 
dratic, the  Redudion  of  which  is  given  in  Art.  LXXTV. 

The  firft  and  moji  general  Method  is  by  finding  the  bivi-^ 
fm^ffhe  Iqft  Term^  Art.  CXXX.  which  being  the  Pro- 
dud  of  all  the  Roots,  as  many  of  the  Roots  a6  are  Ra-i^ 
tional,  muft  be  found  among  the  Divifors  of  the  laft 
Term  :  Every  Divifor  of  the  lajl  Terniy  which  fubftitut$d 
for  X  caufes  the  Aggregate  to  vanijh^  or^  which  being  ron-^ 
neSledwith  x  meafures  the  Aggregdte  of  the  Ttrfns^  { Art.  CX. 

If  the  Equation  be  Cubic,  it  is  Juffideht  to  find  thefimple 
Dhifors  5  tf  Biquadratic,  the  Divifors  of  two  Dimenfums 
nre  alfo  to  be  fought  ;  and  in  general,  for  Equations  of  fupe» 
rior  Dinunfions,  Divijors  are  to  be /ought,  whofe  Dimenfions 
we  balf  ormu  Degree  lower  than  half  the  Dimenfions  of  the 
fropofed.  (212.  1^4.) 

In  gefier«I,  when  all  the  Roots  are  found,  except  two, 
tbofe  two  are  mofl  expeditio^fiy  found,  by  finding  the  Roots  of 
the  J^uadratrc  ^uote,  which  will  emerge  by  dividing  tie 
frofofid  by  the  ProduSi  of  the  Divifors  already  found. 

'  But  as.the  Divifors  of  the  laft  Term  of  the  propofed 
Equation  may  be  numerous,  the  Labour  of  Subjlitution 
mil  be  abridged,  by  ^dividing  the  Roots  by  their  common  Di* 
yifor  if  they  admit  of  one  (247.)  j  and  when  the  Submul- 
tiples  of  the  Roots  are  found,  the  Roots  themfelvcs  will 
he  bad  by  their  kuown  Relation  to  thofe  of  the  Trans- 
formed (221  }• 

E  c  2  Tbfe 
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f9ur^  Jioc^  or  more  Dimenjions^  is  irreducible^  we  muftfir/i  try 

whether 

The  Number  of  Divifol-s  to  be  fubftituted  is  further 
abridged  by  finding  the  fupcrior  Limit  of  the  greateft 
koot  of  the  Propofcd  by  Art,  CXXXV.  or  CXXXVID. 

Hut  this  Number  wilt  be  reduced  to  the  real  Roots  by  tranf- 
forming  the  pfopofed  into  others  fuccejftvely^  whofe Roots JhaU  be 
greater  and  greater^  and  left  and  lefs^  by  Unity  ^  than  thofe  of  the 
propofed  :  For  the  Values  of  x  in  -  the  propofed  are  fonU 
Divijors  of  the  loft  Term^  when  x  is  fuppofed  equal  to  Cy^ 
pher  or  nothing  ;  and  the  Values  of  y,  in  the  transformed 
Equations  y  arefome  of  the  Divifors  of  their  laft  Terms  ref- 
peSlively  j  and  thefe  Palues  mufl  be  in  Arithmetical  Progreffitm^ 
whofe  common  Difference  is  Unity ^  becaufe  x— 2,  x — i, 
X,  x+i,aiidx-}-2,  ^c.  are  in  Arithmetical  Pr ogre  (Ron  : 
But  the  Subjiitution  ^  2,  I,  o,  —  1  —  2,  l^cfor  x  tn  the 
Propofed^  is  equivalent  to  thefe  Transformattons  (^234.) 
IVheme  the  Rule  of  Art.  L.  abridges  the  ftmple  Divifors  of 
the  laji  Term^  and  that  of  Art.  LI.  abridges  its  Dhfors  of 
two  DitnenftonSy    to  the  Rods,   . 

If  the  prop(fcd  involves  two  or  more  Letters^  the  Rules  of 
Art,  Lli,  and  LIII.  are  to  be  obferved. 

The  other  general  Method  of  refelving  higher  Equations^ 
whofe  Roots  are  rational^  is  to  exterminate  tDe  fecond  Term  of 
the  propofed  {Art.  CXXV.)  to  find  the  Roots  of  theTrans- 
formed^  and  from  thefe  to  find  the  Roots  of  the  propofed 
(221 ).  Now  the  Roots  of  the  Transformed  wanting  its  fc- 
cond  Term,  are  found,  either  by  Approximation  j  or  accu'- 
rately  and  without  Approximation. 

£y  Approximation,  thus:  Let  at'.  4(.^;i',  r=  o.  be 
a  Cubic,  which  wants  the  fecond  Term.  If  all  its 
Roots  arc  real,  it  will  have  its  third  Term  qx  (244)  Ne- 
gative ;  but  if  its  third  Term  is  Affirmative,  it  gene»- 
rally  has  two  impoffible  Roots  (244.)  And  in  both  Cafes, 
either  one  negative  Root  is  equal  to  two  Affirmatives» 
or  two  Negatives  to  one  Affirmative  (243)* 
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vjbttber  or  not  it  may  be  rtducei  by  any  Surd  Divifor  ;  or^ 

which 


If  all  the  Roots  are  real^  and  one  Negative  is  equal  to  two 
Jffirmativesy  the  la/l  Term  will  be  j4ffirmative  (becaufe  —  x 
—  X  +  =  +J  5  ond  of  this  form  x». — q  x  4-  r  1=  O  ;  con-^ 
fequittdy  the  negative  Root^  being  ftngle  and  thegreatejl^  will  he 

nearly  {Art.  CXXXVI.)  /^?— i;  more  near  ^1=1?  j 

2  % 

nearer  Jim  i/ — Zli  :    l^c^     And  if  one  Affirmative  (ihf 

Roots  being  all  real)  is  equal  to  the  Sum  of  two  Negatives^ 
the  lajl  Term  will  be  Negative  {becaufe  ^-  x  +  X  —  =  — )  j 
and  the  Equation  of  this  Form  x' — qx — r  =  o  5  confe^ 
quently^  the  affirmative  Rooty  being  Jingle  and  the  greatejl^ 

will  be  nearly  I/ — it^i  more  near  If    "^  ■  j     nearer  JliU 

^ — IIl£,  iffc.Now  the  greatejl  Root  being  found  to  any  Ac^ 

.  curacy  {Art.  CXXXVI.)  the  other  Roots  are  had  by  the  Re^ 
diUfion  of  the  ^adratic  ^ote.  If  two  Roots  ofxS.m.qx. 
1  =  0.  pe  imaginary,  the  real  Root  will  be  equal  to  them  both.i 
and  if  the  Equation  be  of  the  Form  xS^-l-qx+^iso» 
the  Rational  will  be  Negative  and  greatejl ;  and  ifthe'Equa^ 
lion  be  of  the  Form  x'  *  -j-  a  3f  —  r  =r  o,  4^  Rational  will  be 
Affirmative  and  greatejl :  And  confequently  the  rational  Root  is 

^!iZf ,  cr  ^^=4,  or  ^l^i  ^c.asivArt.CXXXVL 
2  2  2 

Let  a  Biquadratic  want  {orbefo  Transformed  as  to  want) 
ibefecond  Term,  <7J  x* .  *  •  q  x».  r  x .  s = o.  If  all  its  Roots 
are  real,  the  third  Term  qx^  and  the  laft  j,  will  be  Ne- 
gative (244.), Now  becaule  it  wants  the  fecond  Term, 
either  firft,  one  Affirmative  is  equal  to  three  Negatives ; 
or,  fecondly,  two  Affirmatives  are  equal  to  two  Nega- 
tives; or,  thirdly,  three  Affirmatives  are  equal  to  one 
Negative  (243.)  If  the  firft,  then  the  fourth  and  fifth 
TcrpM  rx  and  s  will  be  Negative,  becaufe  —  x  +  X  + 
E  e  3  s=— «and 
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talu^h  is  thefanii  Thingy  yott  muft  trj  whether  tik  Equation 

can, 

=r—  and  —x-f-X+X  +  s:— ,  dni  iht  BifuattM  ^ 

this  firm  x1 — qx* — rx— rs  =  0;  the  Affirmative '^s fkgle^ 

andgreatefi^  and  will  therefire  he  I/     T%  or  ijjXl^  $r 

*  2  a 

jISlL^  ISc.   \i  the  fecond,  then  if  the  greateft  Root  is 

oocof  the  two  Affirmatives»  the  fourth  Term  rx  wiU  be 
Negative,  and  the  laftTcrm  Affirmative,  and  the  Equa- 
tion of  the  Form  y*  — f  *■*— rjr  + j  =  o  ;  and  if  the 
greateft  Root  is  one  of  the  two  Negatives,  the  fourth 
Term  will  be  Affirmative,  the  laft  Negative,  and  the 
Equation  of  the  Form  x^ — j;f>+r.v — J=oj  and  if  the 
Roots  are  all  equal  to  each  other,  the  fourth  Term  ya- 
nifhes,  and  the  Equation  is  of  the  Form  x^—^x — j=:o  : 
New  in  all  Cafes,  the  two  Jgirmatives  may  he  approximated 
tOy  hy  Art.  CXXXV  JI.  and  the  two  Negatives  found  by  tht 
BjduHion  of  the  ^adratic  S^uotey  which  "anil  emerge  hy  di^ 
viding  the  Propofed  hy  the  Prcdu£f  of  the  Affirmatives  :  If 
the  third  Cafe,  then  the  fourth  Term  will  be  Affirma- 
tive, the  laft  Negative,  and  the  Equation  of  the  Form 
;y4 qx^JLrx — J=:0;    and  the   Negative  is  ftngle  and 

3  R c       ^  S — e         7  X g 

greateft'^  and  will  be  ^^^•^'—--'^  ot^ — — :«,  or  ^ 2,  k^c. 

and  in  this,  and  the  firf.  Cafe,  the  other  Roots  are  found  iy 
Redu^ion  of  the  cubic  ^ote,  which  will  emerge  by  dividing 
the  Propofed  by  the  found  Root,  Now  tho'  the  propofed 
Biquadratic  fhould  contain  tyiro  imaginary  Roots,  yet 
if  the  laft  Term  is  Negative,  the  third  being  Affirma- 
tive, the  rational  Roots,  if  any ^  will  be  Approximated  i*, 
by  Art.  CXXXVI,  or  CXXXVIJ. 

The  Roots  of  the  Transformed^  arifing  from  taking 
away  the  fecond  Term,  arc  fought  diredtly^nd  wiihoac 
Approximation»  thus* 

272.  Inthe  ^i/W^  x'.*.lqx.r=:o.  If  4^  ofi  be  greater 
than  \  r*,  that  is,  if  aV^'-r-ir**^  pofible,    and  confer 

quently 
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tan  befo  ^vided  Into  two  equal  Parts^  that  you  can  extraff 


tiuiptly  i  i*-4j  qS  mpoJP>lt  \  thenthethr»  RooUare  real: 
Jlft  Ottwo,  whoft  Sum  is  equal  to  the  third,  are  unfqual.. 
273-  -iri^q»=tf*»  thatU,if^9?-\v^jo.and 

whtfe  Sum  is  equal  t»  the  third,  art  equal.  _^,    ,  ,    " 

274.  //"Aq'— tr*  *'  itnpoffibU,  and  cimfequently  ^i* 
—  «' q3  *#*& ;  then  the  two  Roots,  whoft  Sum  is  equal  to 
ihtMrd,erre  impojftble.  Let  firft  the  Roots  of  *«-?*  + 
f  =  obc  ;r-/+f,  *-/-/.  andjHha/:  Thca.by 
fuppofition,  *3— f  *+  r  =  *3— 3/»-^ X  *  +2/3-^/ 
(CXm.)  vhcnce  3/»+^»=?  (i8z.)and  %fi-g*fz=:r'. 

CoDfequently/'+  -^  =i-,  ^TiAfi-^g*f=  1.  Letfe- 

condly  the  Roots  of  x3— ?*— r=o  be  *+/+*» 
xArf^g,  and  ;f— a/:  Then  *'— f*— r=  jc3— 
3^_^X*— 2/'+  *^*/5  whence  3/*+^*=f.   »»»«* 

3        3- 

,Y= -'  NowtheCubeof/«+4-=4  "'n''°* 

•  "^  "**       2  3        3 

Crfesy«+if*y*+^*y*+~|^5  and  theSqu«e.«s  well 
of  »./'+1»/=:-^  as  of/'+^y=I.,  !s  /*-2r/^ 
+  «»/»=it.:  Wherefore  fubduaing  the  Square  from 

icfidue,  if /be  greater  than  g,  then   dividing  3^7*- 
yV^bj-  ^»/>,  the  Quote  3/»  is  greater  than  |f  %  «<>"- 

fcquently  the  Member  3^'/*-^+  —  "  ^*™'- 
E  e  4  tivc. 
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ri>i  Root  out  Mf  both  [b.)     But  that  may  be  done  by  tha 
following  Method.  CXLi. 

tive,  whence  X< is  poffiblc,  and    ^     ■  X-isijq* 

^7        4  4.        27 

poffible  :    And  if  in  that  Refidue  ^  =  o,  then  3^*/*— 

^^V^+— =0:  whence il^ZL  =  o,  andJt!=::ll: 

^^  27       4  .27       4 

Andif  in  thefamcRefiduc/islefsthan^,  then   ^g'^f^^ 

:*  j4/i^  —  is  Negative,  and  confequcntly  -^ is 

impoffibic  ;  and  th^refor^  — * —  JL.  is  poiSble. 

4       27 

275.  JVben^-^Q^ — ^r*  n poffible ^ue.%vhen  -Jr*— -jt^J^ 
u  impofftble  (272.)  /A^  great  e/i  Root  is  found  thus  :  SubduO 
the  Coefficient  of  the  third  Term^  from  the  fquare  Number 
next  greater  than  itfelf  \  divide  the  laji  Term  by  this  Reftdui\ 
the  ^ote  {which  is  the  Root  of  the  affumed  Square)  affe&ei 
with  the  Sign  contrary  to  that  of  the  hxfi  Term  will  be  the, 
greatejt  Root.     For  ^  =  3/*+^»  and  2/^* =4/^,  and 

^f'^'^f—^^  will  divide  r  =  2/3—2^»/,  and3>£=:!^ 
=  2/.  Alfo/*— ^*  will  divide  —  r=—  2/»+  2^*/,  an4 
:ZlfL^:2lfz=^—tf',  and  as  well  — 2/x— 2/  ^« 

2/x  2/—  4/*»  Thcgreateft  Root  being  thus  found, the 
two  lefs  are  found  by  reducing  the  quadratic  Quote, 
whofc  Roots  are  to  be  afFeSed  with  the  Sign  of  the  laft 
Tprm  of  the  cubic.  The  Roots  of  the  transformed 
being  found,  thofe  of  the  propofed  will  be  found  from 
their  known  Relation  (221.  j 

276.  JVhen^'^<\^  —  ii\  either  of  the  equal  Roots  is  ^g^P" 
founds  by  extrahtngthe  fquare  Root  of  \  of  the  Coefficient  ofibe 

fhird  Terffi ;  or  by  ex  tracing  the  cube  Root  of  half  the  le/i  Term: 
«r,  Iqfilyy  by  4ividing  fripls  the  la/l  Term  by  double  the  Coeffi- 
cient 
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CXLT.  Difpofe  tht  Equation  accardlng  to  the  Dimenfions 
9ffijni  tirtmn  Letter^  fa  that  allits  Terms  jpintly  under  their 

proper 

mentofthe  thirdTerm  5  enithefe  Rootsareto  be affc£ied with 
the  Sign  of  the  laft  Term^  Van  double  of  eith^  of  tbefe 
Roots y  offered  with  the  Sign  ccntrary  to  that  of  the  laji  Term^ 
tuill  be  the  greateft  Root'  For  fince  ^=10,  then  3/*H- 

^*i=  3/*  5  but  3/»  +^*  =  q,  and/»-  ^=1,  whence 

4  — 

3  3 

but  2/»  —  2f  •/=  r,  and  /'  — ^*  =-  j   whence  /'  = 


f%  3  2         2y 

'quadratic  £xtra£iion,  or  by  aftmple  Dlvlfion. 


(149)  :  So  that  either  of  the  left  Roofs  iskad^  by  a  fmpU 
■    ""        "'  by  a  fiinple  ^  ~  ^ 


277.  When  \  r*—  ^  q'  is  poJfMe,  i.  e.  ,V  q'— •  t  ^*  ^»- 
^o^i  (274)  /*^  r^ftVwtf/  Root  is  found  thus.  If  the  Cceffi. 
dent  of  the  third  Term  is  affirmative,  add  it  to  {if  negative^ 
fubduil  it  from)  the  fquare  Number  next  greater  than  itfclf  ^^ 
then  by  the  Sum^  or  by  the  Difference^  divide  the  laft  Term  : 
this  ^ote  (which  If  the  Equation  has  a  rational  Root,  wiL 
be  the  Root  of  the  ajfumed  Square)  affected  with  the  Sign  ton- 
trtfry  to  that  ofthelafi  Term  will  be  the  rational  R^ot.  For 
puuing  the  Roots  of  jr^  +  yx  +  r  =  o  (viz.  when  the  ra- 
tional Root  is  negative)  ^-y+i/— 3^S  ^-"/— ^Z-" 3^% 
and*  —  2/j  thenjr34:j*-f.rJ  =  jp'  — 3/*+3^'X*4- 
2y«  +  6^*/5  whence  —  3/*  +  3^»  —  q: q,  and/*  — 

g^zzzi  I  alfo  2/3  +  6^*/=  r,  and/3+j:*=:-^.    A- 

—3  2, 

gain,  putting  the  Roots  of  x^  +qx  —  r  (viz.  virhcn  the 

rational  Root  is  affirmative)  to  be  x  +/+-/ —  3g  '>*_+ 
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proper  Sigm^  may  be  equal  to  natiing^  and  ^  the  MgbtJI 
Term  be  adfeSed  with  an  affirmative  Sign.  Tbm^  if  the  £fw- 

thm 


/~i/~3^%  and^~2/;  then  A^qiyjr^rssyS*- 
3/*  +  3^  X  ^—  ^r  —6^  ;  whence  —  3/*  +  3^*= 
q:  J,  and/*  — .  ^»  =r-i  5  alfo  —  2/3  —  Sg^fzzi  — r,  and 

./^  +  3^*/=-^-      Wherefore,   finceqif  =  — 3/*  + 

3^S  and  2/^*  =3  4/»}  therefore  4/*~3/*+3^; 
"^^  ^  ^^    '  /*  +  3ir*  .     ^ 

will  divide  rz=  2/* +6^/5  and  the  Quote  will  be 
equal  to  2/. 

But  the  rational  Root  in  this  Cafe  is  more  readiljr 
found  by  the  Method  of  Divifors,  or  by  Cardan's  Rule, 
Art.  CLIL  A  Biquadratic,  which  wants  the  fecond 
Term,  may  be  fojved  by  the  Method  of  Des  Cartes, 
Art.  CLV.  but  more  eafil/  by  the  Method  of  Divifors 
of  the  laft  Term :  and,  in  general.  Biquadratics,  «nd 
all  Equations  of  higher  Dimenfions,  if  their  Roots  arc 
all,  or  any  of  them,  rational,  admit  thofc  Roots  to  be 
found  moit  eafily  by  the  Method  of  Divifors.  Biqua^ 
dratics  may,  however,  be  folved  without  taking  away 
the  fecond  Term,  by  a  Method  deduced  by  Mr.  Tho- 
mas Simpfon,  from  Art.  CXLIV.  Numb.  198.  which 
will  be  there  explained,  or  by  Theorems  given  by  Mcfl. 
M^Laurin,  Colfon,  and  others :  hut  the  moft  expedi- 
tious Method  is  generally  that  of  Divifors. 

278.  CXL.  (4>  An  Eptatien  of  even  Dimenfrnu  ^*' 
Coefficient  ofwbofe  higheft  Term  is  Unity y  andwhtch  iscuar 
of  r  rail  tons  and  Surds,  may  be  conceived  to  be  the  Dif^^* 
of  two  compleat  Squares ;  whence^  ,hy  adding  the  hfs  ^I'^^Jj 
tt^  it  may  be  compleated  into  the  greater ;  and  the  Rootfotm^ 
by  the  Refoluiion  of  an  adfeSled  Quadratic. 

Putting  therefore  ar  the  Index  of  the  higheft  Tcnn 

of  tb«  Equation,  the  Index  of  the  higheft  Term  of  tnc 

2  g'«*^^' 
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ti^  h  a  Q>iadratic,  (finr  w  may  add  fbis  Ccffepr  the  Ana^ 


greater  Square  will  be  alfo  2  r,  and  that  of  the  hi^hcft 
Term  of  its  Root  (the  Root  is  always  fome  Power  of 
a  Binome)  will  bp  r  (83)  \  and  putting^  for  the  Coeffi- 
cient of  the  fecond  Term  of  the  Equation,  and  \^f  for 
that  of  the  fecond  Term  of  the  Root  \  that  of  the  fe- 
cond Terra  of  the  greateft  Square  wilT  be  f  (122.) 
Let  the  given  Equation  be  **''+/>;r*'— '  +  ?Jf*""*  + 

&c.  a;r*''^*''  =  0;  and  let  the  Root  of  the  greater 
Square  be  ;r^  +  i/;r''- ^  +  a^^--*  +  Rj^'--^+Sj^-4 
+  Tjp^-^5j  &c,  &c.  Vjr^-'':  Then  the  greater  Square 
wiHbe;r»^+j>y*^"'+2Q.+tf>"X^''"H2R+J^Q.X 

2W  +/>  V +TQT  +  2RSXa^*''"^  &C.  &C.  (122). 

279.  Let  the  indeterminatcExptcffions  in  theCoefficicnts 
of  the  greater  Sq.uarc,  viz.  2Q.,  2R,  2S,  2T,  2  V,  &c. 
be  changed  into  the  Greek  Letters  «,  ft  y,  J,  c,  4-,  w,  d, 
x^  X,  &c.  refpeflively :  Then  the  greater  Square  will  be 

cxpreffed  thus  ;.^  +  ^;r*'^'+ M^>X;r^^-*+g+i^^ 

X  ;r*  ^3+^i7^+J^  X  ^*  '^^+^+vj>y+4^gX- 

kc.  Wherefore  equating  the  correffmdmi  Termi  of  this 
Snari  wtb  thofo  cf  the  given  EquaU^n^  •  we  have  the  Values 
rf^t  Greek  Letters  in  kncwn  Ramies. 
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logy  •/  the  Matter)  take  from  both  Sides  the  loweft  Term^ 

and 


h  az=:q—ip\    II.0=:r— 1/>«.    llLyz=s^ipff 

— tl33-  VI.f=W_i^£-.i«J^^/Sy.  VII.  >,=Z 
— I^?— t«t— ilS»— Jyy.  VIIL  Q  =  z—ipn-^ 
iai-^igi—iyl  IX.  *:?:b— t^a— i-a„~i|3C  — 
^Ve— tfJ.  X-  x  =  c  — f^b  — taa—ten  — iy{  — 
-^9^1,  and  fo  on  in  infinitum. 

280.  Now  the  Index  of  the  highefl  Term  of  the  Root  of  the 
greater  Square  being  r,  that  of  the  highefi  Term  of  the  Root  of 
the  lejs  or  complement  Square  cannot  be  greater  than  r  —  i  ; 
and  becaufe  it  is  always  Aippofed  that  the  Terms  of 
this   Square   have   a  common   Divifor  »,    if  we  put 

\/7x*Jf'""'  +  /x'-*  +  in;r''-3  +  A;r'-4,  &c.  far  the 
Root,  the  complement  Square  will  be  ( laa)  «i*x^'"* 
J^7.nkly,x^^'"^+^nkm'\'nl%xx^^'^'^'{'^nkh+2nlm 

X  x^ ''""^  +  2«^9r+2»*/+«»i* X ** '""^, &c.  Whence  it 
appears,  that  the  highefi  Index,  which  the  firfi  Term  of  the 
comphnent  Square  can  have,  is  2r  — 2;  and  confequently 
thdt  it  can  be  added  hut  to  the  third  Term  of  the  Equatiosff 
itsfecond  to  the  fourth  of  the  Equationy  andfoonia  order, 

281.  Now  fuppofmg  the  above  indefinite  Equation 
compleated  by  the  Addition  of  the  indefinite  comple- 
ihcnt  Square,  then  by  equating  the  Terms  with  the 
correfpondent  Terms  of  the  greater  Square,  we  (hall 
l^ave  fo  many  Equations  for  determining  the  Quantities 
fought,  as  there  are  Terms  in  the  greater  Square  after 
the  two  firft  ;  that  is,  2  r  —  i ;  the  whole  Number  be- 
ing 2r+  I  (211).      Now  the  Number  of  Quantities 

fougb^ 
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md  add  one  fourth  Part  of  the  Square  of  the  known  ^uan- 
Ih'tj  of  the  middle  Term. 


fought  arc  r— I  Terms  of  the  Root  of  the  greater 
Square  (the  two  firft  being  Unity  and  ip  (122),  ahd 
r  Terms  of  the  Root  of  the  Jefs  Square,  the  Dimen- 
sions being  r — i  (280)  )  and  n  the  common  Divifor ; 
that  is,  r^  +  ^  +  i^2r :  Whence  there  are  2r — I 
Equations  to  determine  2  r  ^antities  j  confequently  they  can 
only  be  found  hy  Trials  (i94)' 

282.  Thefe  Equations^  tranfpofing  all  the  Terms  into 
one  Member,  are  I.  2Q^+  x/^*— ^  -»l*=:o.  II.  2R 
^pQ—r  —  inklz=LO.   III.  2S  +  /»R+Q;— i— 2«^« 

— lf^=o.     IV.  2T+i>s+2CLR— /— 2«Ai— 

2«/«=o.  V.2V+>>T  +  2CLS  +  R»-v— «^^- 
-.2»/A-«m*=o.  VI.  2W+^V  +  2CLT  +  2RS 
— w— 2»i/»— 2»/9r— 2«wA=o.  VII.  2Z+>>W 
^2Qy  +  2RT  +  S*— Z— 2»*<r  — 2«/^  — 2«iW» 
—  iiA»=o,  &c.  in  infinitum,  ^Wfi/re7i»  thefe  there  are 
found  general  Limitaticns  for  the  particular  Entities  n, 
Ci,  R,  S,  k,  I,  ^c.  thus. 

283.  By  ^282,  I.)  20.=  ?  — I^*  +  «^S  ^^9— 
^  p^zz  a  (279,  I.) ;  whence  2  Q==  a  +  nk\  and  a= 
2  Qj— »i* :  Whence  that  n  may  be  a  Divifcr  of  «,  it  muft 
alfo  be  a  Divifor  of  Q»  ^  elfe  CLmuJl  vanijh:  alfo  that 
k  may  be  a  Divifor  ofay  it  muji  alfo  divide  Q^  or  elfe  Q=:0. 

Alfo  we  have  Qj=: ^ J 

284.  By  (282,11.)  2R  =  r-/>CL+2«H=^- 
.^«_|.*«i»+2«*/,(283);butr-ii^a=:g(279^n0 

whence  2R  =  e-i^«*-+  ^«^^>  -^^  =  \^T* 
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out  xx^^ax+laasilf-i-laa^   and  extraSfing  en  hoth 

Sides 


H. 

64 
4//>^w — Hf/ip^n — lA^anip^  +  ib /?/>^«  +  4^  g/^ii -^ 

64     . 
l6a*/«+  8a.^«-f-    32/>am«  — 3^^«« — '^a/^if*-— 

64 

'^l6apl^n  —  i6Bl'n—22plhh-*^2'^aimH  ,      *     , 
^- -•-- . +  p^n+ 

vln  +  mhn.  Whence,  that  n  JhouU  dhide  f ,  //  mti^  alfo 
divide  W  ;  ^  W  =  0.  JI/o  that  k  Jbould  divide  C,  /V  /V 
MceJ/hry  /Atf/ tVI*?^  «  +  i  lmp*n-i-iapl»n  —  ^f  1»  n 
—  iphln  —  talmn-+-5rln  +  mhnyatf«iy  «w»i}5^  ;  an  J 
moreover  that  k  Jbould  divide  W  ^  or  that  W  =  0 :  and  h 
on  in  infinitum. 

289,  From  the  foregoitig  Determinations  it  follows, 
that  u  will  meafure  fo  many  of  the  antecedent  Greek 
Letters,  as  there  are  undetermined  Terms  in  the  Root 
of  the  greater  Square,  if  it  meafures  the  fubfequent 
Greek  Letters.  Now  the  Number  of  undetermined 
Terms  in  that  Root  is  r— i  (for  r+i— 2=:r— i), 
and  the  whole  J^umbcr  of  Greek  Letters  or  Terms  after 
the  two  firft  of  the  Equation  is  2r  —  i  (for  2 r*f-  i 


/ 
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— «rraer-i;  wherefore  AibduAii^  r«-^i,  tke^futiibor 
•  ^rhieh  n  muft  divide  if  it  divides  tbefubfequent,   front 

ar- 1,  'the  Refidoc  r  iV  tbe  Number  if  the  J^  Greet  Let^ 
-^i£rs  vshofe  eemmen  Bhijor  n  mtft  he  y  and  Juw  a  Divifrr  is 

fi^.  'And  keeaufe  hy  Suppejhhn  we  hek  for  4Z  furd  Di-' 
vifoTj  edlDhifefis  etre  49  h  reje&edwlnA  are  Squares^  or 
3khbiples  ef  Squares  i  for  if  «  is  a  Square,  then  V^X 
i;tf'*-"'  +  '/;r ''-•%.&€.  wofuld  be  rational; /and  if  «is  a 

Mahiple  of  a  Square  as  1^  x  «*,  tbenm  X  i^if"  '  ^-Z^'t» 
-ire.  would  be  rationnly  and'»  depref&d  to  i/ would. be 
ratioiial. 

2^.  I/ any  ef  the  Terms  Q,  R  S,  ^c^  of  the  Rovt  ef 

'the  greater  Sfuare  u  a^FnaHion^  ^its  Denominater  msift:he  2, 

-emd'the  Ce^eieni  in  udncbiis  Square  is^  mufl  be  aft  odd 

Nmmher  \  and  n  mt^  be  an^d  Namber ;  for  in  the  Square 

it  isfirft  imikiplied  into  29  (122);  whence  if  the  I^eno- 

-nifliator  be  2,  it  will  become  an  Inte&;er,  beina  a  Mul« 

ttiple  of  2 ;  and  the  other  Parts  of  fhe  /ajne  Co^cient  he^ 

ingdouble  Produds  (122),  when  they  are  reduced  tothe 

fame  Denomination,  will  be  Multiples  of  4.     Now  the 

'Denominator  being  2,    the  Numerator  muft  be  o(^ 

'(Eiic.  ViL  24.") ;  and  therefore  its  Square  is  odd  (Euc. 

29.  IX.},  whence  the  Coefiieient  and  its  Diirtfor  n  h 

'fMi  but  if  the  Denominator  was  any  other  Kamber, 

^tbe  FrifH^n  mradtiplied  into  2  could  never  bedome  ttn  In- 

"teger;  «nd    therefore  the  Coefficient  would  ftill  be  a, 

Fradion,  or  the  higheft  Term  would  have  a  Coefficient 

different  from  Unity ;  both  which  are  contrary  to  Hy* 

pothefis. 

292.  'JceerdingMS  any  ef' the  Terms  <X.^  H,  S,  f^c,^  ef 
ike  tUot  ef  the  greater  Square  is  an  Integer^  er  a  Pra^en'-, 

V  f  /0 
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..   CXLIL  Ait  if  iit  EquaiiiH  hi  of  (out  Dimenfiom, 

fu^^fi 


/o  muji  the  cerrefpondent  Term  of  the  Root  of  the  complement 
Square  he  im  integer ^  or  a  FraQion  refpe&ively^  and  bane 
2  its  Denominator.  For  any  Coefficient  of  the  greater 
Square  is  equal  to  the  Sum  of  the  correfpondent  Coeffi* 
cients  pf  the  Equation»  and  of.  the  complement  Square 
into  n  \  but  n,  and  the  Coefficients,  in  the  Equation, 
and  greater  Square»  for  the  fame  Term  being  always 
•Integers  (291},  the  Coefficient  of  the  complement  Square 
•muft  bean  Integer;  confequemly,  according,  as  the 
Term  in  one  Root  is  integer  or  fraflcd,  the  correfpoa<^ 
dent  Term  in  the  other  muft  a]fo  be  integer  and  fra&cd, 
'and  have  the 'Denominator  2;  that  the  Square  of  the 
FraSion  into  n  may  either  deftroy  the  other  fra6Hotial 
.Square,  or.i^with  it  make  an  Integer  j  which  could  not 
be  done,  if  one  being  Integer»  the  other  was  a  Frac- 
tion. 

^93-  V^^'^y  Coefficient  of  the  Equatipn^  as  p,  r,  t»  w,  f^c. 
in  a  Place  denominated  from  an  even  -Numier^  be  odd  ;  n  al/i 
nuift  be  odd:  for  the  Exponents  of  the  Terms  denomj- 
.tated  from  an  even  Number  in  each  Square  are  odd,  and 
.thefe  Coefficients  conflft  of  double  Redangles,  without 
any  Square  (123},  wherefore  they  are  even  Numbers, 
4f  the  Roots  are  Integers.  Confequently  the  DifFerences 
of  thofe  even  Coeffikriencs,  that  is^  the  Coefficients  of  the 
Equation  denominated  from  gn  eiren  Number,  are  even» 
when  the  Roots  are  Integer:  If  therefore  any  Coefficient 
Jn  an  even  Place  is  pdd,  the  correfpondent  Terms  in  ihm 
Roots  of  both  Squares  are  Fractions*  whofe  Denomina- 
tors are  2  $  and  therefore  the  Numerators  are  odd,  and 
«their  Squares  odd,  and  the  Aggregate  odd,  and  n  the 
.^Divifor  of  the  Aggregate  odd  (Eucl*  29.  IX  j  and  con- 
,verfefy^ 

294.  n  being  odd^  muft^  when  divided  bj  4,  leave  Vmtj, 

•  For  let  N  reprefcnt  any  Number  in  general,  and  1  an 

odd  Number  i  then  becaufe  ti^at  pvery  odd  Number  is  a 

.    .  Multiple 


^Y  suad  divisors. 


«5 


►  yfc/!^Af 4"^  **+  f  *•  jr+r  AT-j-  f  =  o,  wh»rc  /,  y,  r,  and  i 


M4iltipie  of  4  Bioreer  lc6  Unity,  vi«.  I  =4Niij  and 

that  the  Square  of  an  odd  Number  is  a  Multiple  of  4  more 

•Uflity,  viz.  J»=,4N+i  (Eud.  29.  IX.)  and  chat  if 

-  firom  ftfch  a  Square  there   be  taken  any  Multiple  of  4, 
•theRemaifvIer,  if  greater  thahUnity^  will  be  a  Multiple 

of  4more'lJnity,  vir.  4M4-I  :  And  bccauife  that  the 
'Prcdu&of  tty  into  the  odd  Coefficient  of  the  complement 

-  Square;  is  equal  to  the  Difference  of  the  odd  Coefficients 
of  the  gfeatc/  Square,   and  Equation :    Alfo  becaufe  the 

Tauare  Roots  of  ihofc  Coefficients  arc  the  Halves  of  odd 

-  Wumber^.  •  We  have  the' 4th  Part  of  the  Produd  of  n 
into*  an  t>dd  Square,  equal  to  the  4th  Part  of  the  Difitf- 
rence  of  an  odd  '3quare,  and  of  quadruple  an  odd 
Number.  Wherefo/rc  n  into  an  odd"  Square  is  equal  to 
the  Difference  of  an  odd  Square^  and 'of  quadruple  an 
odd  Number ;'  that  is,  n  into  a  Multiple  of  4  more  Unity 

^is  equal  to  a  Multiple  of  4  more  Unity;  and  confequent^ 

•I]r,  n  is  equal  to  a  Multiple  of  4  more  Unity.     For  it  is 

not  a  Multiple  of  4  lefs  Unity,  but  of  4  more  Unity, 

'  Whi^h  can  give  the  Produd  a  Multiple  of  4  more  Unity. 

205.  Thefe  general  limitations  being  premifed,  let 

thoie  indefinite  Expreffions   in  N*.  279  and   282,  &c. 

i>ecome  finite :  That  is.,  if  there  is  propofed  an  Equa- 

«tion  bf  given  Dimenfions,  it  is  manifeft,  that  the  Term's 

involving  the  t'Ctters  above  the  given  Dimeniipns  muft 

vanifh.     Let  the  propofed  be  *•  -J-  ^  i^  -[-  y  ««  -j- '  **  + 

-/  jp*  4- '  *'  +*'•** + ^*'  *•+  *  =  ^     Then  the  fol  lowing 

will  hcy  as  it  is  propofed  by  the  Autirar  in  An.  CLL  J9 

Exen^lar  for  all  RtduSlions  by  furd  Divifots,  .  Becaufe 

ar^Sv  therefore  r  =14,  and  r-«i  =3;  and  the  Root 

of  the  greater  Square  is  ;r*  +  f  ^  i»  +  Qi**  +  R  ^  +  S  ; 

and  the   Root  of  the   complement  Square  ie  ^nx 

ix^^lx^^mx-^b'y  and  the  feven  Equations  for  tht 

Greek  Letters»  are  i.  j— ^/»=5«;  2.  r  —  iap:=:0^ 

3.  1  — i^e— t<i«=:y;    4.  #— tJy^t«iS=*^i 

Ffa  5.v-t 
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Jtnotejhe  hiffim^^uanMhs oftbeTirm 4fibe  MputHmStf* 

Jiit$dhy  thilr  proper  Signs ^  mak^ 

i— ia«=:^  Them 


U  1*1         ■<  I 


,g,  t?--- « ay— ie0=?<  j^.w^i/Sys;2f ;  and  /.  s^7r=».' 
(279.) :  And  the  (even  Equations  for  the  Coeffictenta^  are 

3.^  j^S+pR  +  Q!— J— a««i— »/»  =  oj  4./S4' 
.aQLR— /— 2«*A— 2;i/m=5:Oi  5.  2Q;^S  +  R*— v— 
2«/A  — «r«*=Oi  6.  2RS— w^— i2«»»i&aB0}  7,  S*- 
.« — » /)*  =  o, .  (282,  ij^S).  Now  r .being  4,  «  muft  |)c 
la  common  Dlyirpr  of  ^,  c,  {^  2Qd  «  (280)  >  and  odd,  if 
any  of  the  alternate.  Coefficients  be  odd  (293) ;  aifd  jfm» 
.tb^r  Square,  nor  Multiple,  oJF  ^  Square  (:i90)i  ^<|;d|- 


;vided  by .4  to  leave  Vnity  (2Q4).  Then  beqaafe  by  the 
(7  th  jEquation»  S^  =^%  4*  n  i^i  if  «  $e  ever^feek  a  fimare 
fNumber  b\  to  which,  after  it  is  drawi^  into  «»  ^c  hiA 


Term  of  the  Equation  z  beii^  added  by  its  proper  S^, 
.9  +  9  b\  Qm1\  make  a  fquare  Number :  Bu(  if  >i  be  odd, 
;bocaufe  fome  Term  of  the  iKoot,  or  reduced  Equadgia, 
is  a  Fradion,.  ^bo/e  Denpminatpr  .being  2,  the  oth*er 
IVumbers  in  the  f:;une  Coefficient  with  ^he  Square  of  its 
Numerator,  are  Multiples  of  4,  and^fo  48*  ==4  2-1-4*^^ 
i^giy  292,  293)  i  conned:  the  ^rodu6l  of  y^  ii^  a  fquare 
Number  to  quadruple  the  laft  Term  of  )the  ^iiation^ 
vi%»  42db4^^«  "^^''  ^  fauare  Numper  is  found,  Eje* 
uaS  the  fquare  Root,  aina  call  it  S,  when  n  it  evea.| 
.  S*— Jt 

lut  2  S,  when  «  !s  odd ;  and  mslce  4/  ■  ■       tsi^.  Theft 

.••  » 
if  S  be  a  FniSaon,  fo'  nitft  b ;.  both  |htvifl|g  the  Detto-* 
^minitor  2(291}  attd  let  all  Nutnbeiv' S,  and  ^,  #tthia 
«his  Litnit,  be  cdlleAed  in  a  Catalogue*  Having,  thus 
ib«nd  n,  A,  and  S ;  i^is-ncxtto  be  found,  by  a  futceflive 
Afliimptioh  of  ajl  ^  Nuknbefs,  which  do.nqt  >tti^ 
^b+if  gutter  than  quadruple  the  greateft  iTerm  of 
the  Equation :  When  i  is  had,  Q^  is  to  be  found  by 

<2^:i!±±f  (283).    Q^beingTi^uftd,  aH  Nwjibers  am 
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^^MSfpH^.fir  nfis/pf  cmnrn.it^igral  Divifar  of  At.  Terms 
g0n42\j  tbatJs  not  aSpiarf^  and  which oug/bt to. be odJ^ 

and' 


t%yi^itf\ei  fyt  4  Wfhli^  do  not  make  11/+  Q^reater  tbaf) 
guadniple  th^  greateft  Tenn  of  the  Equation }  8|n4  i  be- 
ing found,  wchavcR  =  r2!£-*!±l£  +«*/•    (284), 

4 

SLa^y,  to .  $nd  ^^  all  Njumbers  are  fucce^vely  to  be 
trjed^  wbicl)  do  not  n^ake  n  m+ R  greater  than  the  gre%|« 
eft  Term  of  the  Equation  :  Always  making  i  a  Fra£H<mi 
Mfhen  ^  i9  fo  $  /  a  Fradion,  when  Q,  is  one ;  and  m  a 
Fcaidicuu  wfaea.R  ig  one  (29a}.  From  the  feveral 
Values  of  the  Letters  regiftered  in  th^  Catalogue,  tbofe 
only  are  to  be  aflumed,  which  will  anfwer  all  the  Conr 
ditions  of  the  Equations ;  for  this  Coincidence  is  aProoC 
that  they  have  been  rightly  aflumed.     Thus  S  =  ^^  :2  ^ 

tilfi  by  the  Tdi  ^ua^on ;  and  alfp  sg.  i"^  v   ■  ~Sr  ttT^i  j 

a 

4*94/by  thetb)Fd ;  and  its Co^efpo^^knt ^ s  ^. ■  *  ~ ^; 

b,.h.7a.E,..ri«..«rf=>?+'Q;»^'— tr 
h,  *.  ♦* ;  Jib  =iS£±»l=i=;£  b,  d»  jth , 

,  %nl 

^:p3M=Uf!bytbe6th£quatiaB.    IfallthefeCoi^- 

%nm 

ditions  cpinclde^  then  for  the  propofed  j^^pxf  ^qx^'\' 
r*5 4-^**  +  ^f^  +  ^**  +  w*+ «==  o,  write  x\  +ti^*' 
-|.Q*»  +  R;^4S=ry<nXi;f»  +  /jp*  +  iii*  +  A.  But 
Vcfide  this  general  Rule,  there  may  be  particular  Rul^ 
ioT  ^quatiops  ia  the  particular  Degrees  of  cyen  Dimen- 
^99^1  aiiatb?  fQUowiog. 

Ff3  CXLI. 
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and  divided  by  ^io  leave  Unity  j  if  either  of  the  Terms  p  eni4 
r.  le  odd.     Put  alfo  for  k  fofhe  Divifor  of  the  ^udfUity^ 

if  if^  be  evens  erbalfoftheeddDivifer^ifpbeMi«i^m^- 
-things  if  the  Dividual  ^  he  nothings     Take  the  Quotient  frmn 
^•p  k,  and  call  the  half  of  the  RenudiUkr  L    Then  for  Qjut 

^+^^^  and  try  ifrx  divides  Q^Q^—s,  and  the  Root  of 

the  patient  be  rational  and  equal  to  I ;    which  if  it  happeUj 
add  to  each  Part  of  the  Equation  n  k  k  x  x  -f  2  n  k  1  x '+  n  1 1, 
arid  extraSi  the  Root  on  both  Sides,  there  coming  out  xx  4- 1 P  ^ ' 
4-Qj±:v^ni»/<7kx  +  l.  (d)  •   .         .  .  ^ 

.    •        •        •   •  •    .  *     Far 


CXLI.  (c).  If  the  Eqiiation  be  a  Quadratic  Jif*+/*, 
+  q  =:o  ;  Jiere  2  ^  z=  2,  whence  r  =  i,  and  r  —  i  r=  o* 
"That  is,  the  Equation  I?  not  dcfeftive,  and  »,  ^,  &c.  are 
=±o«  Whence  to  reduce  it,  it  is  to  be  made  dcfedivc, 
by  tranfpofing  q,  but  x^^px  is  (EucL  11.  4.)  codi- 
pleated  into  a  Square,  by  adding  j^p* ;  wherefore  adding 
j^p^tox^'+px^SLndtQ  ft  there  is  *»'-4-^jf-f-/J:/)*'r= 
i  ?  +  i ^* 5    ^^   extrading   the  Root,    x  +  ip=z 


CXLIL  (d).  Here 2 r"=  4;  whferitcr=:2>  r^— ix:  ly 
whence  the  Root  of  the  greater  Square  is;r^^  i^*  +  ^ 

and  that  o?  the Coniplemcnt\/«x  tx^l  (278 J  r  wbeiwte 
the  three  Equations,  for  the  Greek  Letters  are.  firft^ 
q — ^^*;=:a;  Tecond,  r — ipa^f}  third^' J— f*aa=Y 
(.279)  5  tiut  hei^e  let  us  ufe  f,  for  y  5  following  the  No- 
tatibi]  of  the  Author* :  Bccaufc  r  =£  2,  thence  n  muft  be 
the  common  Divrfor  of  jS  and  f;  (289) ;  it  muft  alfo  be 
odd,  if^,  or>,  be  odd,  (293)  J  and.  divided  6y  4,  to 
leave  Unity,  (294);  and  neither  a  Square;  or  Multi- 
|)JeoraSquarc,  (290}..  .The  three  Equations  for  the 
:'■  ''  ^    ,  ;       *  Coeflkientft 
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F^r  Example^  Icf  there  be  propofcd  the  Equation  *♦+ 
I2jr— i7  =  o>  and  becaufe^  and  q  are  both  here  want- 
ing, and  r  Is  12,  and  s  is  -—  17,  having  fubllituted  thefe 

Numbers, 


Coefficients  will  be  ift,   2  Ct+^/^-rf  —  »i»=sO;  ^ 
2d,  /Q.— r— 2«i/=o;  3d,  Q^-r-J-ni^sscs  (282). 
By  thefirft,  Q^=i  t«+i«iS  and  by  the  third,  «/»  =  0* 

-..,  whence«==:ti±i^i^ 

= ^  —     But  the  Form  will  be  more 

2  f 
commodious,  by  writing  » := r  ,  that 

isj  iris  to  divide2f  byi*X|«^»  +  «  — 2/*.      Again, 
by  the  fiift  Equation,  Q=: ^ w  <«  +  4 « 5  and  by  the  fe- 

cond,  Q,=i2 — Xli  whence  4^  iii*+t^<*^''=a«^'* 

P 
that  is,   —2nil:^r—ipa—ipni'z:z0—ipni*i 

whence l^/Mi^r-2  If i/=0,  and»=:; — ===:.    Now 

^ce  n  divides  1?,  by  date  Quote  i  X  t^  i^  ~  2  /  j»    i  will 

divide—by  the  Quote  Ipi — 2/;    and  fubduding  the 
ft 

Quote  t^*  — 2/,  from  ipfi  the  Refidue   is  2/;  and 

half  the  Remainder  is  /•    And  by  the  third  Equation, 

'=\/2^Zl:  Now  when /is  odd,  the  Root  J^^Llli 
n  n 

may  be  2  /  (295)  becaufe  of  a  Fradion  i  wherefore  half 

B 
the  odd  Divifof  of  -^is  then  to  be  taken  for  /• 

F  f  4  296.  Whin 
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Numbers,  you  wUl  hare  a=r  o^  0  =:  la,  and  ^s— 17» 
dad  the.  only  common  pivifor  of  (3  and  2  <,  or  12  ancT 

—  34  VI».  2,  will  be  n*    Moreover,  «^  is  6,  amd  its  Di- 

vjfers  I,  2>  3»  and  6»  are  fucceffirely  to  be  tried  for  h 
and  —  3,.  —  ir  —  I,  —  4,  ftr/r^fpeiaivdji,    Boc 

f  ^***,   that  i>,  i<(  i»  eqoal  to   Q;     Moreover, 

Vt  ^0.-',  that  b.  V  ^±^  «  «4 

Wher«  the  even  Numbers  2  and  6  are  writ  for  i,.  (^ 
becomes  4  and'  36,  and  Q,Q>*  i  Witt  be"  411  odlNum-. 
brr»  and*  confequendy  cannot  be  divided  by  »  or  a* 
WhereforiB  thole  Numbers  ^  and  6  ai?  to  be  rqe£kd. 
But  when  %  and  %  are  writ  for  i,  Q  becomes  i  and  ^ 
aft^  QJ^—  f  is  18  and  ^g,  wUch  Nfimters  may  be  di« 
vided  by  tr^  atid  die  Roots  of  the  Quotients  extraAed. 
For  they  ?r!^±  3.and'+  7;  whereof  however  only — i 
agrees  with  /•  I  put  thierefere  t::z  t^  /  s^-**-  t>  ao^ 
(X=i>  and  I  fid^  the  Quantity  nit  ixx  4. 211  J/jt  4^ 
ff //,  dttt  is^  2  i^  .r«^  S2  Jr  4»  r8  ta  eacb-J^art  of  the 
Equation,  and  there  comes  out^^^ax  jf^  i  zz^xx 


296.  fn^H  ktt:o,  /ift^;i  necejjarilj  /?r=0;    A/r»^    fy 

/fe/9?  EfuaUcH  <^ict^  and  hy  ty  fic9ni^)tQjaBt'^ 

^Am^  |9  =  (rrf-^«p)  =  pQ;— pQr=a    /»  thhCapty 

*  a*— 8   ■ 
n  AW«^  /tfOTtf  Divifor  0/2(9  if— is  a  Sjuan  Nxm^ 

hery  its  Root  «I. 

297.  B mij  vaniJhpiUM  kbegnal ^anfUfj  jffpJ^ixizU 

^ripkr=r;/tfrP3=nxkxTP^  — ^J^  J^«  iffi^  Ca/t^ 
rfiht  eo^hpHtni.  Dwi/ifi  vf  7i  (f  taif  01^  iiuUdf  h9Mtli^ 
efa  Square^  tut  itfelf  net  a  Sqmrty  tf/  n  k**  tbtn  if  tit 

i^w/^2L  =  «-|.ink»^tp«5  ifUJbanhl. 


»T    SURD    B  fVI  SOIiSi     4^. 

-«I2^«f-  189  and  extradinj^  oa  both  Sides  the  Roo^ 
>;»  4^  I  =;^V-a  ~3<^  3ti  But  ii;  you-  bad  ratb^ 
avoid  the  Extraaion  of  the  Root,  make  xx-l^ipx-^ 
(^=  ^  jf'X  IT+T,  and  jrott  will  find,  as  before,,  x  x 
4-  I  =:  +  y^  2  X  *  — 3.  And  if  again  you  extraft  the 
Root  of  this  Eqgatibn,  there  wifr come  out  ;r  =  +  « 

^  i  +  V —L  +  3/2,  that  is,  according  to  the  Va* 

ritftima^  of  the  SIgiwv  A»rfc^^^2'+  V'SV^ — ^ 
and  ;r  =  — JV2*^^3  iA2~i>    A  Hb  at  =  4.  ^  ^ 

'+  V  —3  /a— i,  and  *  =  ^  v^  2  —  /  — .3  •  2-.  i: 
Whicfi  are  four  Roots  of  the  Equation  at  firft  gropofed^ 
^+  i2A!-^i7.s=  0.  But  the  two laft of  them  ai«im« 
pbftble* 

ietus-now  propofe  Ae Equation *♦-*- 6**— 58 ;rj^ 
—  114  jf  ~  1 1  =  0,  and  by  writing  —6,  —58,  —114, 
and  —  II,  for  ^,  f,  r,  and  s  refpcdiivcly,  the«e  will' 
arifc— 67=0,  —  315  =  IS,  and— 1133  ^  =  ^.  The 
only  emunon  Dfviibr  of  the  Nnmbefs  /9  and  2  f,  or  of 

IP-  315  and  -^  ill'  is  3,  and  confequcntly  will  be  hcrp 

-  ■      ■  ~  tr 

a 

«4  and  the  Divifors  of,—  or  -^  105,  are  3^  5,  jr,  j^, 

Ir,  35,  and  105,  ^ich  arc  therefore  to  be  tried  fbr  i, 
WIerelbrc,  I  try  lirftf  3,  smd  the  Quotient  — .  35,  which 

comes  out  by  dividing^—  hy  ^,  or—  105  by  3^  I  fub» 

triA  from  |  /r  *,  or  —  3  x  3,  and  there  remains  26  | 

Aehatf  whereof,  13  ought  to  be/.    But— Llfi,  or 

TT-i^T*    7^  that  is,  —20,  will  fae  Q,  and  Q^Q-*x 

inll  be  4]rXy  wUcb  may  be  divided  by  v,  or  3,  but  the 
Root  of  the  Quotient  J37  cannot  be  extraded.    Where- 
fore 
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fore  I  rcjcft  3,  and  tiy  5  for  k.    The  Quotient  that  no^ 

a 

comes  cat  by  dividing  -S.  by  i,  or  — 105  by  5,  is  —  21, 
n 

and  fubtr^aing  this  from  i  pk^ox  —  3X5,  there  re- 

mains  6,  the  half  whereof  3  will  be  /.  *  Alfo  Q^  or 

fL±JLii.  that  is  IlJl±Zi,  is  the  Number  4.    And  * 

Q^Q^—./,  pT  16  4"  I'  ^^y  ^^  divided  byir ;  and  the 
Root  of  the  Quotient,  which  is  9,  being  extraftcd,  i.e. 
3  agrees  witH  /•  Wherefore  I  condjude  ihatV  is  =:  3t  { 
i  ==  5,  0,^4,  and  «  =  3;  and  i/  nkkx^  ^znklx 
4-  «//9  thiit  is,  75  jr jr  -f.  96  :ir  4*  27  be  added  to  eac^ 
Part  of  the  Equation,  the  Root  may  be  extruded  on  both 
Sidesi  and  there  will  come  out  xx-^ipxJ^  Q^=:  /  «  X 
17+^  or**— 3jr4-4c=+i/3X5*+3^  and 
the  Root  being  again  extraftcd,   *=  ^  —  S  ^  3  j. 


Vl^I 


1 


Thus,  if  t^ere  was  propoftd  this  Equation  4^  -«  9  jr? 
4-  IS  ;r  *  —  27  *  4-  9  =:.  o,  by  writing  —  9,  4-  15» 
^  27,  and  4*  9  f^^^  py  9y  ^»  ^^^  ^  refpec^ively,  the» 
will  come  out  —  5  ^  =  a,  —  05  {■  =  /3,  and  2^  =:  f . 
The  common  Divifors  of  jS  and  2  f ,  or  —  ^  and  '^ 
«««  3»  S»  9»  »S»  *7>  45»  and  135  j  but  9  is  a  Iqua/e 
Number,  and  3,  15,  27,  135^  divided  tfy  the  Numbec 
4,  do  not  leave  Unity,  as,  by  reafon  of  the  odd  Term 
pf  they  ought  to  do.  Thcfe  therefore  being  rejefted, 
there  remain  only  5  and  45  to  be  tried  for  «•  Let  us  put 

therefore,  firft  ir  =  5,  and  the  odd  Divifors  of  ^or— 

1;.  being  halved,  viz.  4,  |,  J,  ^,  *i,  are  to  be  tried 
fer  i.     If  i  be  made  {.,  the  Quotient  •—  1|,  which 

cpmeji.out  by  dividing— .  by  i,  fubtradcd  from  ip^t 
n 

or 


\v-< 
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or  —  I,  leaves  i8  for  a  h  and  fLX2 —  or  —  2  is  Q, " 
<  •  ■       ,  '  ^i     ,  .  .         '.•'"'' 

and  Q^CL — ^>  or  —  5  may  be  divided  indeed  by  n  or  5,  " 
biit  the  jlqot  of  the  negative  Quotient —  1  is  impoffible» ' 
which  yet  ought  to  be  '9.    Wherefore  I  conclude  i  not" 
to  be  Ij  and  then  I  try  if  it  be  fl     The  Quotient  which  ; 

arifea  by  dividing,  -£-  by  i,  or  —  -^^  by  |,  viz.  the  Quo- 

ticttt-*-  ^'  I  fiibtraafromi/i  or  —  ^,  and  there  re* 
inVms  *cl     Whence  now'/willbe  nothing.      But/ 

»+^^^  or  3  is  equal  to  Q^  ^^^  QA-—  *  »s  nothing  j 

whence  again  /,  whichJs  the  Root  of  Q.Q,-^  j,  divided " 
by  ttj  is  found  to  be  nothing.    WJicrefore  thefe  things, 
thus  agreeing,  I  conclude  »  to  be  =5,  ^  =  4,  /=s  o,^ 
and  0^=  3,'  and  therefore  by  adding  to  each  fart  of  the 
lEquation  propofed  the  Terms  n  kixx  -{-  2  nlix  +  nil, 
that  is,  2^»^j  and   by  extraftiog  on  both  Sides  the  • 
fquare  R-oot,  therp comes  out  xx+ipx+  Qj=z  s/  n'K' 
kx^U^  .th^t  is,  *■«  —  4i  ^4-3=rv^5X|'*'- 
CXLIII.'  By  the  fame  Method  literal  Equations  are  alfi 

.  4*  2  aa 

reduced.    As  if  there  was  ;f  *  —  7.ax^  *^  *■  *—  2 

tf5  y 4-  tf*  — :  o,  by  fubftituting  —  a^i,  %  aa^^cc^-^ 
2  it',  and  +  a*  forpj  f,  r,'  and  s  rcTpeaively,  you  will 
olrtain  an  — rf=«,  -^  ac c  ^a^  s=:e^  and^-c^+i  , 
aa  cc  -^  if^  ^^.    The  common  Divilbr  of  the  Quan- 
ti'ties >  and  i^isaa  +  ccy  which  therefore  will  be  «  5 

and^  or  ^  a,  has  the  Divifors  i  and  a.    But  becaufis : 

n 
n  is  of  two  Dimenfions,  and  k  ^  n  ought  to  be  of  no: 
mpre  than  one,  therefore  k  will  be  of  none,  and  con- 
(iqucntly  cannot  be  a.     Let  therefore  k  be  i,    and 

J^  being  divided  by  *,  take  the  Qtibtient— «from  ipi 

r      .  -       or 
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or  «7  a  apd^^on;  wSlrenain  nothing  for'  /.  MoFcpver, 
f+^^^  or  a  «,i$.Q..*nd  Q.Q.— xor  «♦  -  «♦  U  o }  and 

tlifsicft  again.  tb«re  comes  out  nodding  for,  h  WbicI}, 
fb^  the  Q^Ancittesi^  /{^  4  ¥)<!  Q^to  be  r^hUj5foiw4> 
luuL  addiog'to  esipbFarcof  the:Eguaciea  ^roppfed,  t^e 
'T!txm^nkkxx'\'%$klx^iHlly  that  is» a 0;rjr+^rx.r,  the 
Root/m^r- be  €xtraae4  oil  both  Sides;  aodihjl  d^OSl^Kr 
traSion  thcjT  will com^  out  a; ;r  +  t ? *  +  Qjs  /«X 

And  the  Root  being  again  extraaed,  you  wjU  have  ^ 

(3XtIV.  Hitherto  I  havf  applied  /A^  &«&  to  th^  Ex- 
traftion  of  furk  Roots  j  the  faqie  ?nay  ialfobe  efpliii  to  tie 
kxtra^ion  df  rational  Roots  j  if  fir  the  ^tufi^wi  yon 
make  ufi  of  Unity  >  and  after  that  Manner  we  may  neamsaei 
tobefher  an  Bqudion  that  wanUfpoBed  orfyrd  Term  am 
admit  of  any  D^or^  dther  rational  or  furd^  of  tm,  Di^ 
men/ions.  As  if  the  Equation  ^  ~  Jf^  -7»  5  xjf  -^  la  ji 
—  6  =  0  was  propbfcd,  by  fubftituting  —  i,  '.?^  5,  ^ 
12,  and  —  ♦  <br  >,  f,  r^  and  /  mCpeatvelyi.  yw  ^\ 

find  —5  i  =%  9i^^'  ^n^  P""!"?^  r^^'  ^** 

Divifors  of  the  Quantity  JL,  or  r^  are  i,  3,  5,  15,  25, 

75  ;  the  Hatre»  ^nberoef  (if  ^  l>e  odd)  ac^  «0  he  tcifd  for 
k.    And  if  for  k  we  try  |^  yo»  wUl  haye  4,  ^  i'  «^ 

JL  =:  -  5,  an<l  its  half  ^  4  =  /•    Alfq  fl±2i^  s=:  i 

with/. 

J  therefore  conclude,  that  the  (^^nthies  «,  *,  4  Q^ 
are  rightly  found  5  and  having  added  to  each  Partof  tKe 
Equation  tbl^ Trjn?»?» i* 4f  *4.  a  »i/;r  +  »  / /,  that  J9* 
6  ^  ;r  ;r  -—  12 1 X  +  6  ^»  the  Root  may  be  extmded  on 

•         1  both 


4idtfaSidts';  Vuid  4»y  tli«t)Extni£kii6n  «hltie  wiU  coiM'oue 

«•+ir=i±  I  Xa  t*^— .2  t,  Qr  **--3^*4.  3  ss  10, 
miMl  ;r*+'^*-^  ^  ==  o>  a^^d  fo  bjr  th^fe  two  quadratic 
Equations,  the  biquadratic  one  propoftd  may  be  divideil« 
(e)  But  rational  Divifirs  ofihis  Sort  mty  imrt  ixpaff^ 
'  tioujly  1$  found  by  another  Mitbod  deUversd  above. 
'  •   •*      -    •  •     "■**    ,•-■•■'■■■     t  .    ■■  .   ^  .   .      1^,    '  -  -,  f , 

Cafty  tb»  Divifir  n  ieitig  i,  witlwut  ^als  by  the  SoIuttMho/ 
ibf  cbiU  'Equaftm  Qj— f  q  Q^^  vjfpi''— si<  Q -^  '*~^*- 

^  * 

''xf.'^^==o>  'andWeneethe^ValuiioJlfiandl  will  befoul 

forkf  the^firftEiittatibn  inCXLII.  2Q^+t;^«u-^i±*^5 
•>l}y  thcYccoitd,  ^Qj-*^r=rari/5  andthfjfifbe  tbitd,  Q^^ 
i\ti£f^;  whence  the  ^rodat&of  the^fk*  and  third  Is  eq«d 
pto-J  thelSlxiilre  of  the  fecorid  ;  that ns,  i* /^  co^^^, 

i^*-fxQ?— 2/Qr-^xtf»— ?=t^*Q2^t/'*Q, 
4; ^/^;  %btffefore tranfpbfing the IVriilis into oneMfem*» 

**ber;  inf  dividirrg^y  t/we  have  Qf— t?Q;+j/ir— x 
5^  Q—  !lniix^^— =  o.  aad  Q^being  found,  we 

have  izfy/2(^+  iP'-rfy  alio  id=^^^|j—  ^^^^* 
UfeJl^irdavexrlffSa!ramhg^e;/qUdr-i'Rwt  m  hmbSUis^ 

x=±ik-ip+\;^lfe^ 

•  .i^^7^pl?±>^  rftbe'zivh 

'^Sf^tadMicy-  imm^Utk$  Fa^Mim'ftblf  Signs. 

CXLV. 
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CXLV;  ^  atiffiy  Tim  then,  art  mawj  Dip^art  if  Ae 

Quantity  ^,  fothtftit  may  be  m  difficult  to  try  all  of  thtm 

ti  •     _ 

for\i'i  their  Number  may  be  foon  diminijhedy  byfeekingaUtbe 

Dtvifors  of  the  Quantity y  a  s  -^  -J  r  r.    For  the  Quantity 

Qjught  to  be  equal  tofome  of  tbefe^  or  to  the  half  of  fome  odd 

'  one.    Thus,  in  th6  lift  Example  «  /  —  -J  r  r  is  —  ,|,  feme 

one  of  Whofe  Divifors,  r,  3,  9»  or  of  them- halved  f, 

^.i»  ought  to  be  Q.    Wheirefon,  by  trying  fingly 

tbchalvcdDiviforsoftheQuamilyA  viz.  f>  |,  f>;-^|, 

:ij,  and  11  for  i,  TrcjcSt  all  that  do  hot  make  ^  «  + 1 « 
ikj  or— i|  4.  -tJti;  that  is,  Q^to  be  oneof  the  Num- 
^^^  i>  3^  9»  i»  h  !•    But  *y  writing  ij  J,  |,  jlj, 
&c.  fori,  there  come  out  refpe&ively  —  4*— ^  4- 
iy  +  -T>  &c.  for  Q^  out  of  which  only  —  ^  and  f  arc 
■  found  among  the  aforefaid  Number»  i,  3,  9^.  f,  4,  {, 
.  and  cpnfequmtly.the  reft  b<ing  reje^ed,  either  i  Will  be 
;.=  I  and  Q.=.  ~|,  or  *  =  ^  and  Q.=t.    Wfeich 
two  Caf^s  let  be  .examined.    And  fo  much  of.  Equadoas 
ol  fwr  DimenftottL,  {f) 
"     CXLVI.  IfanBquationoffxDiminfomisiahereduud 
Jet  it  be  x*  +  px»+qx*  +  rxJ  +  $xx  +  tx  +¥=0, 
andmake 
'^     q  —  ipprza.     r-^lpazzi9.     s—ipff  =  y. 

CXLV.  (».  For  by  the  third  Equation,  i =Q^— «^  j 
whence  aszzaQT.-^anl^i  andby tbefecond-Equation, 
lr^z:ztp^Qr^pQjiil+n*hJPi    whence  tfj—^r^stf 

.Q!— Vi.  +  »i*X«/»— tp*Q!+/Qi»i/;  butbythefirft 
Equation,  •  +  »4*3=^0^;  wherefore  «i  — ^r^ss^iQj 
rr-aQw/*— i^/>*Qj+/>Qai/5  confequently  Q^  being 
in  every  Term  is  a  Divifor. 
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Tien  fir  n  iait  of  the  Timyatf»  ni  2*,  fomt  common 
inUgir  IMvifor^  that  is  not  a  Square j  and  that  likewife  is 
not  diviJiUe  by  afquare  Num^er^  "and  'which  aljli divided  hy 
the  Number  4,  .Jhall  leave  Unity  ;  provided  any  one  of  the 
Terms  p,  r,  t,  be  odd.     For  k  take  fome  integer  Divifor  of 

ithe  ^ntity  — — ,  //  p  be  ««r«,  or  the  half  of  en  oddDivi- 

for  if  p  be  oddy  oroifxbeo.     For  Q^  taJte  the  Quantity 
f  a+fnkk.      For   I  fome^TJTvifor'  of  the  ^antity 

'  B£lI-S§£-IlS  if  QJe  an  Ihte^er  5  or  Ue  hatf'ofan  odd 

Divi^.  if  QJe  a  ,EraSiott  that  has,  for  its  Denominator  the 

'Number  2  5  or'O,  if  that  Dividual^^'^  ^^^~Iben9^ 

^iUng.   And  fir  l^jhe  Quantity  |r— iCtp+  n  jcL'  Yhen 

Ury  if  R  R-^- jr  cem  be  divided  by  n,  and  the  fbfotofthe  ^^ 

tient  extra^ed  i  and  beJUes^  if  that  Koot  be  equal  as  well  /9 

the  Quantity  Q^^^jJ  ^ ^^ ^/»;^^  ^..^.J^jW+pR-nlUg. 

*  If  edlthefe  happen^  call  that  Root  m-;  and  in  room  '  of  the 
.  Mquation  pfopcfedj  -^vrite  ihis^  x^+  fpxx+  Q^X+  R  s: 
r  i V^  n  X  k  X  X  +  1 X  +  m»     For  this  Equation^  byfquaring 

its  PartSy  and  taking  from  both  Sides  the  Terms  on  the  right 

rHand^  will  frodieceibe  Equation  ptop^fid.  .  Nowifallthrfe 

Things  do  not  happen  in.  the  Cafe  propofed^  the  Reduction  will 

*  be  impoffibUy  previdedit  appeari  beforehand  that' Ae  Equa^ 
tion  cannot  be'redlt^d bjf  a  rational  Divifor  (g). 

i        •    —  •   '   •  ._-    For 


CXLVI.  (g).  For  2  r  =6,  whence  r  =3,  and  r—1—2, 
.  ^gfcc^eferethg  Root8.arc  *»  +  ijfK^-{.Qji  4.  R,  and  Va X 
ix^+lx^m  {  280);  and  the  Equations  for  Greek  Let- 
ten   ift.' J— Ajf^'bri}    2d.  r— t,;^=^i  3d.  s—fpff 
•— t««*yJ  ♦th./— t«i8=Ji  5tb,«.-.^(8ftE:i(279). 

:    •  but 


^  RJED^UCTIO»  of  EQpA'WONS 
J!^  Eveau^y  lit  iiieie4>e  ft9lpoM  4b«  EqmtiML  «•— 

•r-40  ^ 
.  s-0,  and  by  writing  —  a  «,  +  x**»  +  »  «**.  —  a^ 
tf**  +  2«»*— 4«*%  O,  and  Sflfl  *♦  —  !»♦**  for  ^, 
«.  r,  J,-','aod  «  riefpaftiiWly,  lii«re  wUl-«flOie-o«t-»*.* 


—  «« 


•  but  fvr^,  ^>i  ^ «,  Jet  us  wiite  ,f, «,  «,  wfpeaivdjr,  t»  e««- 
fonn  to  the  Author*»  Nototion.  The  Equations  for  the 
-CodBcieilts'are  ift,  var  Q.+ 1/^— J — «^•s*  o  j  «d,  <l» 

asoj  4th,  aQJl— '— »»'«  =  oj  and  5th,ll*— w— 
>i«»ii:o  (7.82).  aMSTts  3,  whaice  «^«m*  be'th««««- 
li^n  Divifor  of  ?,  «,  <i  (I89) :  and  have  -the  «tbcr  «c^ 
jieral Limitttions  of  N*.  «90,093, 194- 

nRowby  the  firft,  fecond,  and  thicd.  Equations,  as  hi 
.Aft*CXLII.  bj^^qiMitii^  the  Vrines  of  Jl,  <^i»  fou»! 
=»  -dS^ide  2{,-by  kryi\ie^»—ck^ifl<\K%fl^Af^ 
—a/» ;  wherefore  *  cannot  dWde  2i,  except— 2/*.fae 
^n^  tcy^fttiOi.  ^Air<^by^firfraiulfoiifftliE4iiifti0Os,  Ha 
l±i!±!?=  (by  fcct)ndIxittation)— J^«**+iiW+f  ffi 
whence  bjr  Multiplying *f«,  andti»«fp*fiiig,  ^we^hsve 

forc  »  =  —  ■  "1      ^  — r  i  whence  *  cannoc 

-^itifle  -,  except  2/«  be  made  to  vaiiHh  j  by  the  fiffli 

•  If  • 

..Equation,    R* s=  p 4* «m*  =    (by    fecond    Equation) 

i  W72^ ;  whence  by  dividing  and  multiplying  by  a>  n-^ 
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*'^9a:=za.^abb — ^^  =sC«  %a^  b  -^  2aab  b^^^a 
**  — fl*=s7-  — **+2fl'*+3flj4*  — 4«*'— ^fl*— 
{,  — ftf'— 3^'** — 4tf  *♦  =  yiy  andT—  aab^  +  a^b 
i  —  J.  flS  — .  ^,  And  the  common  Divifor  of  the  Terms 
2  fy  It,  and  2  0)  isaa  —  2  ^  j,  or  2  bb  ^-^aa^  according 
as  tf  tf  or  2  3  ^  is  the  greater.     But  let  a  a  be  greater  than 

2**» 


^ ^ 2J 

whence i  cannot  divided,  unlefs  2j»*  is  made  to  va* 

IT 

2  ^    If  2  0 

niih.    Whence  that  11  may  diyide  -J,  _,  and  —  j  —  2/* 

4»2/m— 2iii>  muft  vanifh  :  But  this  will  be  done,  if  C 
be  multiplied  into  0,  and  i  of  nn  fubdufted  from.thePro- 

dud;    for  C»  — |  »«  =  Vy^*"*— gT  ^*^*»^X^  + 


t^+mpln%—iaplnmX  i*  +i-a /jS «*— ^ / ^p^n^+.\pi^ 
n^  +  ipPmn*—2fhl^n^  +  amt^nSxi^  —  k^fn*u*  +  i 
f^m^fi^+^ffil'-n^i^imSin^—i^n  X  i^—pim^n^-^im* 
ff  —  ^/J«*X*»  the  Term  l*tn*n*  having  vani&ed,  the 
Refidueyis  Divifible  both  by  n*  and  i;  both  which  are 
in  every  Term.    Wherefore  writing  fd — |if».t=\,we 

have  if  =  -i-.  Having  found»,  andi,  Qj=:I!Jl±St 
2nn  2 

(283),  and  R=ir-i^a— |^i*+«i/(284)  =  (by 

the  fourth  Equation)  ^  +  ^^^  -  whence  by  Multiplica. 
a  +  nk2  

tlbn  andTranfpofition,f«Kp|aX^-i  «*i*-i^«^M  «« 

Gg  Xi> 
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1  h  b,  and  a  a  —  2  ^  A  will  be  ».     For  n  muft  always  b» 

affirmative.     Moreover,  —  is— Aflfl+^^*+i*^» 

n 

J!L  is  —  i a^  +  2 a b bmd  —  is  — ^a^'\'iaabby  and 
n  « 

confequentfy  -i-X  -^ -  ^or  .JL,  is  i  «*- 1 .»« * 

^  2«  «  0««  2W« 

-«-  f  fl*  3  *  -f  t  fl*  **  —  f  tf  tf  ^,  the  Divifors  whereof 
arc  I,  tf,  <7  tf ;  but  becaufe  ^/  «X'i  cannot  be  of  more  * 
than  one  Dimenfion,  and  the  ^  «  is  of  one,  therefore 
i  will  be  of  none;  and  confequently  can  only  be  a  Num- 
ber. Wherefore,  rejecting  a  and  a  ^,  there  reniains 
only  I  for  k,     Befides,  ^a  +  i  ni  k gives o  for  Q^,  and 

Kjj'      vo</  jg  glfo  nothing  ;  and  confequently  /, 

n 
which  ought  to  be  its  Divifor,  will  be  nothing.     Laftly, 
ir-^ipQ^+nJ^l gives  abb  forR.    And  RR  — i^is 
'^2aab*  -^^a^b  by  which  may  be  divided  by  »  or  «•«  — 
2b by  and  the  Root  of  the  Quotient  aabiht  extrafled. 


Xp--t:rz  (thatis'rQ^— ^Qj— /)  lX2nm^Pn*~ank; 

wherefore  /= ~— ri^-i     ■    :  Whence  i  is  a  Di- 

'  «X  2WJ— >3«— «^ 

vifor  of  ^S-*"^^      ,by  2  «--•*' — oti: /being founcf, 
n 

R  =lr  —  ipQ^+niJ  {2Sa).  Lattly,  7/7  =  (by  the  fifth 
Ec^uation)    ^^—l-,  =  (by the 4th Equation )5:5zif. 

==  (by  the  third  Equation)  Q:+j>R— «/*—■ ^^  Where- 

2n  k 

fore  if  all  coincide,  for  **  +  ^** +f**  +  r;r3-f.  ja»-|. 
tx+v=^o,  write  *3  +  f />  jr^  +  Q^*-},  R==+^»  ;>^ 

>tAr*  +  /A'-j-;/j. 

.  and 
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and  that  Root  taken  negatively,  viz.  -^  aby  is  not  un- 
equal to  the  indefinite  Quantity  V^         ^/^  or  -£-,  but 

nl  o 

cqiial   to  thfe  definite'Qyantity  ^i2=±lJizil^Zrii 

.  2n  k 

Wherefore  that  Root  -^ab  will  be/w,  and  in  the  Room 

of  the  Equation  propbfed,  there  may  be  writ  x^  — 'i^;r 

jr  -|-  Q^x  -f  R  =  v'  «  X  kxx  +/;if  +  w,  that  is,  *J  — 

axx^abbzzi^aa'^zbbx^x^^ab*  The  Truth  of 
which  Conclujion  you  may  prove  by  fquaring  the  Parts  of  tie 
Equation  founds  and  taking  away  the  Terms  on  the  Right 
Hand  from  both  Sides,  For  from  that  Operation  will  be 
prod uced  the  Equation  x^ — 2 ax^  ^2bbx^'^2abb x^-^ 
^aabbxx  -^ia^ bxx  —  4^  bixx'\'  3<7fli*— tf+ifcso, 
which  was  propofed  to  be  reduced. 

CXLVII.  ^the  Equation  is  of  eight  DimenfionSy  let  it  be^ 

x"4.px7+qx®+rx'+sx*4-tx5  +  vxx+wx4-z=iO, 
^  4n«/Wi^q— ipp=a.r— lpa=,^.s  —  ;- p /?•— |^ a «  = 
y.  t— 4py  — ia|3=:J.v — ^ay— |ej3=:f.  w— ;-/3y= 
f,  tfwrfz— ^yy=:u.  And  feek  of  the  Terms  2  3,  2  e,  2^» 
8  n>  ^  common  Divifor  that  Jball  be  an  Integer^  and  neither  a 

fquare  Number^  nor  divijible  by  afquare  Number^  and  which 
alfo  divided  by  \fhall  leave  Unity  y  provided  any  of  the  alter-    * 
note  Termsy  p,  r,  t,  w  be  odd^     If  there  be  no  fuch  common 
Divifory  it  is  certain,  that  the  Equation  cannot  be  reduced  by 
the  ExtraSlion  of  a  quadraiick furd  Rooty  and  if  it  cannot  be 

fo  reducedy  there  will  f car ce  be  found  a  common  Divifor  of  all 
ihofefour  Shiantities.  T[he  Operation  therefore  hitherto  is  a 
Sort  of  an  Examination,  whether  the  Equation  be  reducible  or 
nct'y  and  confequeTttlyyJince  that  Sort  of  ReduSf ions  are  feldom 

poffibUy  it  will  moji  commonly  end  the  fVork,  (A). 

"CXLVIII.  Andy  by  a  like  Reafony  if  the  Equation  be  of 
'  ieHy  twelve,  or  more  Dimenfonsy  the  Impojftbility  of  its  Riduc* 
tim  may  be  kftown. 


CXLVII.  {h)  Sec  N^.  295. 
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>/i^//i^x«*  +  px9-+-qx«4-rx--Hsx*-+-tx»-f- 
vx4-|.ax3  4-bx«-|-cx  +  d  =  o,  you muji  make  i\ — ■  pp 
=«,  r -4.pa  =  ft  s— ip3— T««=v»  t— ipy — i-«S 

=  J,  v-ipJ— t«y-il3^=fi,  a  — iaj— i^>  =  f, 
b_(fij— .Jyy  =  »»,  c  — |y^=  d,  iif  — iW=«,  47Jk/ 
y>//^  fuch  a  common  Divifor  to  the  five  Terms,  2e,  2  ^,  8  n, 
4^1,  8«,  as  is  an  Integer^  and  mt  a  Square^  and  UJhicb  JbaU 
alfo  leave  i  w/^^w  divided  by  4,  //'  ^»y  ^ir/  of  the  Terms 
p,  r,  t,  a,  c,  A^  tf</i  (/). 

CXLIX.  So  if  there  be  an  Equation  of  twelve  Dimenjiansy 
tfrx"+px'»  +  qx»*  +  rx9+8x»  +  tx^H-vx«-hax* 
-j,bx^4.cxi-}-dx*+ex+f=o  w<?if^  q— ^pp=a,  r — 
I  pa=:0,  s— .IpiS— ^««=7,  t— ipy— iajgzz*,  v— 
IPS'— ^«7  — il^g=f,  a— ipt— f  «J— |j5y=f,  b— 
ia,_lfl>— iyy  =  11,0  — ij9f—fy>=d,d— Irs— 
■JJJ's:*,  c  —  1^6=:  X,  f— if «  szft,  and ycu mitft  feek  a 
common  integer  Divifor  of  the  fix  Terms  2^»  8ir,  4^,  8  »» 
4  X,  8  f4)  /^^/  /^  »0/  a  Square^  hut  being  divided  by  j^Jhall  Uetvt 
Unity,  provided  any  one  of  the  Terms  p,  r,  t,  a,  c,  e,  beedJ^ 

CL.  jfnd  thus  you  may  go  on  ad  infinitum,  and  the  prp^ 
pofed  Equation  when  it  has  no  common  Divifor  j  will  be  alwtiys 
irreduceable  by  the  Extraction  of  the  furd  quadratick  R^^t^ 
Sut  if  at  any  Time  fuch  a  Divifor  n  being  founds  there  are 
Hopes  of  a  future  KeduSion,  it  may  be  triea  by  foUowng  the 
Steps  of  the  Operation  we  Jhewed  in  an  Equation  of  eight  IX* 
menftons  {k). 

CLL  Seek  a  Jquare  Number,  to  which  after  it  is  msebs^ 
pHed  by  n,  the  lajl  Term  z  of  the  Equation  being  added  under 
its  proper  Sign,  Jhall  make  a  fquare  Number*  Bui  thai  may 
be  expeditioufly  performed  if  you  add  to  z,  when  ti  is  an  even 
Number,  or  to  /^zwhen  it  is  odd,  thefe  ^uantiUjts  fucceffivehy 
H)  3  n,  5  n,  7  n,  9  n,  1 1  n,  andfo  on  till  the  Sum  becomes 
equal  tofome  dumber  in  the  Table  of  fquare  Numbers,  which 
Ifuppoje  to  be  ready  at  Hand  {I).     And  if  no  fuch  fquare 


CXLVIIL  (/)  Sec  N^  279. 
CL.  (/t).  See  N**.  295. 

CLL  (/)  For  the  Sums  of  the  odd  Laterals  are  fquare 
Numbers,    (43), 

1  Numbe»^^ 
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NunAer  occurs  befcre  the  fquare  Root  of  that  Sum^  aug- 
mentii  by  thi  fquare  Root  of  the  Excefs  of  that  Sum  above  the 
lafl  Term  of  the  Equation^  tsfour  Times  greater  than  the  great " 
ifi  of  the  Terms  of  the  propojed  Equation  p,  q,  r,  s,  t,  v,  &c. 
Jibere  will  be  no  Occafion  to  try  any  farther  ;  for  then  the  £- 
quation  cannot  be  reduced  {m).  But  iffuch  a  fquare  1<! umber 
xioes  according fy  occur ^  let  its  Rout  be  S^  ifn  is  even^  ^r  2  S 

ifn  be  odd;  and  call  a/ — ^Zl-.  z=:h.     But  S  and  h  cugbt  to 

n 
ie  Integers  if  n  is  even^  but  if  n  is  oddy  they  may  be  Frae^ 
iiens  that  have  ifor  their  Dtnominator.  And  if  one  is  a  Frac^ 
iim^  the  other  ought  to  he  fo  too.  Which  alfo  ts  to  be  obferved 
^fthe  Uumbers  K  and  m,  Q^and  1,  p  gna  k  hereafter  to  be 
Jimnd*  And  all  the  Numbers  S  and  h,  that  can  be  found  with- 
in the  prefcribed  Limits  mufi  be  eoUeSljed  in  a  Catalogue. 

Afierwardsy  for  k  all  the  Numbers  are  to  be  Juccefpfuely 
trieij  which  do  not  mate  n  k  -|- 1  p  four  Times  greater  than 
ibe  greatefl  Term  of  the  Equation^  and  you  mufi  in  all  Cafes 

put 3Lfl  =:  Qj    Then  you  are  to  try  Juccejfsvely  for  1  all 

'  the  Numbers  that  do  not  make  h  1  +  CI  four  Times  greater  than 
the  greatefl  Term  of  the  Equation^  and  in  every  Trial  put 

Z:il£ji!i±i£.+  nkl  =  R-     Laftly.for  m  you  mu/try 

4 
fucceffvuely  all  the  Numbers  which  do  not  make  n  m  +  Yifour 

Times  greater  than  the  greatefl  of  the  Terms  of  the  Eauation^ 
and  you  mufi  fee  whether  in  any  Cafe  if  you  make  s — Q^Qj— 
p  R+  n  1 1  =  2  H,  tf»^  H  +  n  k  m  =  S,  /rt  S  be  fome  of 
the  Numbers  which  were  before  brought  into  the  Catalogue  fpr 
S ;  and  beftdes^jf  the  other  Nunwer  anfwering  to  that  S9 
which  being  fet  down  for  h  in  the  fame  Catalogue^  will  be 


{m)  For  48*  =  425+ 4« A*,  if  there  is  a  fradional 
Term  in  the  Root ;  now  putting  y  the  greatefl  Term  of 
the  Equation,  4 S* — 4 ^  A%  i^e.  42^:4«  A*.— 4«**= 
4«  5  if  then  Af^-^i^nh^ — 4»  A*  be  greater  than  4jp,  it 
is  greater  than  42,  and  the  Equation  irreducible  5  whence 
a  fortiori^  if  v/4»±4»**  + v^4^±4»A'^4«A*^bc 
greater  than  4jp,  the  Equation  is  irreducible-  \ 
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^;-    .L /•  ^L       .^RS  —  w  2QS+RR — V  —  nmoi 

^qtidl  to  thefe  three j »    ^-      ■  , 

2  n  m  2  n  1 

and  P^  +  ^Qt^J;;^"^"'^".     If  all  thefe  Things /ball 

hapten  in  any  Cafey  injieadofthe  Equation  propofed^  you  mufi 

kA"*-t-ixx-f-mx-^ii. 

/Vr  Example.^  Let  there  be  propofed  the  Equation  3^  -f- 
4^7  — At* —  10  a'  +  5  ** —  5  ;«f^—  \ox  X —  \ox  —  5 
z=o,  and  you  will  have^-— ^^^s?  —  i  —4=5  —  5  = 
a,  r~i/>a  =  —  10  +  10  =:  0  =  g.  x—f//5  — :J- 

Aa  =  5  — M=— i=y.  /  — t/»y— i«/?  =  — 5 
4.|=J--|-  =  ^.  «/  — -5:«y— ilSi9  =  — 10  — i-|=:  — 
i^|.  w  —  ^^y=—  10  -=^.  a_^yy=— 5  —  »^ 
:s  —  -^-S'l-  =  n-  Therefore  2  J,  2  e,  2  ^,  8  «  refpoSivcly 
arc  —  5,  —  -i-^-J>  —  20,  and  —  i±.J,  and  their  conimoii 
Divlfor  5,  wliich  divided  by  4,  leaves  f,  as  it  ought, 
becaufe  the  Term  s  is  odd.  Since  therefdre  the  common 
Di^  ifbr  If,  or  5,  is  found,  which  gives  hope  to  a  future 
JleduSion,  and  becaufe  it  is  odd,  to  4  ?;,  of  —  20,  I 
fucccffively  add  «,  3  w,  5  «,  7  w,  9  »,  &c.or  5,  15,  25, 
35»  45»  &c.  and  there  arifes  ^ —  15,  o,  25,  60,  105, 
)6o,  225,  360,  3.85,  480,  585,  700,  825,  960,  1 105, 
J 260,  1425,  1600.  Of  which  only  o,  25,  225,  an4 
1600  are  Squares. 

Wherefore  the  Halves  of  thefe  Roots  0,  |,  -|,  20,.are 

to  be  coWe^led  in  a  Table   for  the  Values  oF  S,  and  the 

S  S  —  2 
Values  of  ^.  ■  ,  that  is,- 1,  |,  .J,  9, /efpcftively  for 

n 

h.  But  becaufe  S  +  ^  ^>  ^^  ^^  ^^  taken  for  S  and  9  for 
h^  becomes  65,  a  Number  greater  than  four  Times  the 
grcateft  Term  of  the  Equation  ;  therefore  I  rcjefl  20 
and  9,  and  write  only  the  reft  in  the  Table  as  follows  : 


h\t..i 


Then  I  try  for  k  all  the  Numbers  which  do  not  make 
i/  i.  wi,  or  2  ±  5  k^  greater  than  40,  (four  Times  the 

*  greatcft 
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.s 


f  reateft  Term  .of  the  Equation)  that  is»  the  Numbers  — - 
8,  -  7,  —6,  —5,  —4,  —  3>  -p-  a,  --  I,  o,  i,  2, 

'  3'  4»  S>  6,  7,  putting J—,  or  ^ — - — i,  that  is, 

the  Numbers  XL|,  120,  ^^f,  60,  ^|,  20,  ^J,  o,  - 
I,  o,  J^J,  ao,  ^J,  60,  -^1,  120,  refpeftively  for  Q. 
But  even  fince  Qjjr  n  /,  and  much  more  Q^,  ought  not 
to  be  greater  than  40,  I  perceive  I  am  to  rcjcft  11^^ 
120,  i-Z^I,  and  60,  and  thefr  Corrcfpondents  —  8,  —  7, 

—  6,  —5,  5>  6,  .7,  and  confequently  that  only — 4, 

—  3,  — 2,  —  I,  o,  I,  i,  3,  4,  «mft  refpedively  be 
tried  for  ky  and  i|.,  20,  ^4,  0,  —  4,  o,  -14,  20,  i|, 
jcefpedively  for  Q.  Let  us  therefore  try  —  i  for  i,  and 
p  for  Q^,  and  in  this  Cafe  for  /  there  will  be  fuccefiively 
to  be  tried  all  the  Numbers  which  do  not  make  Q^+  n  I 
greater  than  40,  that  is,  all  the  Numbers  between  10 
and  —  10  J  and  for  R  you  are  refpedlively  to  try  the  Num. 

bcrs  ilJZlJ!£ —  -f  77^  /,  or  —  5  —5  /,  that  is,  —55, 

—  50,  —45,  —  40,  —  35,  —  30,  —  25,  ^  20,  —  15^ 

—  10,  -  5,  o,  5,  10»  15,  20,  25,  35,  40,  45,  the 
three  former  of  which  and  the  laft,  becaiife  they  are 
greater  than  46,  may  be  negleded.  Let  us  try  therefore 
•—  2  for/,  and  5  for  R,  and  in  this  Cafe  form  there  will 
b^  befides  to  be  tried  all  the  Numbers  which  do  not  make 
R  +  «w,  or  5  +  5  »1,  greater  than  40,  that  is,  all  the 
Numbers  between  7  and  —  9,  and  fee  whether  or  not  by 
putting  s  —  Q^Q^ — p  R  +  «//,  that  is  5  —  20  -|-  20  or 
5  r=  2  H,  it  may  be  H  +  »  ^ »» or  -J.  —  5  w  =:  S;  that 

is,    if  any  of    thefe  Numbers  ^,   Zlll,   Zlii- 

a  2  2 

5,5^15^  2i,  35,  il,  55^  ^,  71, 
%  'I     z     %     %     2*   %     %     2 


-5,  is  equal  to  any  of  the  Numbers  o,  +  |,  +  i-*,  which 

were  brought  into  the  Catalogue  for  S.  And  we  «leet 
with  four  of  thefe  —  i J,  —  J,  -|,  -^|,  to  which  anfwer 
+  -J»  i  I»  i:  T»  —  i*  written  fori  in  the  fameTable, 
as  alfo  2,  I,  0,  — -  I  fubftituted  for  m.     But  let  us  try 
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—  J  for  S,  I  for  OT,  and  +  I  for  by   and  you  will  hmf^ 
=  i ^— ! =  —  I,  and 

*Q-S+RR— V — nmm    21  +  lo  —  < 

—  •'-. —     '  ana 

P^'+  2  Q,R— /  —  2'ft  im^^  10  +  5  -|,  2o_ 
*""  TnT  ~  —  10      ^  ""       * 

Wherefore^  fince  there  comes  out  in  all  Cafes  »-  4,  ort^ 
I  conclude  all  the  Numbers  to  be  rightly  found,  and 
confequently  that  in  room  of  the  Equation  propofed,  you 
muft  write  y^  -f  •J-^.jr»  +  Q^x  x  +  Rx+S  —  ^nX 
i*'  -f.  ixx  -^  mx  -f  h,  that  is,  jr*  4.  2  *3  +  5;r  — -a 

i  =  v^  5  X  —  x^  —  2  AT  Af  +  *  —  1 1.  For  by  fqujgr- 
ing  the  fiarts  of  this,  there  will  be  produced  that 
Equation  of  eight  Dimenfions,  which  was  at  firft  pro* 
pofed. 

But  if.  by  t^ing  all  the  Cafes  of  the  Numbers,  all  the 
aforefaid  V  alues  of  h  had  not  in  any  Cafe  confented,  it 
would  be  an  Argument  that  the  Equation  could  not  be 
reduced  by  the  txtradion  of  the  furd  quadratick  Root, 

But  fomethin|  might  be  here  remarked  for  the  Abbrcr 
.viating  of  the  Work,  which  however  I  pafs  over  for  tlM 
Sake  of  Brevity,  feeing  the  Ufe  of  fo  great  Reductions  is 
very  little,  and  I  was  willing  to  ihew  rather  the  Poffibi'» 
lity  of  the  Thing,  than  a  Pradice  tBat  was  commodious* 
Thefe  therefore  are  the  Redu&iona  of  Equations  by  thf 
ExtfaAion  of  the  furd  quadratick  ReoU 

I  might  now  ioin  the  Redudions  of  Equations  bv  the 
Extra^ton  of  the  furd  cubick  Rooty  but  thefe  a^  oeing 
feldoih  of  tife,  for  Brevity  I  pafs  by. 

CLII.  Yet  there  are  fome  Redudions  of  cuUckEpta* 
tions  commonly  knowji,  which,  if  I  fhould  wholly  paft 
over,  tiie  Reader  might  perhaps  think  us  deficient.  Lot 
there  be  propefed  the  cubick  Equation  x3  )|t  -U  q  x  H-r  =  0, 
the  fecund  Term  whereof  is  wanting.  For  that  every  cuiici 
Equation  may  he  reduced  to  this  Form^  is  evident  from  wbdi 
sue  have  faid  above.  Let  x  befuppofed  =:  a  -+•  h.  Then  wiB 
iia^^'^aah'^iabb'^b^  [that  is x^)+qx'jrr zz:o. 

Lei 
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^^3»«b-4-3abb{/^/ ft,  Sabx)  +qxfe'=o,  and 
^iben  w/i/a'H-b'  +r*#  =  o.      By  the /brmir  Efuatim 

3*  27  a'  -^        -^ 

ih^fatiery  a»— 5L-.+ riV=2  0,  «r  a«+ ra' =5!..  W 

17  a*  27 

ijr  tbeExtraatm  of  the  ttdft&ei  juadratUk  Rotft^  a*sF4-.<  r 


+  v'i  r  r  4— 5L.  BxtraS  the  cubic  Root  and  you  mil  have  ^^ 

And  aSove^  you  had^^-^ = b,  and  a  +  b  =:  x>     Therefori 

a  r—  —  is  the  Root  of  the  Equation ptopofed  («). 

For 


CLII.  (if).  Or  thus,  fuppofc  a^  +  ^3  +  r  =  o,  and 
3tf*  +  (y=so;  then  tf -|- A  s=  ;ir.  For  ^ai-^q  (=^0) 
Xtf-f-^=3«**  +34it»-4-fo  +  *j(s3:o),  and  this 
added  to  tfJ  +  *^  +  r  =  0,  the  Sum  is  4J  -f.  3  ii*i+2^^ 
+  **.+  f^4"f*+»'  =  0i  which  18  the  transformed 
which  would  haverefulced  from  the  Subftitution  ofa  +  h 
for  X  in  the  Equation  x^'^^  jjr-{-  r  r::o»  Hence  it  fol» 
lows,  that  if  two  Quantities  can  be  fouird,  which  being 
fubftituted  for  a  and  i^  will  fulfil  the  Conditions,  that 
«■-f-**-hr  =  oj  and  that  3^^-!-^  =  05  then  their 
Sum  fubftituted  for  x  will  make  alio  ^r'-f^^r-f-  r  =  o« 

Becaufe   us  +  *'  •+•  rs=  o,  therefore  i3  =  ^-  «3 

—  r;   and.  becaufe  3a^-|-f=:09    therefore  ^:=— J^ 

and   *'  =  —   -1—-;  wherefore  ^ >+  r  =  ~1-  ;  and 
27«'      -  27  fl' 

multiplying  by  <i%a^4-i7V=:  -^;   and  by  extrading 

-r  27 

the 
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For  ExampUj  let  there  be  propdfed  the  Eqaation  y^  — • 
tyy'\'ty  -{-  12=  o.  To  take  away  the  fecond  Term 
of  this  Equation,  make  *■  4- 2  =  >'>  and  there  will  arife 
x^^  —  6;f-+-8=o.      Wherey  is  =  — 6,  r=:8,    \rr 

—  16,  lL=  — 8,  <2J=:— 4+v/8,  tf—i.  =:;r,    and  at 
.27  3« 

+  2  z^y,  thati»,  2  +  ^^4+v^8  +-^^^'^     '-^j, 

CLIIL  And  after  this  Way  the  Rootf  of  ail  iuSicaf  Equa^ 
tUns  may  be  extraJIed  wherein  q   is  Affirmative  \   or   alfo 

\}her/i^  q  is  Negative^  <mii-.  not  greater  than  ^rr,  that 

isy  when  two  of  the  Roots  of  the  Equation  are  impojftble.    But 

where  q  is  Negative^  and'  -i-  at  the  fame  Time  greater  than 

^rr,  it/^tx^^^  teconus  an  impale  ^Mautity-,  and  fa 

the  Root  oft^  Equatwn  x  or  y  willy  in  this  Qafi^  be  impoffi^ 
hley'vtz.  in  this  Cafe  there  are  three  pofftble  Roots j  which  aU 
ef  them  are  alike  with  refpeSi  to  the  Terms  of  the  Equation 
q  andtj  and  are  indifferently  denoted  by  thej^etters  x  pr  y, 
and  confequently  all  of  thefp  ought  to  be  extracted  by  thefanu 
Methody  and  expreffed  the  fame  IVay  as  any  one  is  extra^ed  9r 

die  aflFe6ted  ^  quadratic  Root,  a^  ^  "•  f  ^*  i 
V«r»  +  i— ;  ai^d  l\y  extraftiog  the  cubic  Root,  az=z 

V^~|r+^ « r*+ Ji  ;  and^  =  X-.     Therefore  b  z^ 
27  3a 

f 


r 


-y^ir+^^r*+ i-  ;  and  therefore  x  =  <?•{■  3  =«-^ 


This  is  the  firft  Form  of  Cardan's  Rule. 

expreffidi 
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fxpreffedy  hut  it  is  impaffibU  to  ixprefs  all  three  by  the  Law 
a/orefii/^*    The  fatuity  a  —  -5L  whereby  x  is  demtedy  coHr 

ifotbe  mmfM^  and  far  that  Reafm  the  Supfefuion  that  Xj 
in  this  Cafe  wherein  it  is  threefpld^  may  be  equal  to  the  Bino- 

ffual  a jL,  ^  a  +  b,  the  Cubes  of  wbofi  Terms  a'  +  \>} 

3  a 
may  together  be  :=  r,  emd  the  triple  Reft  angle  3  a  b  bezsz  q»  is 
plainly  impojftble  \  and  it  is  no  Wonder  that  from  an  impojjibk 
Hypothefuy  an  impojfihle  Conclufion  Jhould follow  (c). 


CLIII.  ((?).  I99.  "f  he  cube  Root  of  any  ^^^Uantity  is  three-- 
fold.  For  let  the  Equation  be  j^'  —  i  z:  o  ;  bccaufe 
y — I  =  divides  it,  giving  the  Q^ioje  >*+  3^+  '^  ^,  thcre^ 
fore    I  is  a  Root;   and  refolving  the  quadratic   Quote 

y%j^y  -J-i  —  0  ;  ^csllliil^ :    Wherfefore  the    cube 

—  I  —  4/— 3         1  —I  +a/—  3 
Roots  of  I,  are  i, T^^^^  ^^ o     ^ 

Now  bccaufe  the  cube  Root  of  any  Quantity  Z^  may 
J^  ,  XZ,  or  ZiJp^  X  Z,  or  IlL±£lli  X  Z  ; 

therefore  fiippofing  the  cube  Root  of  the  Binomc  —  |r + 

yx ;.»  ^.  ii  to  be  m^T^  Its  three  Roots  will  be  i  X»z+v^«^ 

and ~'~^~ X»«+V«i  anditl^lJ x ^+  i/JJT 
2  ^ 

If  the  Equation  jr^  +  yjf+-r=o  can  have  two  im- 

poffible  Roots,  \/|r*-hX.  will  be  poffiblc  (274)  con- 

fequently  either  i-  will  be  affirmative,  or  ^r»  will  be 
27 

greater  than  il  under  a  negative  Sigi>.     Whence  in  the 

cube  R*ot  of  the  Binomc  \  r'^\J\r^  +  ^,     when 

27 

there 
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CLIV.  There  w,  fnorevuer^  another  Way  ofexprejjmg  the/e 
RffBtSy  viz.  from  **  +  ^|5jh5*  '^^  ''*  f^^^  nothing  takg  2? 
^l»  or  \t  ±y/i  rr  + 13-,  and  there  tvi/J  ret^n  b'  =c 

—  tr  +  yi«'''+— •     Therefore  %  is  z=i 


27 


\/_.;.r— i/trr  +  ^.  andbrs 
'^  27 

V— ir+  v^trr  +  ^,  and eon/ejuerJly  the  Sum  of  tbefi 

^  2Z. 


27 


there  are  two  impofiible  Roots,  there  can  be  no  Expref- 
Hon  of  Impoffibility.     On  the  contrary^  if  all  the  Roots 

of  the  Equation  jt*  +  y;r  -|-  r  =  0  arc  real,  ^J^  r*  •+  X^ 

will  be  impoffible  (272)  i  confequently  il^ill  be  nega- 

a/ 

tivc,  and^  r*  will  be  lefs  than  1-  ui|der  the  negative  Sign : 

^7  ' 

whence  in  the  cube  Root  of  ir+\Af»-j-ii,  when 

27 
there  are  no  impcAble  Roots,  there  will  yet  be  an  Ex- 
preffion  of  Impoffibility.  Whence  it  appears,  that  /V 
both  Parti  of  the  Binome  are  real,  when  the  Roots  are  real ; 
yet  it  is  impojfible^  by  this  Method^  to  exprefs  the  irrational 
Fart  as  a  real  ^antity ;  and  in  this  Senfe  tt  is  that  I  would 
under/land  the  Wordsy  Adeoquc  omnes  eadem  legedcbercnt 

crui 
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CLV.  Moreover  the  Roots  of  biquadratick  Equations  may 
be  extraStedand  exfrejjid  by  means  ofcubick  ones. 

Butfirjiyou  muft  take  away  the  fecond  Term  of  the  Equa^ 
tlon.  Let  the  Equation  that  then  refuhs  ^tfx4  4.qxx4.rx 
-)-  8  =  O.  Suppofe  this  to  be  generated  by  the  MuUiplUatioH 
fif  thefe  two  xx  +  ex+^f:=:Oy  and xx  —  cx  +  g  =  0, 

+  f  . 

that  is  to  be  the  fame  with  this  x*  ^  -j-  g  x  x  J^  ®  ?.  x  + 

—  e  e  * 


erui  et  exprimi,  qui  una  aliqua  eruitur  et  exprimitur : 
fed  omnes  trcs  lege  pnefata  exprimere  ioipoflibile  eft* 
He  Jays  not^  eruere  impoffibile  eft ;  but^  exprimere  impof- 
fibile  eft. 

CLIV.  (/>).  Or  thus,  becaufe  a^  =— |''±\/jr»+  i?, 

■  ^7 

thcrcforefl^ +  r=  +  ir 4; \/^r*-fi-,    and    confe- 

^ 

quently,AJ=:— fl» — r— Jr^I^Jr^H-i?  ;  and  thence 

27 


i=V  —  f^+^ir^H-  -1-;  confequently  x  =:tf-+-*= 

>/-lr±^ir*+^+\/-lrjJir^+t,  And 

this  is  the  fecond  Form  of  Cardan's  Rule  ;  by  which  it 
appears,  that  the'  there  is  an  impoi&ble  Expreffion  in 
each  Part,  vet,  becaufe  it  is  a£FeSed  with  a  contrary 
Sign^  it  will  vanlfli  in  the  Addition^  This  Rule,  as  it 
expreffes  rational  Roots  in  the  Form  of  irrationals,  and 
commenfurate  as  incommenfurate,  and  as  thofe  ^.Roots 
can  be  obtained  by  aihorter  and  eafier  Method  (275,  &c.) 
is  of  no  Advantage,  except  in  the  Cafe  of  two  impoffible 
pr  two  equal  Roots. 

f  g  =  o> 


462  REbUCTION  OF  EQUATIONS 

f  g  =  o,  and  comparing  the  Terms  you  will  have  f -|-  g  — 4 
ee  =  q,  eg  — efzzr,  tf«^fg=:is.     ff7^eref ore  q-^ccz=: 

q  +  ec  +  — ~        q+ee— 1 
f+g,JL  =  g-.f, ^     ^ 


=g> ; — =f,' 


qq  +  2ecq  +  e*  — -- 

7 (  =  fg);=s,  and  by  RedtOiian  ti^ 

-|.2qc*  +  2^ec^-rr=:o.     Fdreewriteyi  andysuwUt 

^OTfy»  +  2qyy+^^  y  — rr  =  o,    a  cuhick   Equation^ 

vjhofefecond  Term  may  be  taken  away^  and  then  the  Root  /jr- 
traefed  either  by  precedent  Rule  or  otherwife  {q).  Then 
that  Root  being  bad,  you  muji  go  back  again,   by  putting 

q  +  ec q  +  ec+^ 

^y  =  c,  *        J— — =f, —  g,  and  the  two 

Epiotions  xx-f-cx+ f  =0,     and  xx  —  ex-4*g2sO^ 

their  Roots  being  extra£iedy  will  give  the  four  Roots  of  the 
biquddratick  Equation  x^-J-qxx+rx  +  srro,  v/z,  x  = 
— tciv^J?e=f,  andx=l^^^^t^—g. 


CLV.  (q).  For  the  Roots  of  the  biquadratic  being  four, 
let  the  Sum  of  any  two  with  the  Sign  changed  be  called 
e,  the  Binaries  (35)  of  tour  Quantities,  whereoftwo  arc 
equal  to  two  with  their  Signs  changed,  are  fix  ;  whence 
e  is  fixfold  :  Therefore  the  Equation  whereby  e  may  be 
found  will  have  fix  Roots  and  Dimenfions,  and  becaufe 
(for  the  fecond  Term  of  the  Biquadratic  is  wanting) 
three  of  thofe  fix  Roots  arc  refpedtively  equal  to.  three 
with  their  Signs  changed,  the  Terms  of  odd  Dimen- 
fions  will  be  wanting  \  and  therefore  the  Equ.tion  can 
be  transformed  into  a  Cubic,  by  which  the  Squares  of 
the  Roots  may  be  fcund. 

CLVI.  fVberi 
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CLVI.  Where  note^  that  if  the  four  Roots  of  the  blqua^ 
dratick  lEquation  are  pojjibley  the  three  Roots  of  the  cubick  E- 

quafion  y'  +  2qyyJ^^^  7  —  T  r  :=2, 0  will  be  pojjible  alfo\ 

and  confiquently  cannot  be  txtraHed  by  the  precedent  Rule  (r), 

CLVIL  And  thuSi  if  the  affeSfed  Roots  of  an  Equation  of 
five  or  mote  Dimenftons  are  converted  into  Roots  that  are  not 
ajfe£ted^  the  middle  Terms  of  the  Equation  being  fome  way  or 
other  taken  away^  that  Exprejfion  of  the  Roots  will  be  always 
impojjible^  where  more  than  one  Root  in  an  Equation  of  odd 
Dimenfions  are  pojjihle^  or  more  than  two  in  an  Equation  of 
even  Dimenftons^  which  cannot  be  reduced  by  the  Extraction  of 
^  thefurd  quadratic  Root^  by  the  Method  laid  down  above. 

Monfieur  Des  Cartes  taught  how  to  reduce  a  biqua- 
dratifc  Equation  by  the  Rules  latt  delivered.  E.g.  Let 
there  be  propofed  the  Equation  reduced  above,  s^  — x* 

—  5;rjp+  \%x  —  6  =  0.  Take  aviray  the  fecond 
Term,  by  writing  v  +  •?  f^^^  ^>  ^"^  x!ci^v^  will  arife  hA^ 

—  it|  V  V  +  -^1  ^  —  \hz  =  ^*  '^^  ^^^  ^^^y  ^^6  Frac- 
tions, write  ^  %  for  v,  and  there  will  arife  z*  —  86  z  js 
-|-  6oo  z  —  851  =:  o.     Here  is  —  86  =  y,  600  =  r, 

and  —  851  :=  J,  and  confequently  >*  +  2y>f"^^^ 

—  4J 
y  —  r  r  =  o,  fubftituting  what  is  equivalent,  will  %e- 
come  j^'  —  172  j^j^  +  10800  >— 360000  =:  o.  Where 
trying  all  the  Divifors  of  the  1  aft  Term  i,  -^  i,  2,  —  2, 
3>  —  3>  4>  —  4>  5>  —5»  and  fo  onwards  to  lOO,  you 
.  will  find   at  length  y  =   joo.      Which  yet  may  be 


CLVI.  (r).  If  the  Roots  of  the  Biquadratic  are  all 
poffible,  or  all  impofEble,  the  three  Roots  of  the  Cubic 
will  be  poffible  ;  and  will  be  therefore  more  convenient- 
ly cxtraSed  by  any  other  Method  than  the  preceding 
Rule :  But  if  the  Biquadratic  has  two  of  its  Roots  im- 
poffible,  two  Roots  of  the  Cubic  will  alfo  be  impoffible, 
and  will  therefore  be  found  conveniently  by  the  prece- 
ding Rule." 

found 
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found  far  .  more  expeditioufly  by  our  Method,  above 
delivered.   Then  having  got  y,  its  Root  lo  will  be  r,  and 

g  +  ''"^  —86+100-60 

J        3  that  is,.  J  6r  —  23  will  be 

/,  and  »  — ^—  or  37  will  be  g,  and  confequently 

the  Equations  x  x  +  e x  +f  =  o,  and  x  x  —  ^x+  g 
z=iO^  writing  z  for  x^  and  fubftituting  Equivalent  Quan^ 
titics,  will  become  az+ioz  —  23  =0,  and  z  z— 10  z 
•f-  37  ==  o.  Reftore  c;  in  the  room  of  -^Zy  and  there  will 
Jirife  vv  +  at  v  — 4|  =  o,  and  vv^Hv  +  ^^^^ 
o.  Reftore,  moreover,  * — ^  for  z;,  and  there  will  come 
out  *  ;f  +  2 ^~a  =  o,  and  4f  *•  —  3  A-  +  3  =s  o,  two 
Equations,  the  four  Roots  whereof  x  =  —  i  + 1/  3,  and  ' 
*  =  I  t  i  v^  -*  1»  are  the  fame  with  the  four  Roots  of 
the  biquadratick  ^Equation  propofed  at  the  Beginning, 
X* — *3  — 54?*-  +  12  *—  6  =  0.  But  thefe  might  have 
keen  man  tajilj  found  by  the  Methcd  of  fining  Divijirs^  ex^ 
plained  hf ore.  {s) 

1 • : -^. ' ' 

CLVII.  (s).  In  tte  above  Method  of  Des  Cartes,  the 
Biquadratic  is  fuppofed  .to  be  the  Produd  of  two  Quadra- 
tics :  In  the  Method  of  our  Author,  Art.  CLIV.  the  Bi- 
quadratic is  conceived  to  be  the  Difference  of  two  com- 
plete Squares.  Now  though  our  Author  refers  in  this 
Place  to  the  Method  of  Divifors,  yet  it  is  plain,  that  if 
the*  Method  of  N*.  298  were  ufed,  it  has  the  Advantage 
of  the  Method  of  Des  Cartes  :  Becaufe  in  that  Method 
there  is  not  the  Trouble  of  exterminating' the  fecond 
Term  ;  alfo  the  Equation,  wh6reby  Q^is  found,  is  more 
fimple  than  that  whereby  ^»=y  is  found,  and  laftly, 
which  is  the  moft  confiderable  Advantage,  Q^is  always 
commenfurate  and  rational  (add  therefore  the  more 
eafily  to  be  found)  not  only  when  all  the  Roots  of  the 
Biquadratic  are  commenfurate,  but  alfo  when  they  are 
irrational  and  even  impoffible. 

A  P- 
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THE  .     . 

LI N EAR  CONSTRUCTION   - 

'OF 

E     Q^   U    A     T    ION     S. 

VxItherto  I  have fhewn the  Properties, Tranfmutii- 
'  r*i^  tipns,  Limits,   arid'  Reouftions  of  all  Sorts  of  E- 
'  quations»     I  have  not  always  joined  the  Demonfirations» 
becaufe  they  feemed  tdo'eafy  to  need  it,  and  fomet?mes 
cannot  be  laid  down  without  too  much  TeUioUfnefs.     tc 
remains  liow  only  to  fhew,  how,  after  Equations  are  re- 
duced to  their  moft  comnjodloiis  Form,  their  Roots  ftxiy 
'  be  extrafied  in  Numbers.,    And  here  the  chief  Difficulty 
lies  in  obtaining  the  two  ot  three  ftrft  Figures ;  which 
maybe  moft  corhmpdioufly  done  by  either  the  geome- 
trical   or    ihechanica)   Conftru6^ion    of  an  Equation. 
Wherefoi'c  I  (hall  fubjoin  fomeof  thcfe  Conftru£tions; 
The  Antients,  as  ive   learn  .  from  ^appui,  at  firft  in 
'  vain  endeavoured  at  the  Trifcfltion  of  an  Angle,  and  the 
finding  out  of  two  mean  Proportionals  by  aright  Line  and 
a  Circle,  Afterwards  they  began  to  confid^r  feveral  other 
Lines,  as  the  Conchoid,  the  Ciffoid,   and  the  Conitk 
l^e£tions,  and  by  f^^me  of  thefe  to  folve  thofe  Problems. 
At  length,  having  more  throughly  examined  the  Matter, 
and  the  Conick  Sedions  being  received  into  Geometry, 
they  diftinguiihed  Problems  into  three  Kinds :  viz.  In'to 

Hh  Plam 
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Plam  oftiSj  which  deriving  their  Original  from  Lines  on 
;a  Plane,  nrxay  be  folved  by  a  right  Line  and  a  Circle,  in* 
to  Solid  ones^  which  were  folved  by  Lines  deriving  their 
Original  from  the  Confideration  of  a  Solid,  that  is,  of  a 
Cone  :  And  Linear  ones^  to  the  Solution  of  which  were 
required  Lines  more  compounded «v  And  according  to  t|ib 
OiftindioA,  we. are  not  to  folvefblid  Problems  by  other 
Lines  than  the  Conick  Sections ;  efpecially  if  no  other 

Xines  but  right.ones,  a  Circle^  and  the  Conick  S^ion^^ 
muft  be  received  into  Geometry.  But  the  Moderns^ad- 
vancing  yet  much  farther,  have  received  into  Geometrf 
all  Lines  that  can  be  exprefled  by  Equations,  and  have 
diftinguiihed,  according  to  the  Dimenfions  of  the  Equa* 
tiona,  thDfaLuie&iiilo  Almds.;  ahdJhavemade  it  K  Law, 
that  you  are  not  to  conftruA  a  Problem  by  a  Line  of  a 
fuperior  Kind,  that  may  bp  conftruded  by  one  of  an  in- 
ferior one.  In  the  Contemplation  of  Lines,  and  finding 
out  their  t^rop^rties,  I  approve  of  their  Diftiodion  of 

*tfiem  into  Kinds,  according  to  the  Dimenfions  of  the 
Equations  by  which  they  are  defined.    But  it  is  not  the 

.  Equation,  but  the  Defcription  that  makes  the  Curve  ca 
be  a  Geometrical  one.  The  Circle  is  a  Geometrical 
Line,  not  Uec^ufe  it  may  be  exprefTed  by  an  Equation» 

'  but  becaufe  its  Defcription  is  a  PofluJate*  It  is  not  the 
Simplicity  of  ^the  Equation»  but  the  Eafinefsof  the  De- 
fcription,  which  is  to  determine  the  Choice  of  our  Lines 
for  the  Confbudion  of  Prol^Iems.  For  the  Equation 
that  exprefTe^  a  Parabola,  is  more  fimple  than  that  that 
cxprefTes  a  Circle,  ^d  yet  the  Circle,  by  reafon  of  its 

.  more  fimple  ConflruSion»  is  admitted  before  it.  The 
Circle  and  the  Conick  Sections,  if  you  regard  the  Di- 

'  menfion  of  the  Equations,  are  of  the  fame  Order,  and 

I  yet  the  Circle  ia  not  numberect  with  them  in.  the  Con- 
itrudion  of  Problems,  but,  ^y  reafon  of  its  fimple  De^ 

,  fcription,  is  deprefled  to  a  lower  Order,  viz.  that  of  a 
right  Line ;  fo  that  it  is  not  improper  to  conflruA  that 
by  a  Circle  that  may  be  conftruded  by  a  right  Line. 
But  it  is  a  Fault  toconflruS  that  by  the  Conick  Sedione 

.^hich  may  be  conftruded  by  a  Circle.  Either  therefore 
you  mufl  fax  the  Law  to  be  obferved  io  a  Circle  from  the 

Jbimeniions  of  .Equations,  and  to  take,  away  as  vitious 

the  Diftihdion  between  Plane  and  Solid  Problems  i  or 

clfe 
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felfc  you  muft  grant,  that  that  Law  19  not  fo  ftrifily  to  bq 
obferved  In  Lines  of  fuprrior  Kinds,  but  that  fome  by 
xeafon  of  their  more  fimplc  Defcription^  may  be  prefer- 
red to  others  of  the  fame  Order,  and  may  be  numbered 
with  Lines  of  inferior  Orders  in  the  donftruflion  of 
Problems.  In  Conftru£lions  that  are  equally  Geometric 
caly  the  moft  fimplc  are  always  to  be  preferred.  This 
Law  h  beyond  all  Exception.  But  Algebraick  Expref» 
iiona  add  nothing  to  the  Simplicity  of  the  Conflrudion. 
The  bare  Oefcriptions  of  the  Lines  only  are  here  to  be 
tonfidered.  Thefe  alone  were  confidered  by  thofe  Geo-' 
metricians  who  joined  a  Circle  with  a  right  Line.  Anda9 
thefeareeafy  or  hard^theConftrudion  becomes  eafy  orhard. 
And  therefore  it  is  foreign  to  the  Nature  of  tiie  Thing,  from 
any  thing  elfe  to  eftablifh  Laws  about  Conftru&ions* 
Either  therefore  let  us,  with  the  Antients,  exclude  all 
Lines  befides  a  right  Line,  the  Circle,  and  perhaps  th^ 
Conick  Sedtions,  out  of  Geometry,  or  admit  all,  ac-* 
cording  to  the  Simplicity  of  the  Defcription*  If  the 
Trochoid  were  admitted  into  Geometry,  we  might,  by 
its  Means,  divide  an  Angle  in  any  given  Ratio.  Would 
you  therefore  blame  thofe  who  mould  make  ufe  of  this 
Line  to  divide  an  Angle  in  the  Ratio  of  one  Number  to 
another,  and  contend  that  this  Line  was  not  defined  bj 
an  Equation,  but  that  you  muft  make  ufe  of  fuch  Lines 
as  arc  defined  by  Equations  ?  If  therefore,  when  an  ^- 
gle  was  to  be  divided,  for  Inftance,  into  loooi  Parts^ 
we  fbould  be  obliged  to  bring  a  Curve  defined  by  an  E- 
quation  of  above  an  hundred  Dimenfions  to  do  the  Bufi- 
nefs  ;  which  no  Mortal  could  dcfcribe,  much  lefs  un- 
derftand ;  and  (hould  prefer  this  to  the  Trochoid,  which 
is  9  Line  well  known,  and  defcribed  eafily  by  the  Mo- 
tion of  a  Wheel  or  a  Circle,  who  woald  not  fee  the  Ab- 
furdity  ?  Either  therefore  the  Trochoid  Is  not  to  be  ad-" 
mitted  at  all  into  Geometry,  or  elfe,  in  the  Conftrudioa 
of  Problems,  it  is  to  be  preferred  to  all  Lines  of  a  more 
difficult  Defcription.  And  there  is  the  fame  Reafon  fol' 
other  Curves.  For  which  Reafon  we  approve  of  the 
Trifed^ions  of  an  Angle  by  a  Conchoid,  which  Arcbl'* 
nudes  in  his  Lemma's,  and  Pappus  in  his  Collections^ 
have  preferred  to  the  Inventions  of  all  ethers  in  this 
H  h  a  '  Cafe  I 
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Cafe;   becaufe  we  ought  either  to  exclude  all  Lines,  he^ 
fides  the  Circle  and  right  Line,  out  of  Geometry,  or  ad- 
mit them  according  to  the  Simplicity  of  their  Defcnp- 
tions,  in  which  Cafe  the  Conchoid  yields  to  none,  ex- 
cept the  Circle.     Equations  are  Expreflions  of  An^mc- 
tical  Computation,  and  properly  have  no  place  m  Geo- 
metry, except  as  far  as  Quantities  truly  Geometrical 
(that  is,  Lines,  Surfaces,  Solids,  and  Proportions)  may 
be  faid  to  be  fome  equal  to  others.     Multiphcauons, 
Divifions,  and  fuch  fort  of  Computations,  are  newly  re- 
ceived into  Geometry,  and  that  unwarily,  and  contrary 
to  the  firft  Defign  of  this  Science.     For  whofoever  con- 
fiders  the  Conftruaion  of  Problems  by  a  right  Line  and 
a  Circle,  found  out  by  the  firft  Geometricians,  will  caU- 
]y  perceive  that  Geometry  was  invented  that  we  "^§"5 
cxpeditioufly  avoid,  by  drawing  Lines,  the  Tedioufnefs 
of  Computation.     Therefore  thefe  two  Sciences  ought 
not  to  be  confounded.    The  Antients  did  fo  induftrioufly 
diftinguilh  them  from  one  another,  that  they  never  in- 
troduced Arithmetical  Terms  into  Geometry.     And  the 
Moderns,  bv  confounding  both,  have  loft  the  Simplicity 
in  which  all  the  Elegancy  <5f  Geometry  confifts.  Where- 
fore that  is  Jrithmettcally  more  fimple  which  is  determined 
by  the  more  fimple  Equations,  but  that  is  Geometrically 
niore  fimple  which  is  determined  by  the  more  fimple 
drawing  of  Lines  ;  and  in  Geometry,  that  ought  to  be 
Teckoned  beft  which    is    Geometrically   moft    fimple. 
Wherefore,  I  ought  not  to  be  blamed,  if,  with  that  Prince 
of  Mathematicians,  Jrchimedes^  and  other  Antients,  1 
make  ufe  of  the  Conchoid  for  the  Conftruftion  of  folid 
Problems.     But  if  any  one  thinks  otherwife,    let  him 
know,  that  I  am  here  follicitous  not  for  a  Geometrical 
ConftruSion,  but  any  one  whatever,  by  which  I  may 
the  neareft  Way  find  the  Roots  of  the  Equations   in 
Nuriibers.     For  the  fake  whe;-eof  I  here  premife  this 
L^mmatical  problem. 


7i 
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5*  plati  the  right  Line  B'C  0/  a  given  Lengthy  fi  hetwem 
two  other  given  Lines  A  B,  AC,  that  being  produced^  it 
Jballpafs  through  the  given  Point  P,     [See  Fig.  90.] 

If  the  Line  B  C  turn  about  the  Pole  P,  and  at  the 
fame  time  moves  on  its  End  C  upon  the  rfght  Line 
A  C,  its  other  End  B  .fhall  defcrtbe  the  Conchoid  of  the 
Antients.  Let  this  cut  the  Line  A  B  in  the  Point  B. 
Join  PB,  and  its  Part  B  C  will  be  the  right  Line  which 
was  to  be  drawn.  And,  by  the  fame  Law,  the  Line 
b  C  may  be  drawn,  where,  inftead  of  A  C,  fome  Curve 
Line  is  made  ufe  of. 

.  If  any  do  not  like  this  Conflrudion  by  a  Conchoid, 
another,  done  by  a  Conick  Sedion,  may  be  fubftituted 
in  its  room.  From  the  Point  P  to  the  rigfit  Lines  A  E^, 
A  E,  draw  P  D,  P  E,  making  the  Parallelogram  E  A  D  P, 
and  from  the  Points  C  and  D  to  the  right  Line  A  B  let 
fall  the  Perpendiculars  C  F,  D  G,  as  alfo  from  the 
Point  E  to  the  right  Line  A  C,  produced  towards  A,  let 
-bU  the  Perpendicular  E  H,  and  making  A  D  =  /7, 
PD=:^  BC  =  r,  AG=:rf,  AB  =  ;r,  and  ACsr/, 
you  will  have  AD:AG::AC:AF,  and  confequeotly 

A  F  =  £i.    Moreover,  you  will  have  A  B  :  A  C : :  P  D : 
a 

CD,  or  jr:y:  :i:tf  — y.  Therefore  byz=,ax — yxy 
which  is  an  Equation  expreflive  of  an  Hyperbola* 
And  again,  by  the  13th  of  the  2d  Elem^  HCq  will 
be  =  ACf+ ABj— 2FAB,  that  is,  cc^yy^xx 

?■    ^^.     Both  Sides  of  the  former  Equation  being 

multiplied  by  —^  take  them  from  both  Sides  of  this,  an<i 
a 

there  will  remain  c  c ^^^^yj  -{-^  ^  —  ^  ^-^j  an 

a 

Equation  expreffing  a  Circle,  where  x  and  y  are  at  right 

Angles.     Wherefore,  if  you  make  thefe  two  Lines  an 

Hyperbola  and  a  Circle,  by  the  Help  of  thefe  Equation», 

by  their  Interfedion  you  will  have  x  and  y,  or  A  B  and 

*  H  h  3  AC, 
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A  C,  which  determine  the  Pofition  of  the  right  Line 
B  C.  Bi^c  thofc  right  Lines  will  be  (ompouhdcii  after 
thisiWay.     [Sec  Fig,  91.] 

Draw  any  two  right  Lines,  R  L  equal  to  A  D,  an4 
KM  equal  to  PD,  containing  the  right  Angle  M  ICLr. 
Compleat  the  Parallelogram  K  L M  N,  and  with  the 
Afympiotes  LN»  MN,  4cfcribc  through  the  Poitit  K 
the  HyperboU  t  K  X. 

On  K  M  produced  towards  K,  take  K  P  equal  to 
AG,  and  K  Q^ equal  to  BC.  And  on  RL  produced 
towards  K,  take  KR  equal  to  AH,  and  R  S  equal  to 
R  Q.  Compleat  the  Parallelogram  PK  R  T,  and  firoiti 
the  Center  T,  at  the  Interval  T  S,  defcribe  a  Circle. 
Let  that  cut  the  HyperboU  in  the  Point  X.  Let  fall  to 
K  B  the  Perpendicular  X  Y,  and  X  Y  will  be  equal  to 
A  C,  and  K  Y  equal  to  A  B.  Which  two  Lines,  AC 
^d  A  B,  or  one  of  them,  with  the  Point  P,  determine 
the  Poiition  fought  of  the  right  Lin#  B  C.  To  demon- 
ftrate  which  Conftrudion,  and  its  Cafes,  according  to 
the  different  Cafes  of  the  Problem,  I  fliall  ndt  here 
infift. 

I  fay,  by  this  Oonftrudion,  if  you  think  fit,  you  may 
folve  the  Problem*  But  this  Solution  is  too  compound- 
ed to  ferve  for  any  particular  Ufes.  It  is  a  bare  Specu- 
lation, and  Geometrical  Speculations  ha\re  juft  as  much 
Elegancy  as  Simplicity,  and  deferve  juft  fo  much  Praife 
as  they  can  promife  tJfe.  For  which  Reafon,  I  prefer 
a  ConftruAion  by  the  Conchoid,  as  much  the  fimpier^ 
and  not  lefs  Geometrical ;  and  which  is  of  ef])eci|d  Ufe 
in  the  Refolution  of  Equations  as  by  us  propofed.  Pre- 
mifing  therefore  the  preceding  Leouna,  we  Geometri- 
cally conftru£l  Cubick  and  Btquadratick  Problems  [as 
which  may  hi  reduced  t9  Qubick  ones}  as  follows.  [See  Fig, 
92  and  93.] 

Let  there  he  propo&i  the  Cubic  Equation  x*  9fc  -f-  ^  jt  -f- 
r:=  o,  wbofe  ficond  Term  i$  wanting^  but  the  third  is  d^^ 
Pited  tfnder  its  Sign  -|-  y,  and  the  fourth  *f  -f  r. 

Drav 
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Draw  any  right  Line,  K  A,  which  call  n.    On  K  A» 
prcxluced  on  both  Sides,  take  K  B  =:  i-to  the  fame  Side 

as  K  A,  if  It  be  +  j ,  otherwife  to  the  contrary  Part* 
BifeSBA  in  C,  and  on  K,  as  a  Center  with  the  Radius 
KC3  defcribe  the  Circle  CX,  and  in  it  accommodate 

the  right  Line  C  X  equal  to  — ,  producing  it  each  Way. 

Join  A  X,  which  produce  alfo  both  Ways.  Laftly,  be- 
tween thefe  Lines  C  X  and  A  X  infcribe  E  Y  of  the  fame 
l/Cngth  as  CA,  and  which  being  produced,  may  pafs 
through  the  Point  K ;  then  fliall  X  Y  be  the  Root  of 
the  Equation.  [See  Fig.  94.]  And  of  thefe  Roots, 
thofe  will  be  Affirmative  which  fall  from  X  towards  C, 
and  thofe  Negative  which  fall  on  the  contrary  Side,  if  i% 
)^  4-  r,  but  contrarily  if  it  be  —  r. 


Dfmoft/lration* 
Tq  demonftrate  which,  I  premife  thefe  Lemma's. 

Lemma    L 

YX  isto  AK  as  CX  to  KE.  For  draw  KF  parallel 
to  CX;  then  becaufc  of  the  fimilar  Triangles  ACX, 
AKF,  andEYX,  EKF,  it  will  be  A  C  to  AK  a3 
CXto  KF,  and  YX  to  YE  or  AC  as  KF  toKE, 
and  therefore  by  perturbated  Equality  Y  X  to  A  K  a9 
qX  to  KE.    Q.E.  D, 

Lemma    IL 

YXtsto  AK  as  CY  to  AK  +  KE.  For  by  Com- 
pofition  of  Proportion  YXistoAKas  YX+  CX 
C/.^-CY)  to  AK  +  KE.    Q,E,D. 

H  h  4  Lemma 


474  THE  LINEAR  CONSTRUCTION 

Lbmma    III. 

KE  — BK  is  toYXasYXto  AK. 

Tor  (by  12  Elem.  2.)  YKj  — CKy  is  =  C Y^  — 
gVxCX=:CYxYX:  That  is,  if  the  Thcoreni 
be  refolved  into  Proportionals,  CYtoYK — CKas 
YK  +  CKtoYX.  ButYK-CKi9  =  YK— Y£ 
+  CA  — CK  =  ILE-:tBK;  And  YK-hCK  = 
YK  — YE+CA+CK=;KE+AK.  Whercfoie 
CYistoKE—BKasKE+AKtoVX.  Batbyjt«w- 
ma  2,  it  was  C  V  to  K  E+A  K  as  Y  X  to  AK.  Wherefore 
by  Equality  it  is  YXtoKE  — BK  as  AKto  YX. 
OrKE— BKtoYXasYXto  AK.    Q,E.D. 

Thcfe  things  being  premifed,  the  Theorem  will  be 
thus  demonftrated.  ^» 

In  t\ic  fir  ft  Lemma  it  was  Y  X  to  A  K  as  C  X  to  K  E, 
orKEx  YX=:AKXCX.  In  the  third  Lemma  it 
was  proved,  that  KE— BK  was  to  Y  Xas  YX  to  A  K. 
Wherefore,  if  the  Terms  of  the  firft  Ratio  be  multiplied 
by  YX,  it  will  be  KExYX  — BKxYX  toXY^ 
as  VX:  AK  that  is,  AKxCX-BKxYX  to  Y^Xf 
as  YXto  AK,  and  by  multiplying  the  Extremes  and 
Means  intq  themfelves,  it  will  be  AK^ XXC — AKx 
HmxYXzzYXcube.     Laftly,   for  YX,  AK,  BK. 

and  C  X,  re-fubftituting  x^  tiy  -i-,  and  ,  this  Equa- 

Ti  n  ft 

tion  will  arife,  viz.  r  —  q9ez=ix\,  Q.  E.  D.  I  need 
not  ftay  to  fhew  you  the  Variations  of  the  Signs,  for 
they  will  be  determined  according  to  the  different  Cafes 
of  the  Problem. 

I 

Let  now  an  Equation  b/  p^opofed  wanting  the  third  Term^ 
aSi»f*-4-^Arjr4-^  =  o;  and  in  order  to  conftrud  it,  n 
being  aflumed,  take  in  any  right  Line  two  Lengths  KA 

sz:..-^  and  Yihz=ip^  and   let  them  be  taken  the  fan^e 

nn  . 

Way  if  rand  ^  have  like  Signs;  but  otherwife,  take 
them  towards  contrary  Sides.    Biied  B  A  in  C>  and  on 
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K9  as  a  Center,  with  the  Radius  KC,  defcribe  a  Circle, 
into  which  accommodate  C  X  =  »,  producing  it  both 
Ways.  Join  alfo  AX,  and  produce  it  both  Ways.. 
Laftiy,  between  thefe  Lines  C  X  and  AX  infcribe  E  Y 
i=  C  A,  fo  that  if  produced  it  may  pafs  through  the 
Point  K,  and  KE  will  be  the  Root  of  the  Equation. 
And  the  Roots  will  be  Affirmative,  when  the  Point  Y 
falls  on  that  Side  of  X  which  lies  towards  C  ;  and  Ne- 
gative, when  it  falls  on  the  contrary  Side  of  X,  provided 
it  be  4-  r ;  but  if  it  be  —7  r,  it  will  be  the  Revcrfe  of  this. 

To  demonftrate  this  Proportion,  look  back  to 'the 
Figures  and  Lemma's  of  the  former ;  and  then  you  wil| 
find  it  thus. 

By  Lemma  i.  it  was  Y  X  to  A  K  as  C  X  to  K  E,  or 
YX:KKE=:AKxCX,andbyZr;««2tf3,KE  — KB 
to  YX  as  YX  to  AK,  or  (taking  KB  towards  con- 
trary Parts)  KE  +  KB  toYXas  YXto  AK,  and[ 
therefore  KE  +  KB  multiplied  by  K  E  will  be  to  Y  X 
xKEor(AKxCX)asYXtoAK,orasCXtoKE. 
"Wherefore  multiplying  the  Extreams  and  Means  into 
themfelves,  K E cube  +  KBxKE^is  =  AKxCXf; 
and  then  for  KE,  KB,  A  K,  and  CK,  reftoring  theif 
Values  affigned  above,  x'^  'J^pxxz=.r. 

Let  now  an  Equation  having  three  Dimenftons^  and  want" 
ing  no  Term^  be  propofed  in  this  Form^  x^  -\-  p  xx-\'qx  '\' 
r  :=  o,  fame  of  whofe  Roots  JhaU  be  Affirmative^  and  fame 
Negative,    [See  Fig.  95.] 

*And  firft  fuppofe  q  Negative^  then  in  any  right  Line, 

as  K  B,  let  two  Lengths  be  taken,  as  KA=: — ,  and 

q 

KBziz  py  and  take  them  the  fame  Way,   if  p  and — 

.have  contrary  Signs;  but  if  their  Signs  are  alike,  dien 

fake  the  Lengths  contrary  Ways  from  the  Point  K.    Bi- 

feft  AB  in  C,  and  there  etea  the  Perpendicular   CX 

equal  to  the  Square  Root  of  the  Term  q  j  then  between 

2  }he 
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the  Lines  A  X  and  C  X,  produced  infinitely  both  Ways» 
infcribethe  right  Line  E  Y  =:  A  C,  fo  that  being  pro- 
duced, it  may  pafs  through  K;  fo  £haU  KE  be  the  Root 
of  the  Equation,  which  will  be  Aflirmative  when  the 
Point  X  falls  between  A  and  E ;  but  Negative  when 
the  Point  E  falls  on  that  Side  of  the  Point  X  which  is 
towards  A. 

But  if  Q^had  been  Affirmative,  then  in  the  Line  K  B 
you  muft  have  taken  thofe  two  Lengths  thus,  viz.  K  A  =: 

-L/dl,  and  K  B  =  ^,  and  the  fame  Way  from  K, 
'       p  K.A 

jf\/ZirandJ-  have  diflferent  Signs  i   but  contrary 
V      p        KA 

Ways,    if  the  Signs  are  of  the  fame  Nature.     B  A  alfo 

^uft  bebifefted  in  C  j  and  there  the  Pependicular  C  X 

ereSed  equal  to  the  Term  p ;  and  between  the  Lines 

AX  and  C  X,  infinitely  drawn  out  both  Ways,  the  right 

Line  £  Y  muft  alfo  be  infcribed  equal  to  A  C,  and  made 

to  pafs  through  the  Point  K,  as  before;  then  will  XY 

be  the  Root  of  the  Equation  ;   Negative  when  the  Point 

X  (hould  fall  between  A  and  £,  and  Affirmative  when 

the  Point  Y  falls  on  the  Side  of  Uie  Point  X  towards  C. 

The  Demonftration  of  tbejirft  Caft. 

By  thefrjt  Lemma^  KE  was  to  CX  as  AK  to  YX 
and  (by  Compofition)  fo  KE+  AK,  /.  ^.  K  Y  +  KC 
istoCX  +YX,  ie.  CY.     But  in  the  right-angled 
Triangle  KCY,YCg=  YK  ^  — KCj=:ls.  V+KC 
X  K  Y'  —  KC;  and  by  rcfolving  the  equal  Terms  into 
Proportionals,  K  Y  +  K  C  is  to  C  Y  as  C  Y  is  to  K  Y 
—  KC;  orKE  +  AK  istoCYasCYistoEK- 
KB.    Wherefore  fince  KE  was  to  XC  in  this  Propor« 

tion» 
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4on,  by  Duplication  KE  j  will  be  to  CX  f  as  KB 4- 
AK  to  KE —  KB,  and  by  multiplying  the  Extrcams 
and  Means  bythcmfelves  K.E  cu&e  —  KBxKE  j  is  := 
iCXfXKExCXyxAK.  And  by  rcftoring  the  for- 
inpj:  Values  x^  — p  xxz^qx-^r. 

JbsDcmonftraticnof  tUftcondCafe. 

By  thtfirji  Lemma^  K  E  is  to  CX  as  AK  is  to  YX, 
then  bv  multiplying  the  Extreams  and  Means  by  thcm- 
fel  ves/  K  E  X  Y  X  is  :;:;  C  X  X  A  K.  Therefore  in  the 
preceding  Cafe,  put  KE  X  YX  for  C X X  AK,  and  it 

willbeKE^»^/  — KBxKEf=:CXfXKE  +  CXx 
K  E  X  YX  ;  and  by  dividing  all  by  K  E,  there  will  be 

KE^^KBxKE  =  CXy+CXxYX;  thenmul- 
tiplying  all  by  AK,  and  you  will  have  AKx  KEf  — 
A  K  X  K  B  X  K  E  =  A  K  X  C  X  y  +  A  K  X  C  X  X  Y  X. 
And  again,  put  KE  X  YX  inftead  of  its  equal  CX  X 
AK,  then  AKxKEf  —  AKxKBxKE  =  EKx 
CXXYX+KE.X  YX^j  whence  ail  being  divided 
by  KEthcrewillarifeAKxKE— AKxKB  r:YX 
XCX  -f  YX  y,  and  when  all  are  multiplied  by  YX 
there  will  be  AK  X  KE  X  YX  —  AK  xKB  x  YX  = 
YXyxCX  +  YXr»^/.  And  inftead  of  KExYX 
Jn  the  firft  Term  put  C  X  X  AK,  and  then  C  X  X  A  K  ^ 
~AKXBKXYX=  tXxYXq+YXcube,  or, 
which  is  the  fame  Thing,  YX  cube ^  CXxYXa  4^ 
AKxKBxYX— CXxAKyzr  c.  And  bv  fubftX 
tutingforYX,  CX,  AK,  and  KB,  their  Values  a-, jj, 

V----  »  q  ^ZZT"*  ^^^  ^^''  ^^"^  ^**^»  *'  +  /  -i^  *  +  f  .^ 

•*|t  r  2S  o,  the  Equation  to  be  conftru£led . 

Thife  Equations  an  alfo  fohedy  hy  drawing  a  right  Line 
from  a  given  Pointy  infuch  a  Manner  that  the  Part  of  it 
%vhich  is  intercepted  between  anether  right  Line  and  a  CircU^ 
both  given  in  Pojitimy  may  be  of  a  given  length.  [See  /r- 
gure  ^6.] 

jR&r,  let  there  he  propofed  a  Cubic  Equatim  x^  ^  J[.  q  x 
(rj-  r=:C,  whfefecond  Term  is  wanting^ 

Draw 
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Draw  the  right  Line  KA  at  pleafure,  which  call  tt. 

In  K  A  produced  both  ways^  take  KB  =  -^  on  the 

ft 

fame  Side  of  the  Point  K  as  the  Point  A  is  if  q  be  Nega- 
tive, if  not,  on  the  contrary.  BifeA  B  A  in  C»  and  from 
the  Center  A,  with  the  Diftance  A  C,  dcfcribe  a  circle 

C  X.     To  this  infcrlbe  the  right  Line  C  X  =  —^  and 

nn 

through  the  Points' K,  C,  and  X  defcribe  the  Circle 

ICCXG.     Join  AX«  and  produce  it  till  it  again  cuts 

the  Circle  K  C  XG  laft  dcfcribcd  in  the  Point  G.  Laftly, 

between  this  Circle  K  C  X  G»  and  the  right  Line  K  C 

produced  both  ways,  infcribe  the  right  Line  £  Y  =  AC, 

fo  that  £  Y  produced  pafs  through  the  Point  G.     And 

£  G  will  be  one  of  the  Roots  of  the  Equation.     But 

thofe  Roots  are  Affirmative  which  fall  in  the  greater  Segr 

ment  of  the  Circle  K  G  C,  and  Negative  which  fall  in 

the  leffcrKFC,  if  r  is  Negative,  and  the  contrary  will 

be  when  r  is  Affirmative. 

In  order  to  demonftrate  this  Conftrui^ion,  Let  us  pre- 
cnife  the  following  Ltmmau 


Lemma   I. 

All  things  being  J 


All  things  being  Juppofed  as  in  the  ConJlruSlien^  C.E  is  t9 
^^hasCYs+C^istohYj  andasCXtoKA. 

For  the  right  Line  K  G  being  drawn,  AC  is  to  A  K 
as  C  X  is  to  K  G,  becaufe  the  Triangles  A  C  X  and  A  K  G 
are  fimilar.  The  Triangles  Y  E  C,  Y  K  G  are  alfo  fi- 
milar ;  for  the  Angle  at  Y  is  common  to  both  Triangles, 
and  the  Angles  G  and  C  are  in  the  fame  Segment  £  G  C  K 
of  the  Circle  K  G  C,  and  therefore  equal.  Whence 
CE  will  be  to  EY  as  KG  to  K  Y,  that  is,  C£  to  AC 
as  KG  toKY,  becaufr  £Y  and  AC  were  fuppofed 
equal.  And  by  comparing  this  with  the  Proportionality 
dbove,  it  will  follow  by  perturbated  Equality  that  C£  is 
to  K  A  as  C  X  to  K  Y,  and  alternately  C£  is  to  C  X  as 
K  A  to  KY.  Whence,  by  Compofition,  C£  +  CX 
Will  be  to  CX  as  K  A  +  K  Y  to  K  Y,  that  is,  A  Y  to 

KY 
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KY,  *d  alternately  CE  +  CX  istoA^  asCXis'to 
K  Y.  that  is,  as  C  E  to  K A.    Q.  £•  D. 

.    L  £.  M   M   A     it. 

LitfaU  the  PerpenJicular  C  H  upon  the  right  Line  G  Y» 
and  the  lUetangle  2  H  E  Y  wiU  he  equal  to  the  ReShingk  C  E 
XCX. 

For  the  Perpendicular  G  L  b^irfgfetftll  Upon  the  lAnt 
AY,  the  Triangles  K  GL,  ECH  havcright  Arialcs  at 
L  and  H,  and  the  Angles  at  K  and  £  are  in  tjie  fame 
Segment  CKEGbf  the  CirclcCGK,  and  are  "there- 
fore equal ;  confequentl^  the  Triailgles  are  iimxhrl  And 
therefore  KG  is  to  KL  as  EC  td  EH.  .  Moreover, 
AM  being  let  fall  from  the  Point  A  perpendicular  to  the 
Line  KG,  becaufe  AK  is  equal  to  AG,  KG  will  be 
bifeaed  in  M  ;  and  the  Triangles  KAMahdKGL 
are  Similar,  becaufe  the  Angle  at K  is  common,  and  the 
Angles  at  M  and  L  are  right  ones  ;  and  therefore  AK  is 
to  KM  as  KG  is  to  K L.  But  as  A  K  is  to  K M  fo  is 
2  AK  to  2  KM;  6r  KG  ;  (and  becaufe  the  Triangles 
AKG  and  AC  X  are  fimilar)  fo  is  2  AC  to  CX  j  alfo 
(becaufe  A  C  =  E  Y)  fo  is  2  E  Y  to  C  X.  Therefore 
aEYistoCXasKG  toKL.  But  KG  was  to  KL 
asECtoEH,  therefore  2  E  Y  is  to.CX  asECtoEH, 
»nd  fo  the  Reftangle  2HE  Y  (by  multiplying  the* Ex- 
treams  and  Means  by  themfelves)  is  equal  to  EC  X  C  X. 
Q,  E.  D. 

Here  we  took  the  Lines  A  K  and  A  G  to  be  equal .  For 
the  Re<aangles  C  A  K  and  X  A  G  are  equal  (by  Cor.  to 
36  Prop,. of  the  3d  Book  of  Eucl.)  and  therefore  as  C  A 
is toX  A  fo  is  AG  toAK.  But  X  A  andCA  are  equal 
by  Hypothefis ;  therefore  AG  s  A  K. 

L   E    M   M   A      in. 

All  ihhrrs  hein^  as  ahve^  the  three  Lines  BY,  C  E,  K  A, 
<ir£  rontinual  Proportionals* 

.     Vor  (bv  prr.f^.  12.  Book  2.  Elem.)  CY  q  h  =  F/Y q  4. 
CEy  +  2  E  i  X  £H.    And  by  taking  E  Y  jfrom  both 

Sides 
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Sides,  CY*^EYyis  =  CEf+i  EYx  EH.  But 
2  E  Y  X  £  H  is  s=  C£  >«  CJ:  {by  L*m. %.)  »nd  byadaiae 
GE  ;  to  both  Sides,  CE  ^  +  2 E  Y x  E H  become»  = 
CEf  +  CExCX.    Therefore  CY^  —  E  Yy  is  = 

CEj  +  CExCX,  thatis,  CV  +  E/xVJY  — tV 
=sCE;  +CExCX,  Aad  by  relblving  the  equal 
Re^angles  into  ptopoctional  Sides,  it  will  be  as  CE  4- 
CX  is  to  CY  +  E  Y,  fo  is^C  Y  —  E Y  to CE.  But 
the  three  Lines  EY»  CA,  CB,  are  equal,  and  tbeacie 
CY+  EY  5=CY  +  CA  =  AY,  and  CY-ET 
=  CY-CB=BY.  Write  AY  for  CY  +  EY,an4 
BY  forCY  —  EY,  and  it  wfll  be  ai  C  E  +C:?:  is  i© 
Y A  fo  is  BY  to  CE.  But  {it  Lem.  1.)  C  E  is  to  K A 
as  CE  +  CXistoAY.thcreoreCEisto  KAasBY 
is  to  CE,  that  i^  the  throe  tines  BY,  CE,  aod^A 
are  continual  Pr<^rtioQa's.  '  Q.  £.  O. 

Nov,  by  Ibe  Help  of  tiicfe  three  Lemmas,  we  may  tk" 
muffiratt  the  ConfirufiioB  of  tbe  preceding  Problem, 
thus : 

By  Ltm.  i.  CE  istoKA  ssCXi?  t»K  Y,  jfoKAx 
C  X!^is  =  CE  X  K  Y,  and  by  dividing  both  Sides  byCE, 

^.\^^^ becomes  ;=  K  Y.    To  ^ihcfe  equal  Side»  add 

BK,  andBK  +  £A^^^wJllbe=sBY.    Whcoc» 

(by  L«n.  3.)  B  K  +  ^  ^^ ^«  to  CE  as  CE  is  toKA, 

and  thence,  by  multiplyxilg  the  Extreams  and  Means  b/ 

themfclvca,  CEj  is  =  BK  X  K A+lL^Xj^^,  and 

both  Sides  being  inultip'ied  by  C  £,  C£  cuhi  bocame?  =: 

KBxKAxCE  +  KA^xCX.     CEwas  called 

.  4r,  the  Root  of  the  fquaug^i,  KA  vtu  =»>  KB  = 

J-.,  and  CX  =z  — .     Thefe  being  fubftltuted  i&ftead 

.  cf  C  E,  K  A,  KB,  and  CX,  there  will  arifc  x^  =  f  jr 
•4.  r,  or  *'  ^  J  ;r  -— r  =s  o,  the  Equation  lo  be  con- 
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]|[lrt]Aed ;  when  y  ^d  r  are  Negative,  K  A  and  KB  hav- 
ing been  taken  on  the  fame  Side  of  the  Point  K,  and  the 
aftirmative  Foot  being  in  the  greater  Segment  CGK. 
TThij  is  one  Cafe  of  the  Conftruftion  to  be  demonflrated. 
Draw  KB  on  the  contrary  Side,  that  is,  let  its  Sign  be 

changed,  or  the  S*gn  of -i-,  Of,  which  is  the  fame  Thing, 

the  Sign  of  the  Term  p  and  there  will  be  had  the  Con- 
ftruflion  of  the  Equation  *3  -f  ry  ;r  —  r  =  o.  Which  is 
Jhe  other  Cafe,  In  thefe  Cafes  CX,  and  the  affirmative 
Root  C  E,  fall  towards  the  fame  Pai-ts  of  the  Line  A  K. 
Let  ex  and  tte  negative  ROot  fall  towards  the  fame  Parts 

when  the  Sign  of  CX,  or  of — ^,  or  (which  is  the  fame 

nn 

Thing)  the  Sign  of  r  is  changed;  and  this  will  he  the 
third  Cafe  ;r'  +  f  «•+  r  ==  o,  where  all  the  Roots  are 
Negative.     And  again,  when  the  Sign  of   KB,  or  of 

X,  or  only  of  ^,  is  changed,  it  will  be  the  fourth  Cafe 
n 

xi q  *•  -J.  r  =  o.      The  Conftruftions   of   all  thefe 

Orfes  may  be  ran  through,  and  particularly  demonftrated 
aftier  the  fame  Manner  as  the  firft  was.  We  having  de- 
monftrated one  Cafe,  thought  it  fufficientto  touch  fligbtly 
the  reft.  Thefe  arc  demonftrated  with  the  fame  W,ords, 
by  changing  only  the  Situation  of  the  Lines'. 

Now  Let    the  Cubic  Equation  ;irJ+^*'**+^=Oj 
whofe  third  Term  is  wanting^  he  to  he  conjlru^ed. 

In  the  fame  Figure  n  being  taken  of  any  Length,  take 
in  any  infinite  right  Line  AY,  KA  =  — and  KB=: 

V  and  take  them  oh  the  fame  Side  of  the  Point  K,  if  the 
Si'^ns  of  the  Terms  p  and  r  are  the  fame,  othcj-wife  on 
xontrary  Sides.     BifeA  B  A  in  C,  and  from  the  Center 

'Kwich  the  Diftance  KC  dcfcribe  the  Circle  CXG. 
And  to  it  infcribe  the  right  Line  CX  etjual  to  n  the  af- 
fumed  Length.  Join  A  X  and  produce  it  to  G,  fo  that 
A  G  may  be  equal  to  A  K,  and  through  the  Points  K,  C, 
X,  G,  defcribe  a  Circle.  And,  laftly,  between  this  Cir- 
cle and  the  right  Line  KC,. produced  both  Ways»  in- 
2  fcribe 


482   THE  LINEAR  CONSTRUCTION' 

fcribe  the. right  Line  E  Y  =  A  C,  fo  that  teing  produced 
It  may  pafs  through  the  Point  G;  then  the  right  Line 
K  Y  being  drawn,  will  be  one  of  the  Roots  of  tho^  Equa- 
tion.. And  thofe  Roots  are  AfHrniativc  which  fall  on 
that  Side  of  the  Point  K,  on  which  the  Point  A  is  ori,  if 
r  is  Affirmative  ;  but  if  r  is  Negative,  then  the  aiBr* 
niatiye  Roots  fall  oh.the.CMtrary  Side^  And  \f\  the  af- 
*iirmative  Roots  fall  on  one  Side,  the  negative  fall  on  the 
other.  / 

This  Con3ru£lion  is  demonftratecl  by  the  Help  of  thi 
three  1  aft  Lemmas  after  this  Manner^. 

;  Byth  third  Lemmoy  B  Y^.  C  E,  K  A  arccontinual  Prof- 
portionals  ;  and  by  Lemma  I,  as  CE  is.to  K  A  fo  is  CX 
toKY:  Therefor^BYistoCEasCXtoKY.  Bt 
is=KY-KB.  TbereforeKY— KBistoCEffCX 
istoKY.  ButasKY  —  KBistOLCEfoisKY— Kb 
y.  K Y  to  C  E  X  K  Y,  by  Prop.  i.  Buok  6.  JSuc.  and  be- 
caufe  of  the  Proportionals  C  E  to  K  A  as  CX  to  K  Y  it  is 
CEX  KY=:KAXCX.  Therefore  ^T^TTTSx 
^^'^'^l^^^^^i^^^^  -"^ntoG^,  that  is) 
as  ri^  to  K  Y.  And  by  multiplying  the  Eitreajhs  and 
Meai''^  ^y  themfelves  KY— KBxKY^  becomes  =t 
I^^^  CXy;  that  ij^,  KYa»^^^KBx  KY^sr 
K^  A  X  G  .^  ^*  But  in  the  Conftrn^ion  K  Y  was  ;r  the 
Root   of  the   £<Juaiion,    KB  was  put   =r  />,  KA  =t: 

r      ^^^  ^  X  =  rf.     Write  therefibrc  a-,  /,  JL.,  and  n 
nn^  •  nn . 

for  KY,  KB,  iT'A,  r'-^d  CX  refpeaively,  and  .r'  ^p 
XX  will  become  =  r,  or  x^  ^pxx  —  rz=6. 

This  Confiruaion  m-V  be  refolved  into  thcfe  four 
Cafes  of  Equatic^ns,  x^-^f  xx-^r  =  o.  xZ—pxx 
4-  r  3C  o,  .Jf^  +  /►  A- ;?  r-  r  =  P>  ^nd  A-'  +  ^  A-  ^  -f  r  =:  0. 

The  firft  Cafe  I  have  already  demonftrated  ,-  the  rtik 
are  demonftrated  with  the  fame  Words,  only  chajJg«D| 
the  Situation  of  the  Lines.  To  wit^  as  in  takmg  K  A 
and  K  B  on  the  fame  Side  of  the  Point  K,  and  the  affir- 
mative Root  K  Y  on  the  contrary  Side,  has  already  pfoj 
duced  KY  ^/^^^-KB  XKV  ?  =  K A  X  P^Jj^/^fe 
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thenfce  x^  — pxx»^  r  =  o  ;  fo  bjr  taking  K  B  on  the' 
other  Side  the  Point  K  there  will  be  produced,  by  the  like 
Reafoning,  KYcuif  +  KB  )<KY  ^=  KA  xCX  ^^ 
and  thence  xZ^fixx-^—rz^iO.  And  in  thefc  two  Cafes» 
if  the  Situation  of  the  affirmative  Root  K  Y  be  changed^ 
by  takiiig  it  on  the  other  Side  of  the  Point  IC,  by  a  like 
Series  of  Atgument^cion.you  will  fall  upon  the  other  two 
Cafes,  KY  cube  +  K  B  X  KY  y  =  —  K  A  X  CX^, 
oir  *3  -I-  ^  ;t  *  -f  r  3:  o,  and  K  Y  cute  — K  B  x  K  Y  y 
=: -  K A-x CX^,  orx^'-'pxx  +  r  :=zo.  Which 
were  all  the  Cafes  to  be  demonftrated. 

Nbw  let  this  cubic  Equaiim  x^  -{^  p  x  x  -^qx-^-  i^  zz:^ 
he  pr^fedy  wanting  no  Term  (unle/s  perhaps  the  third). 
Which  is  conftruSed  after  this  Maimer  :  [S<;e  Fig.  97 
and  98.] 

Take  the  length  n  at  Pleafure.     Dra^r  any  right  Line 

GC=  l.y  and  at  the  Point  G  ere£t  a  Perpendicular GD 
a 

i=  ^Jl^  and  if  th'fc  Terms  p  ahd  r  have  contrary  Signs^ 

f 
from  the  Center  C,  with  the  Interval  C  D  defcnbe  a 
Circle  PB  E.  If  they  have  tjje  fame  Signs  from  the  Cen- 
ter D,  with  the  Space  G  G4  defcribe  an  occult  Circle, 
cutting  the  right  Line  G  A  in  H  ;  then  from  the  Center 
C,  .with  the  diftance  O  H,  defcribe  the  Circle  P  B  £« 

Then  make  G  A  =  —  i-  -=^  —  on  the  fame  Side  the 
n        nn 

Point  G  that  C  is  on»  provided  the  Quantity  —  ^ 

n        H  p 

(the  Signs  of  the  Terms  *,  q^  r^  in  the  Equation  to  bt 
conftrulted  being  well  oblerved)  Should  come  out  Affir- 
hiativc  J  othervlrife,  draw  G  A  on  the  other  Sdc  of  the 
Point  G,  and  at  the  Point  A  ereft  the  Perpendicular 
AY,  between  which  and  the  Circle  PBE  already  de- 
icribed,  infcribe  the  right  Line  E  Y  equal  to  the  Term  /f, 
fo  that  being  produced,  it  may  hafs  through  the  Point  G  ; 
Which  being  done,  the  Line  E  &  will  be  one  of  the  Roots 
irf  the  Equation  to  be  conftruficd.  Thofe  Roots  are 
li  '    Affir* 
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Affirmative  when  the  Point  E  falls  between  the  Points  G 
and  Y,  and  Negative»  when  the  Point  £  falls  witbout» 
if  p  is  Affirmative ;  and  the  contrary,  if  Negative. 

In  order  Co  demonftrate  this  Conftrudiioay  let  u»  pre- 
mife  tfae-.foHowing  Lemmas. 

Lemma    I. 

Let  EF  he  let  fall  perpendicular  U  AG,  and  tbe  rigbt 
LifieEC  be  drawn;  EGf+GCfis=ECf^.2C 
OF 

For  (by  Prep.  12.  Boot  2.  Elem.)  EG  ?  is  =  EC  f  + 
GC^  +  aQCF.  LetGC^beaddcd  on  both  Sides, 
and  EG  y  +  G C ^  will  become  =  E C  jr  +  2GCy  + 
2GCF.  BtJt2GC^+2GCFis=2GCxGC+CF 
=  2CGV.  Therefor«EG?+GC}=:ECj+2CGF. 
Q.  E.  D» 

Lemma    IL 

In  the  fif(fi  Cafe  of  the  ConftruStien^  where  the  CircU 
?BE  paffes  through  the  Point  D^  EGj  — GDf  iV  = 

ftCGr. 

For  by  the  frji  Lemma  EG^-|-GCy  is  =EC  j  + 
i3t  C  G  P,  and  by  taking  C  G  ^  from  both  Sides,  £  G  f  is 
=  ECf~GC^-4-2CGF*  But  EC^  — GCf  is 
csGDf— GCf  =  GDf.  Therefore  EGf^GDj 
-J- 2 C G F,  and  by  taking  GDq  from  both  Sides,  E G  j 
— GD^is:i:2CGF.    Q.  E.  D. 

Lemma    III. 

In  the  fecond  Cafe  of  the  Con/lruSiiony  where  the  Circle 
PBE  does  not  pafs  through  the  Point  t>j  EG^+GDf- 
.is=:2CGF. 

For  in  the  frjl  Lemma^  EGy  +  GCf  was  =EC^ 
-f  a  CGF.  Take  ECq  from  both  Sides,  and  it  be- 
comes EG?+ GCj—ECy=2CGP.  B«tGCi=: 
t)  H,  and  £  C  =:  C  P  =:  Ct  H.  Therefore  G  C  q—ECj 
:;=;DH«— GH?s=GDf,andfoEGj+GDy=i2CGF. 
.Q.  E.  D. 

Lemma 
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Lemma    IV. 

GYxaCGFu  =  aCGxAGE. 

For  by  reafon  of  the  fimilar  Triangles  GEF  and 
GYA,  as  GF  is  to  GE  fo  is  AG  to  GY,  that  is, 
(by  Prap.  i,  Bwk  6.  £lem.)  asaCGxAGistoaCQ 
XG  Y.  Let  the  Extreams  and  IVIeans^e  multiplied  by 
themfelves,  and  2CGxGYxGF  bftomes  —  2 C G 
XAGxGE.    Q.  E.  D. 

Neta,  ty  the  Help  »f  thtje  Lemmas,  ihe  CtnftruOion  of 
the  PriAltm  may  bt  thus  demonftrattd. 

In  theory?  Cafe,  EG  j  — GDf  is  =  2CGF  (by 
Lemma  a.)  and  by  multiplying  all  by  GY,  EG^X 
GY  —  GD  J  X  6  Y  becomes  =  2CGFxGY 
r=  (by  Lemma  4.)  2  CGxAGE..  Inftead  of  GY 
write  EG  +  EY,  and  EG««.-f  EYxEGf—GDy 
xEG— GDfXEY  becomes  =2CGAxEG,  or 

EGf«*.  -f-EYxEGj— GDf  — 2CGAXEG  — 
GDyxGDfxEY=o. 

In  the  fattid  Cafe,  EG  y-f-  GDfi8  =  4CGF(by 
I«mma  3.)  and  by  multiplying  all  bv  GY,  EGf  xG  Y 
+GDfxGY  becomes  =  2CGFxGY  =  2CGx 
AGE,  by  Lemma  4.  Inftead  of  GY  write  EG  + 
EY,  and  E  G<**.  H-EYxEGj-l-GDjxEGH- 
GDyxEY  will  become=2CGAxEG,  orEGoji. 

+EYxEGfH-GDff— 2CGAxEG  +  GDtfX 
EY  =  o.  ' 

But  the  Root  of  the  Equation  EG  was  called  «■,  GD 
sv'— ,EY=^  2CG  =  ii,  andGA=— 1— 1-, 

diat  b,  in  the  firft  Cafe,  where  the  Signs  of  the  Terms  ^ 
ahd  r  arc  different ;  but  in  the  fecond  Cafe,  where  the 
Sign  of  one  of  the  two,  p  or  r,  is  changed,  there  is  — 

J  +  1-,  saG  A.     Lei  therefore  E  G  be  put  =  ;r, 
li  2  GD  = 
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GD^v'— ,   EY=:^,    2CG  =  «,    andGA=  — 

P 

-i-jL ,  and  in  the  firft  Cafe  it  will  he  x^  J.  a  a«  -4« 

n       np 

J+-L. ^X-*— ^"=03   thatis,  *3+^jr*  +  fjr  —  r 

•    P       P  - 

=  0}  but  in  the  Jitond  Cafe,  *^+^J«fJf+y+^ — w— _«. 

P         P 
X;r-j-r=o,  cHat   is,  jr' +^A»  +  ^^  +  r^=:o.  There- 
fore in  both  Cafes  £  G  is  the  true  Value  of  the  Root  x. 
.  Q.E.D. 

But  either  Cafe  may  be  difiinguiflied  into  its  feveral 
Particulars;  as  the  former  into  thefe,  *' +^Jr* -|- ^;e 
—  r  =  0,  x^J^-px^-^qx  —  r  =  o,  a5 — P^^-^-^^^r 
=  0,  Jip5— ^jf*  — f  jfH-r  =  o,  jr^H-^AT*  — r=:o>  and 
xi — ^x*4-''==^i  the  latter  into  thefe,  x^-^fx^  '\^qx 
-|-r=:0,  *»+^A'*  — ^*  +  r=:o,  jr' — px^^qx  —  r 
=  0,  ;r* — px^ — qx — r:=o,  jr^+^jr*4.r  =  o,  ^nd 
;rJ— ^jr*  — r  =  o.  The  Dcmonftration  of  all  which 
Cafes  may  be  carried  on  in  the  fame  Words  with  the 
two  already  demonftrated,  by  only  changing  the  Situa- 
tion of  the  Lines. 

Thefe  are  the  chief  Conftru£lions  of  Problems»  by  in- 
fcribing  u  riaht  Lioe  given  in  Length  fo  between  a  Circle 
and  a  righb  Lijie  given  in  Pofition»  that  the  infcribcd 
right  Line  produced  may 'pafs~  through  a  given  Point. 
And  fuch  a  right  Line  may  be  infcribed  bydefcribing 
the  Conchoid  of  the  Antients,  of  which  let  that  Point, 
through  which  the  right  Line  given  ougnt  to  pafs,  be  the 
Pole,  the  other  right  Line  given  in  Pofition  be  the  Ruler 
or  Afymptote,  and  the  Interval  be  the  Length  of  the 
infcribed  Line.  For  this  Conchoid  will  cut  the  Circle 
in  the. Point  E,  through  which  the  right  Line  to  be  in- 
fcribed muft  be  drawn.  But  it  will  be  fufficient  in  Prac- 
tice to  diaw  the  right  Line  between  a  Circle  and  a  right 
Line  given  in  Poiition  by  any  mechanic  ^ethod. 

a  But 


O  F    E  Q,U  A  T  I  O  N  S.  487 

"But  in  thefe  Conftruftions  obferve,  that  the  Quantity 
n  is  undetermined,  and  left  to  be  taken  at  Pleafure,  that 
the  Conftruftion  may  be  more  conveniently  fitted  to 
particular  Problems.  We  (hall  give' Examples  of  this 
in  finding  twro  mean  Proportionals,  and  in  trife&ing  an 
Angle. 

Let  X  ani  y  he  two  mean  Proportionals  to  befovnd  between 
a  and  b.  Becaufe  a^  Xj  y,  b  are  coocinual  t^roportionals^ 
tf»  will  be  to  ;if*  as  x  to  b^  therefore  *'  =«  <? ^,  or  «•»  — 
aab^zo.  Here  the  Terms p  and  q  of  the  liqUatibn  are 
wanting,  and-^^tf  i  is  in  the  room  of  the  Term  r; 
therefore  in  the  firft  Form  of  the  Conflru<^ions,  where 
the  right  Line  EY  tending  to  the  given  Point  K,  is 
drawn  between  other  two  right  Lines  EX  and  Y  C 
given  in  Pofition,  and  the  right  Line  C  X  fuppofed  = 

^—  that  is  z=!L  "^         »  let  n  be  taken  equal  to  a^  and 
n  n  n  n 

then  C  X  will  become  =:  —  i.     From  whence  the  fol- 
lowing Conftru£lion  comes  out.     [See  Fig.  99.J 

I  draw  any  Line,  K  A  r=  ^,  and  bife£l  it  in  C,  and 
from  the  Center  K,  with  the  Diftance  K  C,  defcribe 
the  Circle  C  X,  to  which  I  infcribe  the  right  Line 
C  X  =  i)  and  between  A  X  and  C  X,  infinitely  produced, 
1  fo  infcribe  E  Y  =  C  A,  that  E  Y  being  produced,  may 
pais  through  the  Point  K.  So  K  A,  X  Y,  K  E,  CX 
will  be  continual  Proportionals,  that  is,  X  Y  and  KE 
two  mean  Proportionals  between  a  and  b.  This  Con- 
ftrudion  is  JcAOwn.     [See  Fig.  loo.J 

3ut  in  the  other  Form  of  the  Conftru£lions,  where 
the  right  Line  E  Y  converging  to  the  given  Point  G  is 
infcribed  between  the  Circle  QECX  and  the  nght 

Line  A  K,  and  C  X  is  z;;:  —  ^  t}iat  is,  (in  this  Problem) 

n  u 

—  "^      -,  I  put,  isbeforr,  »  =  /r,  and  then  CX  will 


nn 
bp ;;;:  b^  and  the  reft  »ip  done  as  follows.    [See  Figure 
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I  dx9Sf  any  right  Line  K  A:=za,  and  h'lkSt  it  in  C, 
and  from  the  Center  A,  "with  the  Diflance  AK>  I  de-* 
fcribe  the  Circle  KG»  to.  vi^iich  I  infcribe  the  right  Line 
KG  zzi  2 hy  conftituting  the  IfofceUs  Triangle  A  X  G. 
Then,  through  the  Point»  C,  K,  G,  1  defcribe  the  Circle, 
between  the  Circumference  of  .which  and  the  right  lAn% 
AK  produced,  I  infcribe  the  right  Line  E  Y  =  CK 
tendingto  the  Point  G.  Which  being  done,  AK,  £C« 
JCY,  f  K  G  are  continual  Proportionals,  that  is,  EC 
and  K  Y  ^re  two  mean  Proportionals  between  the  giyeii 
Quantities  a  and  b. 

Let  there  be  an  Angle  to  be  divided,  into  three  eaual  Parts  % 
[Sec  Figure  102.]  and  let  that  Angle  be  A  Co,  and  dtt 
Parts  thereof  to  be  found  be  ACD^  E  CD,  and  EC  B. 

Prom  the  Center  C,  with  the  Diftance  C  A,  let  the 
Circle  ADEB  be  defcribed,  cutting  the  right  Line$ 
CA,  CD,  CE,  CB  in  A,  D,  E,  B.  Let  AD,  D?E, 
EB  be  joined,  and  AB  cutting  the  right  Lines  CD, 
C  E  at  P  and  H,  and  let  D  G,  meeting  AB  in  G,  be 
drawn  parrallel'to  CE.  Becaufe  the  Triangles  CAD, 
ADF,  and  DFG  are  fimilar,  CA,  AD,  DF,  an4 
FG  are  continual  Proportionals.     Therefore  if  AC  b( 

=  <?,  and  AD=;f,  DF  will  be  equal  toi^  and  FQ 

a 

=JL,    ButABis-BH+HG  +  FA— GF=3AD 

aa  ,       ^ 

—  CFziiSA- ^,    Let  ABbe^i,  thpnibccomcf 

a  a 

s3<^*^ ,  OTjr?  — :3i?tfjf -f^^^^o.      Here*,  the 

a  a- 

fecoiid  Term  of  the  Equation,  is  wancitig,  and  inftead 
of  q  and  r  we  have  —  3  ^^7  and  a  ab^  Therefore  in  th^ 
firlt  Form  of  the  Conflruftions,  where  p  was  s=  o,  K  A 

;;=«,  KB=X^  andCX=JU  that  is,  in    this  Pro* 
n  nn 

bl^m,  K  B  =1  -1^,  and  C  X  =  —,    that    thcfc 
n  nn 

Quantities 
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Quantities  may  come  out  as  fimple  as  poffible,  I  put 
ff  =r  a,  and  fo  K  B  becosies  n;  —  3  ii,  and  C  H  :=  i. 
Whence  this  CortftruQUn  of  the  Problem  comes  out. 

Draw  any  Line,  K  A  :=:  <?,  and  on  the  contrary  Side 
make  K  B  s  3  «.  l&ee  Figure  103.]  Bifea  B  A  in  C, 
and  from  the  Center  K,  with  the  Diftance  KC,  de-i 
fcribe  a  Circle,  to  which  infcribe  the  right  Line  C  J( 
=  h^  and  the  Line  A  X  being  drawn^  between  that  iftfi- 
nttely  produced  and  the  right  Line  CX,  infcribe  the 
rightLine  £  Y=:  AC)  and  fo  that  it  being  produced» 
will  pafs  through  the  Point  K.  So  X  Y  will  be  =s  x. 
But  (fee  the  lad  Figure)  becaufe  the  Circle  A  D  £  B  s 
C  X  A^  and  the  Subtenfs  A  B  =r  Subtenfe  C  X,  and  the 
Parts  of  the  Subtenfes  B  H  and  X  Y  are  equal ;  the  An- 

fles  AC  B,  and  C  KX  will  be  equal,  as  alfo  the  Angles 
;CH,  XKY;  andfo  the  Angle  XKY  will  be  one 
third  Part  of  the  Angle  C  KX.  Therefore  the  tl^ird 
Part  XKY  of  any  given  Angle  CKX  is  found  by  in- 
fcribing  the  right  Line  £  Y  =  A  C  the  Diameter  of  the 
Circle,  between  the  Chords  C  X  and  A  X  infinitely  pro- 
duced, and  converging  towards  K  the  Center  of  the 
Circle. 

Hence,  if  from  K,  the. Center  of  the  Circle,  you  let 
fall  the  Perpendicular  K  H  upon  the  Chord  C  X,  the 
Angle  H  K  Y  will  be  one  third  Part  of  the  Angle 
H  K  X ;  fo  that  if  any  Angle  H  K  X  were  given,  the 
third  Part  thereof  HKY  may  be  found  by  letting 
fall  from  any  Point  X  of  any  Side  KX,  the  Line  HX 
perpendicular  to  the  other  Side  HK,  and  by  drawing 
X£  parallel  to.HK,  and  by  infcribing  ihe  right  Line 
YErczXK  between  XH  and  X  t,  fo  thdc  it  b^ing 
produced  may  pafs  through  the  Point  K.  Or  ihu^. 
{See/yp/r^  104.] 

Ket  iny  Angle  A  X  K  be  ^iven.  To  one  of  its  Sides 
A  X  raife  a  Perpendicular  X  H,  and  from  anv  Point  K 
of  the-other  Side  X  K  let  there  be  drawn  the  Line  KE, 
the  Part  of  which  EY  (lying  between  the  Side  AX 
produced,  and  the  Perpendicular  X  H)  is  double  the  Side 
I  i  4  XK, 
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XK,  and  the  Angle  K£A  will  be  one  third  of  the 
given  Angle  A  X  iC  Again,  the  Perpendicular  £  Z  be- 
ing raifed,  and  K  F  being  drawn,  whofe  Part  Z  F,  be- 
tween  E  F  and  £  Z,  let  be  double  to  K  E,  and  the  An- 

Srle  K  F  A  will  be  one  third  pf  the  Angle  K£  A ;  and 
6  you  may  go  on  by  a  continual  Trife&ion  of  an  Aogia 
ai  infinitum^  This  Method  is  in  the  32d  Frop^  gf  the 
4th  Book  of  Pappm. 

4 

But  if  you  would  irifiii  an  Angle  by  the  other  Form  of 
Conftru£iions^  where  the  right  Line  is  to  he  infpriM  bittoeem 
another  right  Line  and  a  Circle  :  Here  alfo  will  K  B  be  z=i 

JL^  and  C  X  =  -^,  that  is,  in  the   Prohlem  we  are 
n  n  tt 

now  about,  KB  =  Hlff ,  and  C  X  =  —  ;  and  fo  by 

n  nn  ' 

putting  ff  =  tf,   KB  will  be  =  -^  3  ^,   and  C  X  =  ^* 

Whence  this  Cenfiruifion  comes  out. 

From  any  Point  K  let  there  be  drawn  two  right  Lines 
towards  the  fame  Way,  KAaE:<7,  and  KB  =  3^.  [&r 
Figure  10^]  Bife£l  A  B  in  C,  and  from  the  Center  A 
with  the  i>iftan|ce  A  C  defcribe  a  Circle.  '  To  which 
infcribe  the  right  Line  CX^i.  Join  AX,  and  pro- 
duce it  till  it  cuts  the  Circle  again  in  G.  Then  between 
this  Circle  and  the  r^ht  Line  KC,  infinitely  produced, 
infcribe  the  Line  Ey  =  AC,  and  paffing  through  the 
Point  G  'f  and  the  right  Line  E  C  being  drawn,  will  be 
equal  to  x  the  Quaif  tity  fought,  by  which  the  third  Part 
of  the  given  Angle  will  be  fubtended. 

This  Conftrudion  arifes  from  the  Form  above ;  which, 
however,  comes  out  better  thus :  Becaufe  the  Circles 
A  D  E  B  and  K  X  G  are  equal,  and  alfo  the  Si^btenfes 
,CX  and  AB,  the  Angles  CAX,  or  KAG,  and  ACB 
are  equal,  therefore  C  £  is  the  SubtenCs  of  one  third 
Part  of  the  Angle  K  A  G«  Whence  in  anv  given  Anrie 
KAG,  that  its  third  Part  C  A  E may  be  found,  infcribe 
the  right  Line  E  Y  equal  to. the  Semi-Diameter  AG  of 
the  Circle  KCG,  between  the  Circle  and  the  Side  KA, 


"•f     -  » I. 1^ .^..1  .11        -imty  I'laf^l 
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^the  Aogley  infinitely  produced,  and  tending  to  the 
Point  G*  Thus  Archimedes^  in  Lemma  8,  taught  to 
trifedl  an  Angle.  The  fame  Con^ruciions  ma^  be  more 
^aiily  explained  than  I  havje  done  here ;  but  in  thefe  I 
would  (hew  bow,  from  the  general  Conftru&ions  of  Pro- 
blems 1  have  already  explained,  we  may  derive  the  moft 
j^n^plie  Conftrudions  of  paruc^lar  Problerfis. 

Belides  the  Cop(lru£lions  here  fet  down,  we  might 
9dd  many  more,  [5#^Figi;re  lod.}  Js i/ (hf ly  were  two  m4aii 
Proportionals  to  be  found  between  a  and  b.     Draw  any  right 
Line  A  K  =  ^,  and  perpendicular  to  it  A  B  =:  a.     Bifed 
AK   in  I,  and  in  A  I^  put  A  H  equal  tp  the  Subtenfe 
B  1;  and  alfo  in  the  Line  AB  produced,  AC=  Sub- 
tenfe B  H.     Then  in  the  Line  A IQ  op  the  other  Side  of 
the  Point  A,  take  A  D  of  any  Length  and  D  £  equal  to 
it,  and  from  the  Centers  D  and  K,  with  the  Diilancet 
D  B  and  EC,  defcribe  two  Circles,  B  F  and  CG,  and 
between  ^em  draw  the  right  Line  FG  equal  to  the  right 
Line  A  I,  and  converging  at  the  Point  A,  and  A  F  will 
bie  the  fiiil  of  the  two  mean  ProportionfiU  that  were  to 
be  found. 

The  Antienta  taught  how  to  find  two  mean  Propor- 
tionals by  the  Cijfoid ;  but  no  Body  that  I  know  of  hath 
given  a^good  manual  Defcripcion  of  this  Curve.  [See 
Figure  107.]  Let  AG  be  the  Diameter,  and  F  the  Cen- 
ter of  a  Cijcle  to  which  the  CiJJiid  belopgs.  At  the 
^oint  F  let  the  Perpendicular  F  D  be  ereded,  and  pro- 
duced in  infinitum.  And  let  F  G  be  produced  to  P,  that 
F  P  may  b;*  equal  to  the  Diameter  of  the  Circle.  Let 
/the  rectangular  Ruler  P  E  D  be  moved,  fo  that  the  Leg 
£  P  ^ay  always  pafs  through  the  Point  P,  and  the  other 
Leg  E  u  muft  be  equal  to  the  Diameter  AG,  or  F  P, 
'  with  its  f  nid  D,  always  moving  in  the  Line  FD ;  and 
]the  naiddle  Point  C  of  this  Leg  will  defcribe  the  Cijjoid 
GCK  which  was  defired,  as  has  been  already  fhewn. 
Wherefore,  if  between  any  two  Quantities,  a  and  h^ 
there  be  two  mean  Proportionals  to  be  found  :  Take  A  M 
;=:  tf,  raife  the  Perpendicular  M  N  ::=:  A.  Join  AN;  and 
pove  the  Rule  P£  D,  as  was  juft  now  fhewn,  until  its 

^         Point 
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Point  C  fall  upon  the  right  Line  AN.  Then  let  fall 
C B  perpendicular  to  A r,  take  /to  B H,  and ^  to  B G, 
as  MN  is  to  BC,  and  becaufe  AB,  BH,  BG,  BC, 
are  continual  Proportionals,  a^  t,  v,  b  will  alfo  be  con- 
tinual Proportionals. 

By  the  Application  of  fuch  a  Ruler  other /olid  Problems  mery 

be  conJiruSfed. 

Let  there  "be  propofed  the  cubick  Equation  xl  +pxx 
J^HX — r  =  o;  where  let  J  be  always  Affirmative,  r  Ne-» 

gati\'e,  and  p  of  any  Sign.     Mike  A  G  =  — ,  and  hikBt 

it  in  F,  and  take  F  R  and  G  L  =  J-,  and  that  towards 

A  if  it  be  +  ^>  if  not  toward  <=  P.  Moreover,  crcft  the 
PcrpehUcular  FD,  ai)d  in  it  take  FQ=:^^;  to  this  cred 
alfo  the  Perppndicuhr  C^C.  -  And  in  the  Leg  E  D  of  the 
Ruler,  take  E  D  and  E  C  refpectivcly  equal  to  A  G  and 
A  R,  and  let  the  Leg  of  the  Ruler  be  applied  to  the 
Scheme,  fo  that  the  Point  D  may  touch  the  right  Line 
FD,  and  the  Point  C  the  right  Line  Q^C,  then  if  the 
Parallelogram  B  Q^be  complcated,  L  B  wjll  be  the  fought 
Root  X  oV  lbs  Equation.  « 

Thus  far,  I  think,  I  have  expounded  the  Conftruc-* 
tion  of  folid  Problems  by  Operations  whofe  manual 
Prui5iice  is  moft  fimple  and  expeditious.  So  the  Antients» 
after  they  bad  obtained  a  Method  of  folving  thcfc  Pro- 
blems by  a  Compofition  of  folid  Places,  Slinking  the 
ConftrucSions  by  the  conic  Seftions  ufeiefs,  by  reafoii 
©f  the  Difficulty  of  defcribing  them,  fought  caficr  Con<- 
ftruitions  by  the  Conchoid,  Ciflbid,  the  Extenfion  of 
Threads,  ^nd  by  anjj  Mechanic  Application  of  Figures, 
preferring  ufeful  Things^  though  mechanical,  to  ufeleA 
Speculations  in  Geometry,  as  we  learn  from  Papputf. 
•So  the  great  Archimedes  himfelf  negleAedtheTrifeiSian 
of  an  Angle  by  the  conic  Seflions,  which  had  ^beeh 
handled  by  other  Geometricians  before  him,  and  taught 
bow  to  trifc6l  an  Angle  in  his  Lemmas  after  the  Me- 
I  tnod 
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thod  wis  have  already  explained.  If  the  Antients  had 
rather  confirudk  Problems  by  Figures  not  received  In 
Geometry  in  that  Time,  how  much  mo#e  ought  thefe 
Figures  now  to  be  preferred  which  are  received  by  many 
mto  Geometry  as  well  as  the  conk  Sedions  ? 

However,  I  do  not  agree  to  this  new  fort  of  Geome- 
tricians,  who  receive  all  Figures  iato  Geometry.  T*heir 
Rule  of  admitting  ail  Lines  to  the  Conftruflion  of  Pro-  * 
blems  in  that  Order  in  which  the  Equativ,ns,  whereby 
the  Lines  are  defined,  afcend  to  the  Numbir  of  Dimeo* 
fions,  is  arbitrary,  tind  has  ro  Foun^titit^n  iu  C^oriiciry, 
Nay»  itisfalfej  for  accofuii^g  to  this  Rule,  tlw  «^ircj^ 
fhould  be  joined  with  the  conic  Sections,  but  a*!  vjeo- 
metersjoin  it  with  the  right  Line;  and  this  being  a»  i-i- 
conftant  Rule,  takes  away  the  Foundaxion  ot  Ti'mit»'  ;g 
into  Geometry  all  analytic  Lines  in  a  cr..:\.u  ():  r. 
In  my  Judgment,  no  Lines^iight  to  be  admitttrJ  to 
plain  Geometry  befides  the^ight  Line  and  the  Ciale, 
unlefs  fame  Diftinction  of  Lines  might  be  firft  invr  .,  d, 
by  which  a  circular  Line  might  be  joined  with  a  right 
Line,  and  fcparated  from  an  the  reft,  put  truly  p^  ii^ 
Geometry  is  not  then  to  be  augmented  by  the  Number 
of  Lines':  for  all  Figures  are  plain  that  arc  aduiitted 
into  plain  Geometry,  that  is,  thofe  which  the  Geome- 
ters poftulate  to  be  defcribed  ia  piano ;  and  every  plain 
Problem  is  that  which  may  be  conftrufled  by  plala 
Figures.  So  therefore  admitting  the  conick  Sedions,an4 
other  Figures  more  compounded  into  plain  Geometry, 
all  the  folid  and  more  than  folid  Problems  ths^t  can  be 
conftru£ted  by  thefe  Figures  will  become  plane.  But  all 
plane  Problems  are  of  the  fame  Order.  A  right  Line  if 
analytically . more  fimple  than  a  Circle;  neverthelefa. 
Problems  which  arc  conftrudted  by  right  Linos  alone, 
and  thofe  that  are  conftru6ted  by  Circles,  are  of  the  fame 
Order.  Thefe  Things  being  poftulated,  a  Circle  is  re^ 
duced  to  the  fame  Order  witn  a  right  Line,  And  much 
more  the  Ellipfe,  which  differs  much  lefs  from  a.Circlc 
than  a  Circle  from  a  right  Line,  by  poftulating  in  like 
manner  the  Defcription  th&xtof  in  pUmoy  will,  be  reduced 
to  the  fame  Order  with  the  Circle.    If  any,  ijn  confi- 

fidering 
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ferine;  the  Ellipfe,  fhould  fall  upon  fome  folid  Problem, 
^d  mould  conftrud  it  by  the  Help,  of  the  fame  EUipft, 
and  a  Circle  ;  tbia  would  be  counted  a  plane  Problem, 
becaufe  the  Ellipfe  was  fuppofed  to  be  defer ibed  tnplano^ 
and  all  the  Conftrudion  b4fid.es  will  be  folved  by  the  De- 
fcription  of  the  Circle  oniy.  W^^erefore  for  the  fame 
Reafon,  eyeiy  •plane  Problem  whatever  may  be  ron- 
ftrufted  by  a' given  EUipfe.  For  Example,  [Sei  Fkui» 
Ip8.]  if  the  Center  O  of  the  given  Ellipfe  A  D  F  G  be 
required,  I  would  draw  the  two  Parallels  A  B,  C  I> 
meeting  the  Ellipfe  in  A,  B,  C,  D ;  and  alfo  two  other 
l^arallels  E  F,  G  JJ  meeting  the  Ellipfe  in  E,  F,  G,  H^ 
And  I  would  biijsfl  them  in  I,  K,  L,  M,  and  produce 
1  K,  L  M»  .till  they  qieet  49  P.  This  is  a  real  Con- 
ftrudion  of  a  plane  Problem  ,by  ^P  Ellipfe.  It  imports 
nothing  that  an  Ellipfe  is  ;^naly;tic9lly  defioed  by  an  E- 
quation  of  two  Dimeniiofis :  nor  that  ijt  b^  generated 
geometrically  by  tbeSeaiop  of  a  folid  Figure.  The 
Hypothefis,  only  confiderine  it  as  already  defcribed  19 
fumoj  reduces  all  folld  Problems  conftruded  by  it  to  the 
Order  of  plane  ones,  and  concludes,  that  all  plane  ones 
may  be  rightly  conftVuiSed  by  it :  and  this  is  the  State 
of  a  Pofimate.  Whateve;*  mav  be  fuppofed  done,'  it  i$ 
permitted  to  aiTume  it,  as  alreaciy  done  and  giveo^  There- 
fore let  this  be  a  Poftulate  to  defcribe  an  £II.ipfe  in  plano^ 
and  then  all  thofe  Problems  that  can  be  conftru£ted  by 
anfllipfe,  maybe  reduced  to  the  Order  of  plane  ones^ 
^d  all  plane  j'roblems  may  be  conftru^ed  by  ibe  £U 
iipfe. 

It  is  neceflkry  therefore  th^t  either  plane  and  folid 
Problems  be  confounded  among  one  another,  or  that  all 
Lines  be  flung  out  of  plane  Geometry,  befides  jthe  righ^ 
Line  and  the  Circle,  vnlefs  it  happens  tha^  fometime 
ibme  other  is  given  in  the  State  of  cooftruding  fome 
Problem.  But  certainlv  none  will  permit  the  Orders  of 
Problems  ,to  foe  confufea.  Therefore  the  conick  ^e^ions 
and  all  other  Figures  muft  be^aftoutof  plaiie  Qeometry, 
except  the  right  Liiie  and  tl^e  Circle,  and  thofe  which 
happen  to  be  given  in  the  State  of  the  Problems.  There- 
fore all  (hefe  Defcriptions  of  the  Qomck^inflatu^  wbici) 
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the  Moderns  are  fo.  foncT  of,  are  foreign  to  Geometry:* 
Neverthelefsy  the  conick  Se^ions  ought  not  to  be  Pung; 
out  of  Geometry.  They  indeed  are  not  defcribed  geo<» 
metrically  in  plam,  but  are  generated- in  the  plane  Super- 
ficies of  a  geometrical  Solid.  A  Cone  is  cdnftituted  geo-/ 
metrically,  and  cut  by  a  geometrical  Plane.  Such  a 
Segment  of  a  Cone  is  a  geometrical  Figure^  and  has  the 
fame  Place  in  folid  Geometi^,  as  the  Segmqdt  of  a  ' 
,  Circle  has  in  Plane,  and  for  this  Reafon  its  Bafe^  which 
they  cM  a  conick  Se<3ion»  is  a  geometrical  Figure* 
Therefore  a  conick  SeSion  hath  a  Place  in  Geometry  (o^ 
far  as  it  is  the  Superficies  of  a  geometrical  Solid  ;  but  isf 
geometrical  for  no  other  Reafon  than  that  it  is  generated 
oy  the  Sedion  of  a  Solid,  and  therefore  was  not  in  former 
Times  admitted  but  only  into  folid  Geometry.  But 
fuch  a  Generation  of  the  conick  Sedions  is  difficult,  and 
generally  jufelefs  in  Practice,  to  which  Geoi^etry  ought 
to  be  moil  ferviceable :  therefore  the  Antients  betook 
themfelves  to  various  mechanical  Defcriptions  of  Figures 
in  piano  I  and  we,  after  their  Example,  have  framed 
the  preceding  ConftruAions.     Let  thefe  ConftruAions  ' 

be  mechanical ;    and  fo  the  Conftrudions  by  conick     '  ^ 

Sedfons  defcribed  in  piano  (as  is  wont  now  to  oe  done) 
are  mechanical.  Let  the  Conftru&ions  by  conick  Sec- 
tions given  be  geometrical ;  and  fo  the  ConftruSions  by 
any  otner  given  Figures  are  geometrical,  and  of  the  famo 
Order  with  the  Conftrudions  of  plane  Problems.  There 
is  no  Reafon  that  the  conick  Sefiions  jQiould  be  preferred 
in  Geometry  before  any  other  Figures,  unlefs  fo  far  as 
they  are  derived  from  the  Sedion  of  a  Cone  }  they  being 
altogether  unferviceable  in  Pradice  in  the  Solution  of  Pro- 
blems. But  leaft  I  ihould  wholly  negled  ConftruSionsi  by 
the  conick  Se£tions,  it  will  be  proper  to  fay  fomething 
concerning  them,  in  which  alfo  we  will  confider  fomt 
commodious  manual  Defcription* 

The  Ellipfe  is  the  mod  fimple  of  the  conick  Sedions, 
moft  known,  and  neareft  of  Kin  to  a  Circle,  and  e^tfieft 
defcribed  by  the  Hand  in  piano.  Many  prefer  the  Para-» 
bola  before  it,  for  the  Simplicity  of  the  Equation  by 
which  it  is  exprefled.    But  by  this  Reafon  the  Parobola 

Qugbt 
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ought  to  be  preferred  before  the  Circle  itfelf,  which  it 
never  is :  therefore  the  reafoning  from  the  Simplicity 
of  the  Equation  wilt  not  hold.  The  modern  Geometer^ 
are  too  fond  of  the  Speculation  of  Equations.  The  Sim- 
plicity of  thefe  is  of  an  analytic  Confideration.  We  treat 
of  Compofition,  and  Law^are  not  given  to  Compodtion 
from  Analyfis.  Anafyfis  does  lead  to  Compofition  :  But 
it  is' not  true  Compofition  before  Its  freed  from  Analyfis. 
If  there  be  never  fo  little  Analyfis  in  Compofition,  that 
Compofition  is  not  yet  real.  Compofition  in  itfelf  is  per- 
k&y  and  far  from  a  Mixture  of  analytick  Speculations* 
The  Simplicity  of  Figures  depend  upon  the  Simplicity  of 
their  Genefis  and  Ideas,  and  it  is  not  an  Equation  but  » 
Defcription  (either  ecometrical  or  mechanical)  by  which 
a  Figure  is  generated  and  rendered  more  eafy  to  the  Con- 
ception. Therefore  we  give  the  EHipfe  the  firft  Place, 
ind  ihall  now  fhew  how  to  conftrudl  Equations  by  it. 

•  Let  there  be  any  cubich  Equation  propefedj  x'  =  px*  + 
ox  -f"  f»  '^here  p,  q,  and  ^jignifv  given  Co-efficients  of  the 
lermscfthe  Equation ^  with  their  ^igns  -f-  and^—^  arid  either 
of  the  Yerms  p  andq,  6r  both  dfthem^  may  be  wanting»  For 
A>  We  fhall  exhibit  the  Conftrudions  of  all  cubick  £qua« 
tions  In  one  Operation,  which  follows : 

From  the  Point  Bin  any  given  right  Line,  take  any 
two  right  Lines,  B  C  and  BE,  on  the  fame  Side  the 
Point  B,  and  alfo  B  D,  fo  that  it  may  be  a  mean  Propor- 
tional between  them.     [See  Figure  109V]  And  call  fiC, 

n,  in  the  fame  right  Line  alfo  take  B  A  =::  S^j  and  that 

n 
towards  the  Point  C,  if  —  y ,  if  not,  the  contrary  Way. 
At  the  Point  A  ereft  a  Perpendicular  A  I,  and  in  it  take 

AF:^:*,  FG=nAF,  FisrJL,  andFHto  FlasBC 

nn 

is  to  B  E.  But  F  H  and  F I  are  to  be  taken  on  the  fame 
Side  of  the  P9int  F  towards  G,  if  the  Terms  ^  and  r  have 
the  fame  Signs ;  and  if  they  have  not  the  fame  Signs,  to- 
wards the  Point  A.  *  Let  the  Parallelograms  I A  C  K  and 
and  HAEL  be  compleated,  and  from  the  Center  K,  with 
the  Dlftance  K  G,  let  a  Circle  be  defcribed.    Then  in 

the 
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the  Line  HL  let  there'be  taken  HR  on  either  Side  the  Point 
H,  which  let  be  to  H  L  as  B  D  to  BE  ;  let  G  R  be 
drawn»  cutting  E  L  in  S,  and  let  the  Line  G  RS  be  moved 
with  its  Point  R  falling  on  the  Line  H  L,  and  the  Point 
S  upon  the  Line  EL,  until  its  third  Point  G  indefcribing 
the  EUipfe,  -meet  the  Circle,  as  is  to  be  feen  in  the  Pofi- 
tion  of  yo(r*  For  half  the  Perpendicular  >X  let  fall  from 
y  the  Point  of  meeting  to  A  E  will  be  the  Root  of  the  E- 
quation.  But  O  or  y  the  End  of  the  Rule  G  R  S,  or  y  ^er, 
can  meet  the  Circle  in  as  many  Points  as  there  are  poffi-» 
ble  Roots.  And  thofe  Roots  are  affirmative  which  fall 
towards  the  fame  Parts  of  the  Line  E  A,  as  the  Line  F I 
drawn  from  the  Point  F  does,  and  thofe  are  negative 
which  fall  towards  the  contrary  Parts  of  the  Line  A  E  if 
r  is  affirmative  j  and  contrarily  if  r  is  negative. 

But  this  Conftru£lion  is  demonftratedhy  the  Help  of  the 
following  Lemmas, 


Lemma    L 

All  being  fuppofed  as  in  the  Conftruifton^  2  C  A  X  —  AX  f 


IS 


=  yXj— 2AlXyX+2AGxFL 


For  from  the  Nature  of  the  Circle,  Ky^— CX^isr* 
yX  — AI|\  ButKyfis  =  GIy  +  ACj,andCX^=: 
AX— ACI^   thatis,  =AXy--2CAX  +  ACj,  and 

fo  their  Difference  G I  ^  +2 C AX-  AX q  is  mylC— AI|a 
cryXy— aAIXyX+AIf.  Subtraft  GIf  from  both. 
ftnd  there  will  remain  2C  AX  — AX;=:yX^— 2AI 
Xy  X  +  A f  f  —  G I y:  But  (by  Prop.  4.  Book  2.  Elem.) 
AIyis=  AGy-f-iAGH-GI^  and  fo  Aly  — 
GIji8=sAGf+2AGI,  that  is,  =  2AGxJaG+GI^ 
Or  =:2AGxFI,  and  thence  2CAX— AXjis  = 
vXy-2AlXyX^2AGxFL    Q.ED. 


Lemma 
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Lemma    II. 

-////  Tiings  betng^onftruHed  as  above  2  £  A  X  — A  Xqis 
S=^Xyy-lOAHxXy+2AGxFI. 

F«r  It  is  known,  that  the  Point  y,  bjr  thfc  Motion  of 

the  Ruler  y^o-affigned  above,  defcribes  an  Elliple,  the 

Center  whereof  is  d  and  the  tw6  Axes  coincide  with  the 

two  right  Lines  L  E  arid  LH,  of  Which  that  which  is  in 

LEi8  =  2y^,   or  ZI2GR,   and  the  other  which  is  in 

LHis=:2  7<r,  or=:2GS,     Afid  the  Ratio  of  thefe  to 

one  another  is  the  fame  as  tha«:  of  the  LineH  R  to  the  Line 

HL,  (ir  of  the  Line  B  D  to  the  Line  BE.     Whence  thd 

Lotus  Trtmfverfum  is  to  the  principal  Lotus  Re£ium^  as 

B  E  is  to  B  C,  or  as  F 1  fe  to  F  H.     Wherefore  fince  y  T 

is  ordinacely  applied  to  HL,  it  will  be  from  the  Naturd 

F I 
of  the  EUipfe  G  S  q —  L  Ty = -—-  T  y  fquared^      But 

LT  i8=:AE— AX,  andTy  =  Xy— AH.  Let  thtf 
Squares  of  which  be  put  initead  of  LT^  and  Ty^,  and 
then  GSj—AEj-h2EAX—AXf  will  Become — 

?ixXy?— 2AHxXy-|-AHy.  ButGSy— AE^ 
rH 

=\y  H-f-LS  I  *,  becaufe  G  S  is  the  Hypothcnufe  of  s 
i^dangled  Triangle  the  Sides  whereof  are^  equal  to  A  E 
and  G H-f-LS,  And  (by  reafon  of  the  fimilar  Triangles 
llGH  andRSL)L.SistoGHasLRistoHR,  and 
by  Compofition G  H  -{-  L S  is  toGHas  H  L  is  to  H  R, 
sind  by  fquaring  the  Proportions  C  H  +  L  Sh  is  to  GHf 
as  H  L  7  is  to  H  R;,  that  is,  (by  Conftruction)  as  B  E  ^ 
is  to  BD^,  that  is,  as  BE  is  to  BC,  or  as  FI  is  to 

FI 
F  H,  and  fo  GH  +  L S|« is  =p^ G  H  q.     Thcrcforo  * 

GSj-AEjis  =  ^GHy,  and  folio  H,  +  a 

EAX-AXy=ygX  Xy,-2AHxXy  +  AH,. 

Subtraft 
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F  I 
Subfrad  .—-GHf  from  both  Sides^  and  there  will  re- 

mainaEAX— AXj  =  |IxXyy  — 2AHxXy  + 

AH^  — GHj.  ButAHi8  =  AG  +  GH,andfoAH^ 
=  AGf+2AGH  +  GHf,  and  by  fubtraaing  GH^- 
from  both,  there  will  remain  AHy— GH^  =  AGy  + 
aAGH,  thit  Is,  =2AGxiAG  +  GH  =  2AGx 

FH,  and  therefore  2EAX  —  AXyi8=L^xXyj— 

ftAHxXy  +  2AGxFH,  that  is.  ^|;^Xyj-p:^ 
AHxXt-f-2AGxFL    QjED* 

L  B   M  M  A    ^11. 

JO  Things  Jlanding  as  before^  AX  will  be  to  X  y  — 
AGasXyistoaBC. 

,  For  if  from  the  Equals  in  the  feconi  Lemma  there  be 
fubtra&ed  the  Equals  in  t\it  firfi  Lemma^  there  will  remaia 

2CEXAX=9iXyy~^AHxXy  +  2AlxXy. 

Let  both  Sides  bef  riiultiplied  by  F  H,  and  2  F  H  X  C  E  X 
AXwinbecomc  =  HIxXyy— 2FIxAHxXy  + 
2AIxFHxXy,  But  Alis=:HI  +  AH,  and  fo 
2FIx  AH  — 2FHxAI  =  2FIxAH-.2FHA  — 
2FHI•  .But2FIxHA-.2FHA=2AHI,  and2AHI 
~2FHI=2HIxAF.  Therefore  2FIXAH—2FH 
XAl  =  2HIxAF,  andfo2FHxCExAX  =  HIx 
Xyj— 2HIX  AFxXy.  And  thence  as  H  I  is  toFH, 
fois  2CExAXtoXyj  — 2AFxXy.  But  by  Con- 
ftrudion  H I  is  to  F  H  as  C  E  is  to  B  C,  and  confequent* 
ly  as  2CExAX]s  to2BCxAX,  and  therefore  iBC 
X  A  X  will  be  =  Xy  J  -  A  Fx X y,  (by  Pr^p.  9,  Book  5, 
EUm.)  But  becaufe  the  Redangles  are  equal,  the  Sides 
arc  proportional,  AXtoXy — 2AF,  (that  is,  Xy— » 
AG)asXvisto2BC.    Q^E.D. 

K  k  Lemma 
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L  £  M  M  A     IV* 

The  farm  Things  being  JlUl  fuppofedy  2FI  is  UAX-^ 
2AB  as  Xy  is  to  2BC. 

For  if  from  the  Equals,  in  the  third  Lemmay  to  wie^ 
iBCxAXrzXyj— 2AFxXy,  the  Eqnals  in  the 
frji  Limma\x.  fubtraded,  there  will  remain -«- 2  A  B  X 
AX  +  AXy=:2FIxXy— lAGxFI,  thatis,AXx 
AX— 2AB  =  2FIxX7  — AG.  But  bccaufc  the 
ReAangles  are  equal,  the  Sides  are  proportional,  2FI  is 
to  AX— 2ABas  AXls  to  Xy — AG,  that  is,  (by the 
third  Lemma)  as  Xy  is  to  zB  C.    Q.  J£.  D. 

At  lengthy  by  the  Help  ofthefe  Lemmas^  the  Cenftru^Hcnof 
the  Problem  is  thus  demonjtrated. 

By  the  fourth  Limmay  X  y  is  to  2  B  C  as  2  F I  is  to 
AX— 2AB,  that  is,  (by  Prop,  i.  Book  b.  Elem.)  as 
2BCX2FI  is  to  2BCXAX— zAB,  or  to  2BCX 
AX  — 2BCX2AB.  But  by  the  thirdLemma^  AX 
istoXy  — 2  AFasXy  isto2BC,  or2BCxAX  = 
^yq  —  2  A  F  X  Xy,  and  confequently  Xy  is  to  2  B  C  as 
2BCX2FI  is  toXyj  — 2AFxXy  — 2BCX2AB. 
And  by  multiplying  the  Means  and  Extreams  into  them* 
felvcs,  Xyf«*,— 2AFxXy^  — 4BCxABxXy  = 
SBCjxFI.  Andby  adding  2  AFxXyf  +  4BCx 
ABxXytDbodiSidesXyrtf^.iss2AFxXy;  +  4BC 
xABxX+8BCfXFI.  But  4:Xo^  in  the  Conftrudioa 
to  be  demonftrated  was  equal  to  the  Root  of  the  Equa- 

tion=A',  and  AF=^»  fiCsii,  AB=-^andFI=s 

n 

JL,  and  therefore  B  C X A B=  9.    And  BC;XFI  =  n 

nn 

Which  being  fubftituted,  will  inake;r3  zzpx*+jx^r^ 

Q,E.  D. 

Corol.  Hence  if  A  F  and  A  B  be  fuppofed  equal  to  no* 
thing,  by  the  third  and  fourth  Lemmoy  2  F I  will  be  to  AX 
as  A  X  is  to  Xy,  and  Xy  to  2B  C.   From  whence  arifes 

Ike 
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the  Invention  of  two  mean  PropoTtionah  between  any  two 
given  Quantities»  FI  and  B  C. 

'Scholium*  Hitherto  I  have  only  expounded  the  Conftruc<* 
tion  of  a  cubick  Equation  by  the  Eilipfe ;  but  the  Rule  is 
of  a  more  uoiverfal  Nature,  extending  itfelf  indifferently 
to  all  the  conick  SeiElions.  For,  if  inftead  of  the  Eilipfe 
you  would  ufe  the  Hyperbola,  take  the  Lines  B  C  and  B  £ 
on  the  contrary  Side  of  the  Point  B,  then  let  the  Points 
A,  F,  Gy  I,  H,  K,  L,  and  R  be  determined  a»  before^ 
except  only  that  F  H  ought  to  be  taken  on  the  Side  of  F 
jiot  towards  I,  and  that  H  R  ought  to  be  taken  in  the 
Line  A I  rtot  in  H  L,  on  each  Side  the  Point  H,  and  in-^ 
i^ead  of  the  right  Line  G  R  S»  two  other  right  Lines  are 
to  be  drawn  from  thci  Point  L  to  the  two  Points  R  and  R 
for  Afymptotes  to  the  Hyperbola.  With  thefe  Aivmptotea 
L  R,  L  R  defcribe  an  Hyperbola  through  the  Point  G» . 
and  a  Circle  from  the  Center  K  with  the  Diftance  G  K : 
And  the  halves  of  the  Perpendiculars  let  fall  from  their 
Interfedioos  to  the  right  Line  A  E  will  be  the  Roots  of 
thie  Equation  propofed.  All  which,  the  Signs  -f-  and  — - 
being  rightly  changed,  are  demonftrated  as  above. 

But  if  you  would  ufe  th^  Parabola,  the  Point  E  will 
be  removed  to  an  infinite  Diftance,  and  fo  not  to  be  taken 
any  where,  and  the  Point  H  will  coincide  with  the  Point 
F,  and  the  Parabola  will  be  to  be  defcribed  about  the 
Axis  H  L  with  the  principal  Lotus  Redfum  B  C  through 
fbe  Points  G  and  A,  the  Vertex  being  placed  on  the  fame 
Side  of  the  Point  F,  on  which  the  Point  B  is  in  refpedl  of 
the  Point  C. 

Thus  the  Conftruftions  by  the  Parabola,  if  you  re- 
gard analytick  Simplicity,  are  the  moft  fmiple  of  all; 
Xhofe  by  the  Hyperbola  next,  and  thofe  which  are  folved 
by  the  Eilipfe,  nave  the  th^rd  Place.  But  if  in  defcribing 
of  Figures  the  Simplicity  of  the  manual  Operation  here- 
IpeiEled,  the  Order  muft  be  changed. 

But  it  is  to  be  obferved  in  thefe  Conftruflions,  that  by 
the  Proportion  of  the  principal  Lotus  Return  to  the  Lotus 
Tronfverfumy  the  Species  of  the  Eilipfe  and  Hyperbola 

K  k  2  may 
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may  be  determined,  and  that  Proportion  is  the  fame  a^ 
that  of  the  Lin.es  B  C  and  B  E,  and  therefore  may  be  af- 
fumed :  But  there  is  but  one  Species  of  the  Parabola^ 
which  is  obtained  by  putting  B  £  infinitely  long.  So 
therefore  we  may  conftru£t  any  cubick  Equation  by  a- 
conick  Sedion  of  any  given  Species.  To  change  Figures 
given  in  Specie  into  Figures  ^:ven  in  Magnitude,  is  done 
by  encreafing  or  dimiiiilhing  in  a  given  Ratio,  all  the 
Lines  by  which  the  Figures  were  given  in  Specie,  and 
fo  we  may  conftru(Ei  all  cubick  Equations  by  any  given 
conick  Section  whatever..  Which  is  more  fully  explained 
thus. 

L€t  there  he  propofed  any  cuUck  Equation  x'  r=  p  x  x.  q  x.  r^ 
to  conJiruSi  it  by  the  Help  of  any  given  conick  Se^ion.  £Scc 
Figures  no  and  iii.J 

From  any  Point  B  in  any  infinite"  right  Line  BCEf 
take  any  two  Lengths  BC,  and  BE  towards  the  fame 
Way,  if  the  conick  Sedion  is  an  Ellipfe,  but  towards 
contrary  Ways  if  it  be  ^n  Hyperbola.  But  let  BC  be  to 
B  £  as  the  principal  Lotus  Return  of  the  given  Se^ion,  is 
to  the  Latus  Tranfuerfum^  and  call  B  C,  n,  take  B  A  =3 

-t ,  and  that  towards  C,  if  q  be  negative,  and  contrarily 
n 

if  affirmative.     At  the  Point  A  ere<ft  a  Perpendicular  A  I, 

and  in  it  take  AF=/>,  and  FG  =  AFi  and  FI=5 

— .     But  let  F  I  be  taken  towards  G  if  the  Terms  p  and 

n  n 

r  have  the  fame  Signs,  if  not,  towards  A.  Then  make 
as  FH  is  to  F 1  fo  is  BC  to  BE,  and  take  this  FH  from 
tl)e  Point  F  towards  I,  if  the  Se&ion  is  an  Ellipfe,  but 
towards  the  contrary  Way  if  it  is  an  Hyperbola.  But  let 
the  Piirallelograms  I A  C  K  and  H  AE  L  be  compleated^ 
and  all  thefe  Lines  already  defcribed  transferred  to  the 
given  conick  Scdlion  ;  or,  which  is  the  fame  Thing,  let 
the  Curve  be  defcribed  about  them,  fo  that  its  Axis  or 
principal  tranfverfe  Diameter  might  agree  with  the  right 
Line  L  H,  and  the  Center  with  the  Point  L.  Thefe 
Things  being  done,  let  the  Line  K  L  be  drawn  as  alfo 
G  L  cutting  the  coaick  S^^ion  in  g.    In  L  K  lake  L  k^ 

which 
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^ich  let  be  to  L  K  as  L^  to  L  G»  and  from  the  Center 
i,  with  the  Diftance  ij-,  deiicribe  a  Circle,  From  the 
joints  where  it  cuts  the  given  Curve,  let  fall  Perpendi* 
cuiars  to  the  Line  L  H,  whereof  let  T  r  be  one.  Laftiy, 
towards  y  take  T  Y,  which  let  be  to  Ty  as  L  G  to  hg^ 
and  this  TY  produced  will  cut  A  Bin  X,  and^XY 
iTirill  be  one  of  the  Roots  of  the  Equation.  But  thofe 
•  ^oots  are  afErmative  which  lie  towards  fuch  Parts  of 
A  B  as  F I  lies  from  F»  and  thofe  are  negative  which  lie 
on  the  contrary  Side,  ifr  is  •*!->  ^^  the. contrary  if  r 
is—. 

After  this  Manner  are  cubick  Equations  eonflruded 
by  given  Ellipfes  and  Hyperbolas  :  But  if  a  Parabola 
Ihould  be  given,  the  Line  B  C  is  to  be  taken  equal  to 
the  IfOtus  Reffum  itfelf.  Then  the  Points  A,  F,  G,  I, 
and  K,  being  found  as  above^  a  Circle  muft  be  dpfcribed 
from  the  Center  K  with  the  Diii-ance  K  G,  and  the  Para- 
bola mufl  be  fo  applied  to  the  Scheme  already  defcribed, 
(or  the  Scheme  to  the  Parabola)  that  it  may  pafs  through 
the  Points  A  and  G,  and  its  Axis  througn  the  Point  F 
parallel  to  AC,  the  Vertex  falling  on  the  fame  Side  of 
the  Point  F  as  the  Point  B  falls  of  the  Point  C ;  thefe 
being  done,  if  Perpendiculars  were  let  fall  from  the 
Points  where  the  Parabola  interfefts  the  Circle  to  the 
Line  BC,  their  Halves  will  be  equal  to  the  Roots  of  the 
Equation  to  be  conftruded. 

And  take  Notice,  that  where  the  fecond  Term  of  the 
Equation  is  wanting,  and  fo  the  Lotus  Return  of  the  Pa- 
rabola is  the  Number  2,  the  Conftru6lion  comes  out  the 
fame  as  that  which  Dej  Cartes  produced  in  his  Geometry, 
with  this  Difference  only,  that  thefe  Lines  are  the  double 
pf  them. 

This  is  a  general  Rule  of  Conftrui^ions.  But  where 
particular  Problems  are  propofed,  we  ought  to  confult  the 
moft  fimple  Forms  of  Conltrudions.  For  the  Quantity 
/f  remains  free,  by  the  taking  of  which  the  Equation 
may,  for  the  moft  part,  be  rendered  more  fimple.  One 
^xample  of  which  1  will  give. 

K  k  3  Let 
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Let  ther«  be  given  an  Ellipfe,  and  let  there  be  twm 
mean  Proportionals  to  be  found  between  the  given  Linei 

a  and  b.    Let  the  firft  of  them  be  Xy  and  a.x  .  — .  i  will 

a 

be  continual  Proportionals,  and  (oab  :z--9  or  x^scaaim 

-a 

is  the  Equation  which  you  muft  conftrud.     Here  die 

Terms  p  and  q  are  wanting,  and  the  Term  rzzaatj  aiid 

therefore  B  A  and  A  F  are  =:  o,  and  F I  is  s=  ^^.  That 

nn 

the  laft  Term  may  be  more  fimple,  let  n  be  aiTumed  zizap 
and  let  FI  be  =i:^.  And  then  the  Conftrudion  will  b$ 
thus : 

From  any  Point  A  in  any  infinite  right  Line  A  E  [See 
^Figure  ii2.]  take  AC  =  <7,  and  on  the  fame  Side  of  the 
Point  A  take  A  C  to  A  E  as  the  principal  Latus  Return  of 
the  Lllipfe  is  to  the  Latus  Tranfvnfum,  Then  in  the  Per- 
pendicular A I  take  A I  s:  ^,  and  AH  to  AlasACto 
A  £.  Let  the  Parallelograms  I A  C  K,  H  A  £  L  be  corn- 
pleated.  Join  L  A  and  L  K.  Upon  this  Scheme  lay  the 
given  Ellipfe,  and  it  will  cut  the  right  Line  AL  in  the 
Pointy.  Make  L^  to  LICasL^toLA*  From  the 
Center  i,  with  the  Diftance  Agy  defcribe  a  Circle  cutting 
the  EUipfe  in  y.  Upon  A  £  let  fall  the  Perpendicular  y  X» 
cutting  H  L  in  T»  arfd  let  that  be  produced  to  Y,  thai 
T Y  may  be  toTy  as  LA  to  Lg.  And  fo  J  X  Y  will 
be  equal  to  x  the  firft  of  the  two  mes^i  Proportion's^ 
Q,  E.  L 
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Of  the  Methods  by  which  you  may  approximate  to 
the  Roots  of  numeral  Equations  by  their  Limits ; 
and  to  the  Roots  of  literal  Equations  by  the  Me- 
thod of  Series. 

By  COLIN  MACLAURIN. 

jQp.  TT^HEN  any  Equation  is  propofedu  benfolvidjfirji 
^^  jjnd  the  Limitf  oftbt  Roots  {by  N».  264)  as  for 
Example,  if  the  Roots  of  the  Equation  Jif*— ^i6*4-SS 
;=o  are  required,  you  find  the  Linrits  are  o,  8»  and  i?^ 
by  N*.  267  ;  that  is,  the  leaft  Root  is  ))etw^en  0  and  5» 
and  the  greateft  between  8  and  17. 

In  order  to  find  the  firft  of  the  Roots,  I  confider  that 
if  I  fubftitute  0  for  *  in  at» —  i64r  4-  55,  the  Refult  is  po- 
fitive,  viz,  -f-  S5>  and  confequently  any  Number  betwixt 

0  and  8  that  gives  a  poficive  Refult,  muft  be  lefs  than  the 
leaft  Root,  and  any  Number  that  gives  a  negative  Re- 
fuJt,  muft  be  greater.  Since  o  and  8  are  the  Limits,  I 
try  4,  that  is,  the  Mean  betwixt  them,  and  fuppofing 
;r  =  4,  4f* — i6;ir+'5S  =  l6"-64  +  SS  =  7>from  which 

1  conclude  that  the  Root  is  greater  than  ±.  So  that  now 
vrt  have  the  Root  limited  between  4  and  8.  Therefore  I 
next  try  6,  and  fubftituting  it  for  x  we  find  ^*  — i6Ar  -f^ 
55=36  —  06  +  55=: — 5$  which  Refult  being  nega-i^ 
five,  I  conclude  that  6  is  greater  than  the  Root  required, 
which  therefore  is  limited  now  between  4  and  6.  And 
fubftituting  5,  the  Mean  between  them  in  place  of  at,  I 
find  Jif*— 16* -I- 55  =  25  —  8o-{-55  =  Oi  and  confe* 
fluently  5  is  the  leaft  Root  of  the  Equation.  After  the 
^une  Manner  jou  willdifcover  11  tq  be  the  greateft  Root 
pf  that  Equation* 

Thus  by  dimimjhing  the  greaterj  or  inereejmg  the  lejfir 

Limit f  you  may  Mfcover  the  true  Root  when  it  is  a  commenfu* 

rable  Quantity.     But  bv  proceeding  after  this  Manner ^  when 

jofi  have  two  Limits,  the  one  greater  than  the  Root,  the  other 

K  k  4  UJer, 
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lejfer^  that  differ  jfrom  om  another  but  by  unit^  then  ypu  majr 
fondude  the  Koot  is  incommenfurabU.  ^ 

Wfi  fnay  however^  by  continuing  the  Operation  in  FraSims^ 
approximate  to  it.  As  if  the  Equation  propofed  is  jr»— ^^r 
-f.  7  =  o,  if  we  fuppofe  at  =  2,  the  F<€fu!t  is  4  —  12  -|-  7 
:= —  I,  which  being  negative,  and  the  Suppofition  of 
A-=  o  giving  a  pofitive  Refult,  it  follows  that  the  Root  is 
betwixt  o  and  2.  Next  we  fuppofe  *  sz:  i  j  whence x^  — 
6*'-}-7==i  —  64-7  =  + 2,  which  being  pofitive,  we 
iitfer  the  Root  is  betwixt  i  and  2,  and  confequently  in- 
commenfurable.     In  order  to  approximate  to  it,  we  fiip- 

pofcAfz:  i{,  and  find;tf»6*'  +  7  =  2i  —  9+7^  — j  and 

this  Refult  being  pofitive,  we^  infer  the  Root  muft  be 
betwixt  2  and  i  ^.      And  therefore  we  try   i  -J.,  and  find 

ID       4  '^ 

which  is  negative ;  fo  that  we  conclude  .the  Root  to  be 
betwixt  i|: and  14..  And  therefore  we  try  next  i|,  which 
giving  alfo  a  negative  Refulc,  we  conc'ude  the  Root  is 
betwixt  li  (ox  i\)  and  i|.  We  try  therefore  1^.%,  and 
the  Refult  being  pofitive,  we  conclude  that  the  Root 
mud  be  betwixt  ItV  a^nd  i|^,   and  therefore  is  nearly 

301.  Or  you  may  approximate  more  eafily  by  trcmsf arming 
the  Equation  propofed  into  another  whofe  Roots  fiall  be  equal  t& 
10,  100,  or  1000  Times  the  Roots  of  the  former  {by  246I 
and  taking  the  Limits  greater  in  the  fame  Proportion.  Tht$ 
Transformation  is  eafy  ;  for  you  are  only  to  muuiply  the  fecond 
Term  by  10,  lOO,  or  looc,  the  third  Temi  by  their  Squares^ 
the  fourth  by  their  CubeSy  &c.  The  Equation  of  the  laft 
Example  is  thus  transformed  jnto  ;ir«— 600^^+70000=0, 
ipirhofe.  Roots  are  100  Times  the  Roots  of  the  propofe^ 
Equation,  and  whofe  Limits  are  100  and  2oo»  Proceed- 
ing as  before,  we  try  150,  and  find  x^  6oojc  +  70000  == 
22500  —  900CO  +  70000  =  2500,  fo  that  150  is  Icfs  than 
the  Root.  You  next  try  175,  which  giving  a  negative 
Refult  muft  be  greater  than  the  Root:  and  thus  proceeding 
you  find  the  Root  to  be  betwixt  138  and  159 :  from  which 
:         "  foi 
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you  infer  that  the  Icaft  Root  of  the  propofed  Equation 
;r'—  6  x+jzpo  is  betwixt  i  .58  and  i .  59,  being  the  hun- 
dredth Part  of  the  Root  of  jf*—  6oo4f  +  70OCO  =  o. 

If  the  cubic  Equation*'— 15**  + 63^?- 50=0  Is  pro* 
pofcd  to  be/efolvjed,  the  Equation  of  the  Limits  will  be 
(by  267)  3x*  —  30;r+ 63  =  0,  or  **— 10*  ,+  21  =0, 
whofe  Roots  are  3,  7  ;  and  by  fubftituting  o  for  x  the 
Value  of  *J— 15^*4-63^?  —  56  is  negative,  and  by  fubfti- 
tuting 3  for  ;f,  that  Quantity  becomes  pofitive,  *•=  i  gives 
it  negative,  and  *  =  2  gives  it  pofitive,  fo  that  the  Root 
is  between  i  and  2,  ,and  therefore  incommenfurabie.  You 
may  proceed  as  in  the  foregoing  Examples  to  approximate 
to  the  Root.  But  there  are  other  Methods  by  which  you  may 
do  that  more  eafily  and  readily  \  which  we  proceed  to  ex- 
plain. 

302.  iVhenyou  have  difcovered  the  Value  of  the  Root  to  lefs 
than  an  Unit  [as  in  this  Example^  you  know  it  is  a  little  above 
l)fuppofe  the  Difference  betwixt  its  real  Value  and  the  Nunt" 
her  that  you  have  found  nearly  equal  to  iV,  to  be  reprefented  by 
f  J  as  in  this  Example.  X»  x  =  I  +  f.  Subjiituti  this  Value 
for  X  in  this  Equation^  thus^ 

x3=:    1+  3f+  3^  +  ^ 

—  iSx*  =  — 15— Sof-^^Sf* 
+  63X  =   63  +  63f 

—  S3  =  —  50 

xi  — i5x*-4-63x— 50  =  — i-i-36f— i2f»HTf3=o. 

Now  becaufe  f  is  fuppofed  lejs  than  Unity  its  Powers  f»,  f», 
maybe  negleSiedin  this  Approximation  \fo  that  ajfuming  only  the 

twofirji  Terms,  we  have—i  +  36^=0,  or  {  z=:  — =1.027; 
/0  that  X  will  be  nearly  i .  027. 

You  may  have  a  nearer  Value  ofxby  conjidering^  that  feeing 
.—  14-  36f —  I  if*  +  f':=o,  it  follows  that 

f^ ? (by  fubftituting  —for  f)  nearly  z=: 

'"36— 12f+P    ^^^    ^         ^  3(> 

^  =  J«=-^=. 02803. 
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Bui  the  Value  of  (may  he  correSied  and  determined  mare  ac* 
pirately  hyfuppojmg  g  to  be  the  Difference  betwixt  its  real  Vabu^ 
and  that  which  we  lajl  found  nearly  equal  to  it.  So  that 
/ss  .  02803  +g.  Then  by  fubftituting  this  Value  far  J' 
in  th€  Equation/'— 12/»  +  36/—  i  =0,  it  will  Aand 
aa  follows^ 

/3^    o.ooooiioftft€-4- 0.00*3  ^7£^-o.oS409£s«|*^  3  ^ 
•-ll/^as—  .00942S16    —  p.67i7»r  — ii£«  I 

+56/ ea    100908         +3«*  f  =  ^ 

—   1     s— I. ^ J 

a»-o.ooo3»6i374+  353*9^371  —  "•9»9S^*+^*  =0. 

Of  which  the  firft  two  Terms,  negleding  the  reff,  give 

35-3^9637  Xf  =0.0003261374,  and  ;  =  .£^2^i|g 

35-3*9637 
520.00000923127.     So  that /=0.02803923127;    and 

#f=  I  +/=1.02803923127}  which  is  very  near  the  true 
Root  of  Equation  tl^at  was  propofed. 

If^ill  a  greater  Degree  of  ExaRnefi  is  required^  MH*  ^ 
equal  to  the  Difference  betwixt  the  true  Value  of  g,  emd  that 
we  have  already  foundry  and  proceeding  as  above  you  may  corre& 
the  Value  of^% 

For  another  Example  \  let  the  Equation  to  be  refolved 

be  «1  —  2Jr—-  5  =r  o,  and  by  fome  of  the  preceding  Mcr  I 

thods  you  difcover  one  of  the  Roots  to  be  between  2  and  3^  { 

Therefore  you  fuppofe  jt  =:  2  -{-/,  and  fubfiftuting  fl][^  I 

Value  for  it,  you  find  I 

*J=      8  +  i2/+6/*+/i7 
2Jif  =r  —  4. 
—   5  =  — S 


—  2*  =  —  4—  2/  >  =0 

—  c  =—5  3 


=  -i  +  io/+6/*+/n 

from  which  we  find  that  1  o/ir  i  nearly,  or/sso.  i.  Then 
to  correft  this  Value,  wc  fuppofe  /=  o.  1  -f-^,  and 
find  "" 
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/»=  o.ooi-l-  0.03^+0.3^+/*; 

6/«ss  '0.06  4"   i'ig4-^'S* 

10/  s=  1.      + 10. 

=  0.061  +  ii-22g  +  p-3t + i'» 


I 


fo  that  p'ss — ^ — I  =  —0.0054. 
11.23 

Then  by  fuppofing  gt^z — •0054  -|-  *>  you  may  cof  t$€t 
its  Value,  and  ypu  will  find  that  the  Root  required  is 
liearly  2.09455147. 

It  is  mt  onfy  one  Root  of  an  Equation  that  can  he  obtained 
hjthis  Method^  hut^  by  making  ufe  of  the  other  Limits^  you 
'may  difcover  the  other  Roots  in  the  Jame  Manner.  The  E- 
quation  of  301,  x'— 15**  +  63*'  —  50  ss  0,  has  for  its  Li» 
mits  o,  3,  7,  50.  We  have  already  found  the  leaft  Root  to 
be  nearly  1,018039.  If  it  is  required  to  find  the  naiddle 
Root,  you  proceed  in  the  fame  Manner  to  determine  its 
peareft  Limits  to  be  6  and  7 }  for  6  fubftituted  for  x  gives 
a  pofitive,  and  7  a  negative  Refult.  Therefore  vou  may 
fuppofe  x=:6-|-/,  and  by  fubftituting  this  Value  forx 
in  that  Equation,  you  find/'  +  3/*~  9/+4  =  o>  fo 

that/=  il  nearly.    Or  fincc  /ir 1- — -,  it  is  (by 

lubftfttttlng  ±  for/)/=r i— --  =t  |21,   whence  # 

9  9  — *-fJ       605 

—  6  +r-^  nearly.    Which  Value  may  ftill  be  corredcd 

as  in  the  preceding  Articles.  After  the  fame  Manner 
you  ma^  approximate  to  the  Value  of  the  higheft  Rocft 
of  the  Equation. 

303.  In  all  thefe  Opefotionsy  you  will  approximate  feoner 
to  the  Value  of  the  Rjooty  if  you  take  the  three  laji  Terms  oftho 
Equation^  am  extras  the  Root  of  the  quadratic  Equation  con» 
fifting  of  thefe  three  Terms. 

llius,  in  N«  30a,  inftcad  of  the  two  laft  Terms  of 

jhc  Equation/»— 12/*  4-36/*— i  =0,  if  you  take  the 

I  three 
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ihrce  laft  and  t^inSt  the  Root  of  the  quadratic  12/»— • 
36/+ 1  =0,  you  will  find/=: .028031,  Vhich  is  much 
nearer  the  true  Value  than  what  you  difcover  by  fuppofiog 
36/— I=Q, 

It  is  obvious  that  this  Method  extends  to  all  Equa- 
tions. 

304.  By  ajfuming  Equations  affeSfii  with  general  Cteffi* 
elentSy  you  may^  by  this  Jlfethod^  deduce  general  Rules  <r 
Theorems /or  approximating  to  the  Roots  ofprepofed  E^tuaims 
of  whatever  Degree^ 

Let/3  ^pf%^^f^rz:zo  reprefent  the  Equation 
by  which  the  Fraaion/is  to  be  determined,  which  is  to 
be  added  to  the  Limit,  or  fubtraded  from  it,  in  order  tp 
have  the  near  Value  of  x.    Then  j/— r=:o  will  give 

/=^-   Butfince/s    ^_^         .,  by  fubftituting iL 

for/,  we  have  this  Theorem  for  finding/ nearly,  viz. 

After  the  fame  Manner,  if  it  is  a  biquadratic,  by  which 
/is  to  be  determined,  as/* — ^/'H* ?/*— rf+ir^o 

then/being  very  little,  weihall  have/=  jLj  which  Va- 

r 

lue  is  correftcd  by  confidering  tbat/=r  ^ 

.(by  fudituting-  ^^f)=^_^^^^  whence wc 

r        r»      jrj 
have'this  Theorem  for  all  biquadratic  Equations 
y  _. r^xs 
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Other  Theorems  may  he  deduced  by  affuming  the  three  7erms 
^f  the  Equatien^  and  extra&ing  the  Root  of  the  Quadratic 
tvhUb  they  form. 

Thus,  to  find  the  Valac  of/ in  the  Equation/? — pf^ 
^qf — rszo  where/ is  fuppofed  to  be  very  little,  w€ 
negled  the  firft  Term/i,  and  extra£t  the  Root  of  the 

quadratic /y*—j/+r=:o,  or  of/*  — 4/*+— =0> 
^  J^ P 

and  we  Bndf=±V- 1+  il=  ^^  ^^'"^^^  nearly/ 

But  this  Value  of/ may  be  corrected  by  fuppofing  it 

equal  to  m,  and  fubftituting  m'  for  /3  in  the  Equation 

fl—pp\  qf^  rzsLOy   which  will  give  m»  —  pf*  +  qf 

—  r=3  o,  and  pf*  —  j/H-r  — »i'  =  os    the  Rcfo- 

lution  of  which  quadratic  Equation  gives 

/=  i±i££EiE±lZf!^  very  near  the  true  Value 

2p 

off. 

Afier  the  fame  Manner  you  may  find  like  Theorems  for  the 
Roots  of  biquadratic  Equations^  or  of  Equations  of  any  Di^ 
men/ion  whatever. 

305.  In  generaly  /r/  x»  +  p  x"-»+  q  x*-*  -|-  rx"— 3  +, 
iic,  •+■  A  =  o  reprefent  an  Equation  of  any  Dimenfions  n, 
where  A  is  fuppofed  to  reprefent  the  abfolute  known  Term  of 
the  Equation.  Let  k  reprefent  the  Limit  next  lefs  than  any  of 
the  RootSj  andfuppcfing  x  =  k  -f-  f >  fubftitute  the  Powers  of 
k  +  f  inftead  of  the  Powers  of  x,  and  there  will  arife  k-J-f* 
+  pXk  +  f'-i  +  qXk-+-f»--*4-rXk-+-f«--3,  l^c. 
-j-  A  =  o,  ^r  bylnvolution^  difpofmg  the  Terms  according  to  the 
Dimenfions  off  •  • 


k« 
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wbence  particular  Theorems  for  extraAiag  the  Rooti  of 
Equations  may  be  deduced. 

306.  "  By  this  Method  you  nm  difcover  Thioremsfor  ap* 

Jroximatingto  the  Roots  of  pure  rowers*"  as  to  find  the  is 
loot  of  any  Number  A 1  fuppofe  k  to  be  the  neareft  lefs 

Root 


it^   Roots  OF  NUMERAL  EQUATfONS 
Root  in  Integers,  and  that  i  +/  is  the  true'  Root,  then 
ihall  i«+  » k— •/+  «  X  ^^  k"-*/ S  (jTf.  =  A  i    and, 

A— i* 
afluming  only  the  two  firft  Terms, /=    ■  ■        :  or,  more 

nearly,  taking  the  three  firft  Terms, 

/= ttizh ,  and  (taking  ^=/3 

•^  2  •' 

r  ^  A—*»    . A—h 

«i—  +  ^"i-.X±I^~«i.-«  +^x  A=7. 
2  «if»—!  *    ai 

(putting  »1=  A— i»)  =  -i — ij--. }  fvbUb  is  a  ra* 

2 

thfial  Thicnmfor  approximating  to  f. 

Tou  may  find  an  irrational  Theorm  for  it^  by  ajfuming  the. 
tbru  firft  Terms  of  tbe  Power  of  i+/,  viz.  h+nk»-'*f 

+«x2ii*i— y*=A.   For»*»- i/+wx!!i:i*— v^ 

2  2 

rr A— *•=»!;  and  refoFving  this  quadratic  Equation, 


you  find/; 


=-^±y: 


2m 


«— «  «X«— lXil^*+— £1 


«— 1» 


^       t       /2m  «-—2»»  +  «^«^ 

/»  /i^  Application  of  thefe  Theorems^  when  a  near  Value  of 
f  is  obtained^  then  adding  it  to  k,  fiihftitute  the  Aggregate  in 
Place  $fi  in  the  Formula^  and  you  will^  by  a  new  Operation^ 
obtifin  a  more  corre^  Value  of  the  Root  required ;  and^  by  thus 
proceeding f  you  may  arrive  at  any  Degree  ofExa^fneJi. 

Tiul. 


BY  tHEIR  LIMITS  j,, 

^iThuB,  to  obtsun  the  cube  Root  of  a>  fitppofe  i=  i, 

^adyisz 2 \  =JL— 0.25.     InChelecond 

/4 


a 
Place»  fttpptffe  isi.  25»  and/ will  be  found  by  a  new 

Operation,  equal  to  0.0099219  and  confequendy^  ^^2  =s 
1.259921  nearly.    By  the  irrational  Theoiem,  the  tvm 

Value  it  difeorered  for  ^2« 


Li 


ft*        *  fi  ^'  k  o  o  T  s  o  r ' 

Qf  tbp  M«Hod  pf  Series  by  which  ywi  may  approxt^ 
mate  to  the  Roo^  of  iitcnil  Equations. 

^.    fl^  there ismlffwlMerty  Ttmin^  hdk$pn^^ 


by  the  Rules  already  given.     Mukiply  thejfe  Roots  by  a,  and  the 
Produ&s  will  give  the  Roots  of  the  f'ropofed  Equation* 

Thus  the  Roots  jf  the  Equation  V* —  i6  at +  55^0 
/  are  found,  in  N^.  30O9  to  be  5  and  ii.  And  therefore  the 
Roots  of  the  Equation  x^  —  i6^i;f+55i2»=  o,  will  be 
5 a  and  i\a.  The  Roots  of  the  Equation  x^-^-a^x  — 
2<73:=:oare  found  by  enquiring  what  are  the  Roots  of 
the  numeral  Equation  jt'  +  ^*"^  2  =  o>  ^"d  C^c^  one  of 
thefe  is  I,  it  follows  that  one  of  the  Roots  of  the  propofed 
Equation  is  a ;  the  other  two  are  imaginary. 

308.  If  the  Equation  to  be  refdved  involves  more  than  /to» 
Letters^  asx^^z^K  —  2aJ+ay  x  —  y3  =  o,  tbentbeValue 
of  X  may  be  exhibited  in  a  Series  having  its  Terms  compofoi  of 
the  Powers  of2L  and  y  with  their  refpe^ive  Coefficients  ;  which 
will^^  converge  thefoomr  the  lefs  y  is  in  reffeSi  of  a,  if  the  Terms 
are  continually  multiplied  by  the  Powers  of  y,  and  divided  by 
thofe  of2L.**  Or,  **  will  converge  the  fooner  the  greater  y  is  in 
refpe^ofz,  if  the  Terms  be  continually  multiplied  by  the  Powers 
$fZy  and  divided  by  thofe  o/"y."  Since  when  jr  is  very  lit- 
tle in  refpcS  of  a^  the  Terms  jr,  i.,  ^,  rL^  -L,  &c. 

a     a^    a^    a'* 

^ikreafe  very  quickly.    If  j  vanifli  in  refpefl  of  a^  the  fc- 
cond  Term  will  vanlfli  in   refpeft  of  the  firft,    fince 

^•^  :  y : :  y  :  a.     And  after  the  fame  Marnier^  vanilhef  ia 
tf  a* 

refpe^l  of  the  Term  immmediately  pireceding  it 

But 
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But  when  j  is  vaftly  gr^at  ia  refped  ef  a^  then  a  is 

Iraftly  great  in  rcfpeA  — ,  and  —  in  refpcft  of -- ;  fo  that 
y^         y  / 

the  Terms  tf,  ^»  -,  ^,  ~,   &c.  in  this  Cafe  decreaji 
y     y*    yS     y^ 

very  fwiftly.     In  either  Cafe»  the  Series  converge  furiftl/ 

that  confift  of  fuch  Terms  -,  and  a  few  Of  the  firft  T^rms 

will  givi»  a  near  Value  of  the^  Root  required. 

309-  IfaSeritsfor  xisrequtrtdfrom  the  propifed  Egua* 
iUn  that  jhall  (onvirge  thijQ^mr^  tmUfiy  is  in  reffiH  9f^\ 
H  find  tb^firji  Tirm  $/  this  Serin^  wtftfallfuppcfi  y  t»  vmijbi 
ond  exira^ing  thf  Root  $f  the  Equation  xt  +  a*X  -^  2  « »=:  o, 
€9hjifting  9f  the  remaimng  Parfs  of  the  Efnation  that  do  not 
vanijb  with  y,  we  find.  ly.  307,  that  x  7  a  1  tMch  is  the 
true  Value  of%  when  y  vanififes^  hut  is  only  near  its  Value 
Vfhen  y  dees  not  vanijhy  but  cnly  is  very  little.  To  get  a  Vabsi 
jfiiil  nearer  the  true  Velu^  of  x,  fuppofe  the  Difference  of  a 
from  the  true  Value  to  be  p,  or  that  x  ::^  a  -|^  p.  And  Juh^ 
Jiitutirig  a  +  p  I»  the  given  Equation  for  x,  you  willfind^ 


h 


+  a*x  zzai+    "P 
'  ^ia*-=i  —  2a' 

fl*jr+    apy — y^  1 

But  fincc,  by  Supppfition»  y  and  p  are  voy  little  in 
tcrpeft  of  ^,  it  follows  that  the  Terms  ^a^p^  a^y^  wh^rp 
V  and  p  are  feparately  of  the  leafi  DioDenfions,  are  ya^y 
great  in  refped  of  the  r^ft  ;  fo  th^t,  in  determining  a  near 
valueof  ^,  the  reft  may  be  ncgl^iSed  :  and  from  4«*^  + 
d^y^zOy  we  find  /  =  —  ^y.  So  that  ;rss«+^  zza 
—  i7>  nearly. 

Then  to  find  a  nearer  Value  (f  p,  and  eonfequently  of  x^ 
fuppofe  p  =  ^— ^y  +  q,  andfupjituting  this  Valuf  for  it  ia 
th£  iaft  Equation^  you  VjiUfindf 

L  1  a  /I 


5r8        T  H  E  R  o  o  r  s  a  r 
— /=-Jr' 

+  4^'?  3 

And  fince^  b^  the  Suppodtion,  f  is  very  little  in  refpeft 
ef  ^,  which  is  nearly  = — ^jr,  therefore  q  will  be  very 
little  in  refpedl  of  y ;  and  confequeatly  all  the  Terms  of 
the  laft  Equation  will  be  very  little  in  refped  of  thefe  two 
viz.  m^^ay%  +  4^*?9  where  y  and  q  arc  of  Icaft  Df^ 
menfions  feparately  :  particularly  the  Term  —  ^  ^J^  f  ** 
Iktle  in  refpe<5t  of  442'^,  becaufey  is  very  little  in  refpeA 
of  a  I  and  it  is  little  in  refpcft  of  -—  tV^A'V  becaufe  f  ii 
fittleiA  refped  of  y» 

Negfed  therefore  the  other  Terms,  and  fuppofing  -» 

r      ft* 
«V^/+4^^9==o>youwiilhave9=^-.X^  ;.   fo    that 

04     a- 

ir  =s tf  —  iy  +  -—X—.      Jnd  by  fr&ceeJing  in  ifi^  fame 
04     a 

Mamer  ym  wiUJlnJXszz^t^,^ ^1^+  f^^ 

.  4^64«     5iaa*    1638441» 

—i  &c, 

Jf  0.  fPhen  it  is  requind  Upni  a  Seriis  fir  x  thai  JbaS 
tOBVirge/oonery  the  gnatir  j  ts  in  refpeSt  tfany  Quantity  t^ 
yon  fuid  0dy  fuppofe  ^t$  hi  vnrylittUinrefpeH  ofyy  and  pr9^ 
did  by  the  fame  Keafoning  as  in  the  Iqft  Example  on  the  Suf' 
fojiunefy  being  i>ery  littU, 

Thus»  to  find  a  Value  for  x  in  the  Equation  «•>  •— -^i^jr 
4*  ^»  — y^zro  that  (hall  converge  the  fooner  the  greater 
/  is  in  refpeA  of  Oy*  fuppofe  a  to  vanilh,  and.  the  remain- 
ing Terms  will  give*'— y  »=s  o,  or  jr  =  y.  So  that  when 
J  is  vaflly  great,  it  appears  that  ;r  =ry  nearly. 

But 
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Sut  to  have  tbs  Value  of  x  more  accuratel/i  put  xzzy 
^  p3  then 


—  a*x  =  —  rf*^  — tf*^ 


!■■ 


+  ^f'+^yf' 

ivhere  the  Terms  3/*  +  ay^  become  vafily  greater  than 
the  reft,  y  being  viutly  greater  ^an  a  or  pi  and  Oonfe- 
quently  p  =:  — |  a  nearly. 

Again,  by  fuj^ofing ^=:  —  7  ^  +  ?» 7^^  ^^^  transform 
the  laft  Equation  into 

-^^'  +  3/f+3>?*  +  ^5l 

•  where  the  two  Terms  iqy^-^a^y  muft  be  vaftly  greater 
than  an-y  of  ifae  reft,  a  being  vaftly  lefs  than  y^  and  f 
.vaftly  leU  than  a  by  the  Suppofitionj  fo  that  Sfy*^-^a*y 

z^  o,  and  f  =:  —  nearly.'    By  proceeding  in  this  Manner^ 
you  may  corredlthe  Value  ofy,  and  find  that 

5Pi^hich  Series  converges  the  fooner  the  greater  y  is  fuppofed 
to  be  taken  in  refped  of  €• 

311.  In  the  Solution  of  the  firft  Example  thofe  Terms 
^ere  always  compared  in  order  to  determine  p^  q^  r,  &c. 
in  which  y  and  thofe  Quantities  p^  q^  r,  &c.^  were  fipO'^ 
rately  of  feweft  Dimenfions.  But  in  the  fecond  Exampkf 
thofe  Terms  were  compared  in  which  a  and  the  Quanti* 
ties  pj  q^  r,  &c.  were  of  leaft  Dimenfions  feparateljft. 
And  thefe  always  are  the  proper  Terms  to  be  compared 
together,  hccaufe  thev^ecome  vaftly  greater  than  the 
l^ft»  in  the  refpedive  Hypothefes. 

LI  3  Im 


J20  T  H  E    ROOTS    OP 

h  lenerd ;  U  detennine  thefirji;  tnr  any  Ttrm  in  the  Seria^ 
fucb  Terms  of  the  Equation  are  to  be  affumed  together  onfy^  as 
UfiU  be  found  to  become  vaftly  greater  than  the  other  Terms  ; 
ibatis^  which  give  a  Value  of  x,  which  fuhJRtutei  for  it  in 
all  the  Terms  of  Equation  Jhall  raife  the  Dimenftons  ef  the 
other  Terms  all  above,  or  all  behw,  the  Dintenftons  of  the 
affumedTerms,  accor^ng  as  y  isfupfofed  to  be  vafth  Uttlcy  or 
vaftly  great  in  reffeR  tf^ 

Thus  to  determine  the  £rft  Term  of  a  converging  Se- 
ries cxprcffing  the  Value  of  x  in  the  laft  Eqciatioa 
*r»-^V+«jr^— /  2s  o,  tb^  Twsi^ayx  and— y»  arc  not 

to  be  compared  together,  for  they  would  give*2=2L| 

a 
^hich  fiibftituted  for  *•,  the  Equation  becottics 

where  the  fifft  Term  is  more  Dittienfions  than  the  aHumed 
^^l^^  — >'  \  and  the  fecorrd  <rf  fewer :  fo  that  the 
tsRO  firft  Terms  cannot  be  neglefted  in  rcfpefi  of  the  two 
Li^  •  ^^^"  7  is  very  great  nor  v^ty  little,  com- 
pared wiA  a.  Nor  are  Ae  Terms  *^  flyjr.  fit  to  be 
compared  together  in  order  to  obtain  the  firft  Term  of  a 
genes  for  x^  for  the  like  Reafon, 

But  *  J  opay  be  compared  with  —  ***,  as  alfo  ^ii>;r  with 
— ^.^  for  that  End.  Thefe  two  give  the  firft  Term  of  li 
Scries  that  ctJnvcrges  the  fooner  the  lefsy  is ;  as  *»  =  j» 
gives  the  fi[rft  Term  of  a  Series  that  converges  the  fooner 
^^^Z^^^^^ty  is.  The  laft  Secies  was  given  in  the  pre- 
«edinj  Article,  The  comparing  x^  with  —  a^x  gives  theft 
iwo^ies^ 

T^comparlog— tfV  with  — >»  gives 


Aii4 
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And  thcfe  Series  give  three  Values  of  *  when  jf  is  vcr|r 
little }  the  laft  of  which  is  itfelf  alfo  very  littfe  in  that 
(Jafe,  as  it  appears  indeed  from  the  Equation»  that  when 
y  vaniihes,  the  three  Values  of  jt  become  -f  «,  — dy  and  o, 
becaufe  ivben  y  vaniihes,  the  Equation  becomes  x^  — £*x 
=1 0>  whofe  Roots  are  a^  —-^,0.    . 

312.  It  appears  fufficiently  from  what  we  liave  faid, 
that  when  an  Equation  is  propofed  involving  jt  and  j^  and 
the  Value  of  jr  is  required  in  a  converging  Seriei,  the  Dif- 
ficulty of  finding  the  firft  Term  of  th^  Series  is  reddkced  to 
this  ;  ^'  T9  find  what  Terms  affumed  in  9rdir  is  dttefmne 
a  yalue  ofx  expreffed  infome  Dtmenfions  tf  y  and  a  witt'give 
/tub  a  Vabie  $fity  as  fiibjiituted  fir  it  in  tbe  other  Terms  will 
makttbem  all  ef  n^re  Dimenfanx  rfy^  or  M  0/  lejs  Dirnn" 
fiom9fy^  than  theft  aJfumtdTems** 

To  determine  this,  dr^w  B  A  and  AC  at  right  Angles 
to  each  ocher^  compleat  the  Farallelogram  aSCD  and 
divide  it  into  equal  Squares»  as  in  the  Figure.  In  tbefe 
Squares  place  th?  Powers  of  x  from  A  towards  C,  and 
the  Powers  of  y  from  A  towards  B,  and  in  any  other 
Square  place  that  Power  of  x  that  b  diredly  below  it  in 
the  line  A  C,  and  that  Power  of  y  that  is  in  a  pandkl 
with  it  in  the  Line  A  B ;  fo  that  in  the  Index  of  x  in  any 
Square  may  exprefs  its  Diftance  from  the  Line  AB^  and 
the  Index  of  y  in  any  Square  m^y  exprefs  its  Diftslnce 
firom  the  (^ine  AC.    Of  mis  Square  we  are  to  cbferve» 


LI4  ulh* 
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I.  Thai  the  Terms  ar^  npt  only  in  geometriced Progrejfmn  in 
the  vertical  Column  A  B,  or  the  horizontal  A  C,  ana  their pa-t 
rallels ;  but  alfo  in  the  Terms  taken  in  any  oblique  Jlrait  lAne 
whatever  \  for  in  any  fuch  Terms  it  is  manifeft  that  the  In^ 
ficesofy  and  x  will  be  in  arithmetical  ProgreJJion.  The  In^ 
dices  of  y,  becaufe  thofe  Terms  will  remove  equally  from  tb§ 
Line  ACy  or  approach  equally  to  it^  cmd  the  indices  rfyis^ 
OMfuch  Terms  arp  as  their  Diftances  from  that  Lint  A  C» 
The  Indices  irfm  will  alfo  be  in  arithmetical  Pregrefpon^  Ar- 
caufi  the/e  Terms  equally  remove from^  or  approach  to  the  fJno 
4B.  Thus  for  Example,  in  tjic  Terms  jr^  jp*jf,  y^x\ 
jirS  the  Indices  of  y  decreafing  by  the  common  Diffe- 
Vence  2,  while  the  Indices  of  x  increafe  in  the  Promffion 
of  the  natural  Numbers,  the  common  Ratio  of  dieTennt 


|s  '«    IrfpUowSs 


a.  frqm 
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'il.  Fr$m  the  lafl  OhfervaAony  that  ^^  if  any  im  Terms  Is 
yiffps/ed  equals  then  ail  the  Terms'  in  the  fame  firaigbt  Um 
svith  thefe  Terms^  will  he  equal','*  hectmfe  hy  fuppoftng  theft 
t%tf9  Terms  equals  the  comma  Ratio  is  fufpofed  to  be  a  Rati$ 
Off  Equality',  and  from  this  it  follows  j  that  <*  ifyoufubfli^ 
tsite  every  where  for  x  the  Value  that  arifesfor  it  hyfuppofin^ 
any  two  Terms  equals  expreffed  in  the  Powers  of  y%  the  Di* 
menfisns  ofy  in  all  the  Terms  that  are  found  in  the  fame flrMght 
l,in$  udUb0  equal',**  but  "  the  Dimenfiens  pfj  tn  the  Terms 
ahfoe  that  Line  will  be  greater  than  tn  thoje  tn  that  Line  \ ' 
£msd  **  the  Dimenftons  of  y  in  the  Terms  belcw  the  Aid  Lina 
wU  be  lefs  than  its  Dimeiffiens  in  that  tine**  Thus,  b/ 
fuppofing  yi  zzyx^y  wc  find  *'  s=/,  or  jr  =^*  ;  and  fub- 
fiitntios  this  Value  for  x  in  all  the  Squares»  the  Dimen- 
fions  of  jr  in  the  Terms  y7,  >•*,  jfV,  jr*%  which  arc  all 
found  in  the  &me  fir^ght  Line>  will  be  7,  but  the  Di* 
menfions  in  all  the  Terms  above  that  Line  will  be  more 
than  7»  and  m  all  thp  Terms  below  that  Line  will  be  lefs 
than  7«  '    * 

'  313«  From  thefe  two  Obfervations  we  may  eafilyfindd  Me^ 
ibodfor  Mfcovering  what  Terms  ought  to  be  afjunud  from  am 
Mquatien  tn  order  to  give  a  Falue/or  x  which  Jball  make  the 
other  Terms  all  of  higher,  or  all  0/ lower  Dimenfions  ofy  than 
fbe  afJiimedTerms :  viz,  **  after  all  the  Terms  of  the  Equation 
art  ranged  in  their  proper  Squares  (by  the  laji  Article)  fuch 
Terms  are  to  be  aj/itmed  as  lie  in  a  flraight  Line,  fo  that  the 
aier  Terms  eithfrMf  all  above  the  flraight  Linoy  or  fall  all  be^ 

low  itr 

For  Example,  fuppofe  the  Equation  propofed  is  yf  *«- 
en^x  +>*^  +  ^^y^^  *^  ^**  =  o>  ^^^^  marking  with  an 
Afterifk  the  Squares  in  the  laft  Article  which  contain  the 
fame  Dimenfions  of  x  and  y  as  the  Terms  in  the  Equation» 
imagine  a  Ruler  Z  £  to  revolve  about  the  firft  Square 
marked  at^,  and  as  it  moves  from  A  towards  C,  it  will 
fjrft  meet  the  Term  ay^x^  and  while  the  Ruler  joins  thefe 
two  Terms,  all  the  other  Terms  lie  above  it :  from  which 
you  infer,  that  by  fuppofing  thefe  Terms  equal,  you  (hall 
ipbtain  a  Value  of  jr,  which  fubftituted  for  it,  will  g}ve  all 
l^f  o^her  Terms  of  higher  Dimenfions  of  jr>  than  thof» 

",  Terms; 
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Terms:  and  hence  we  conclude  that  the  Value  of  x  4e- 
duced  from  fuppofiiig  thefe  Terms  equal,  viz.  -^,  is   the 

BrU  Term  of  a  Series  that  will  converge  the  foontf  die 
lefs  /  is  in  refpeft  of.a. 

If  the  Ruler  be  made  to  revolre  ahout  the  fame  S^aie 
At  contrary  ^y  from  D  towards  C,  it  wHl  firft  meer 
the  Tcrmp!vS  and  by  fuppofmg/-f  jrVsso,  we  And 
yasxj  which  gives  the  firft  Term  of  a  Scries  for  Jt,  tkat 
converges  the  fooner  the  greater  that  jr  ia.  J/ftd  Ms  is  A0 
aUbratedRuU  ittosMidby  Sir  Ifaac  Newton  ^^  MsPurpsfit^ 

314.  Tbii  RtiU  iMy  ht  extended  U  Efuaikmhtnfinf  Term$ 
that  inv&he  Powers  cfx  and  y  ibifb  frdifienal  #r  Jurd  h^ 
dices  \  ^^  hy  taking  Difiimees  fhm  A  in  the  Lines  AC  mul 
A  B  preporthnal  t$  theje  Pra^ions  and  Snrds^**  and  ebeise& 
determining  the  Situatkn  ef  the  Terms  ef  the  fruf^Jed  Mqmm'» 
iien  in  the  Parallelogram  A  6  C  D. 

//  is  u  he  ebferwd  eilfiy  thai  when  the  Line  Jeining  emj 
two  Terms  has  ail  the  other  Terms,on  one  Side  of  it^  hj  them 
yen  may  find  thetrfi  Term  of  a  converging  Senes  for  jc,  em4 
thns  <*  variosisjue»  Series  can  he  deduced  from  m  fame  R^ 
fuation**  As,  in  the  laft  Example,  the  Line  joining  yVr 
and  jr  AT^  has  aU  the  Terms  above  it ;  and  therefore  ftip* 

poling— ^/*-|.*»jF** 5=  o,  we  find  ;r'ss— >  and  ss  =5 

a 

A 

Z^y  which  is  the  firft  Term  of  another  converging  Series 

for  X.     Again,  the  ftraight  Line  joining  yx^  and  y*  haa^ 
all  the  other  Termg  above  it,  andf  therefore,  fuppofing 


I  t 


d^yx^—ajfi:zi09  we  find  ayz=:x\  and  jipsz « y ,  the  firft 
Term  of  another  Series  for  jr,  converging  alio  the  foonei* 
the  lefs  y  is.  There  are  two  Series  converging  the  fooner 
the  greatery  is,  to  be  deduced  from  fuppofing  y^  =  — y^^r'^ 
or  y^jr»=  a  x\  And,  to&id  all  tbefi  Series^  «  defcrihe  at 
fefygoH  Zabed,  hawng  a  Term  of  the  Equation  in  each  of  its 
a  J6tgies^ 
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Jhgla^  and  induJtng  all  the  other  Ttrms  xvhhin  ttj  then  a 
Siries  may  be  found  for  X,  hy  fuppoftng  any  two  Terms  equal 
that  are  placed  in  any  two  adjacent  Angles  of  the  Polygon.* 

315.  If  the  Ruler  Z  E  be  made  to  move  parallel  to  itfdf^ 
M  the  Terms  which  it  will  touch  at,  once  will  be  of  the  fame 
Dimenfions  of  y  \  for  they  will  bear  the  fame  Propom6n' 
to  one  anodier  as  the  Terms  in  the  Line  Z  E  themftlves. 
The  Terms  which  the  Ruler  will  touch  firft  will  hav^ 
fewer  Dimenfiotli  of  y^  than  thofe  it  touches  afterwards 
in  the  Progfefs  of  its  Motion,  if  it  moves  towards  D ; 
but  more  Dim)*hfions  than  they,  if  h  move$  towards  A* 
The  Terms  in  the  firaight  Line  Z  E,  ferve  to  determine  the 

firji  Term  of  the  converging  Series  required.  Thefe  with  thi 
Terms  it  touches  afterwards  ferve  to  determine  the  fucceeding 
Terms  of  the  coffer ging  Series  j  all  the  reft  vanifinng  com^ 
pared  with  thefe  j  When  y  it  very  little  and  the  Ruler  m&vei 
from  A  towards  D,  or  when  y^is  vaJUy  great  and  the  Rjder 
moves  from  D  towards  A. 

316.  The  fame  Author  gives  anoth^  Method  far  difcover- 
iiog  the  firft  Terfn  of  a  Siries  thatjball  converp  thefoonerthe 
lefs  y  is.  **  Suppofe  the  Term  where  y  is  Jeparately  of  the 
fiwefi  Dimenfions  to  be  Dy*  j  compare  it  fucceffv^eiy  wttb  tbg 

^her  Terms^  as  with  E  y  "x»,  and  obferue  where  -H-  is  found 

greateft  5  and  putting  l!l!l!i  ^  n,  Ay*  will  be  the  firft  Term 

^fa  Series  thatjbdl  com>irge  the  foaner  the  left  y  iV:"  For  in 
that  Cafe  Dyznd  Ey»x^  will  be  infinitely  greater  than  anr 
other  Terms  of  the  propofed  Equation,  ^appofe  Ffx^  1$ 
any  other  Term  of  the  Equation,  and^  by  the  Svppoii* 

tion,   JH.  (i:::  n)  is  greater  than  -III,  and  confequ^ntiyi 

multiplying  by  >f,  yoH  find  ni  greater  Aftn  ^^^,  and 
^i  +  e  greater  than  / ;  noiw  H  for  x  ye«  fubftftute  Af% 
then  Fytxk^FAkf^^+*^  whicktbeiefefcwiil  vaailh  com- 
pared widi^  Df  ffinoe  nk^w^xs  gteater  thaa I)  when y  if 
ififinitely  little.  Thus  therefore  all  the  Tel-ms  wiU  vaiAilli 
compared  with  Df  ^xAEym^  irhidi.  mc  fu^pofed  eqMal  s 
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and  conr«queiitIy  they  will  give  the  firft  Term  of  a  Series 
that  will  converge  the  fooner  the  lefs  y  is. 

317.  If  y9U  Aferve  "  when  — -  is  found  Uaft  of  all^ 

s 

mndfuppofi  it  efual  to  n,  then  will  Ay'  be  the  firft  Term  ff 
41  Series  that  will  converge  the  fooner  the  greater  y  is/'  For 
isx  that  Cafe  Dyi  and£  y^x'  will  be  infinitely  greater  thaa 

Fyx^y  lyecaufe-— (  :=:  n)  being  lefs  than  — -^  it  follow» 

that  ft  ^  is  lefs  than  ^r>#5  and  njt  +  e  lefs  than  I^ .  and  con- 
fequcntly  -Fjr«;r*^=/^^43F* +')  vaflly  fcfs  than—  £>>/,  whea 
y  is  very  great. 

Jfter  the  fame  Manner^  if  you  compare  any  Term  D  y'xS 
wher4  ioth  x  and  y  are  fovnd^  with  all  the  other  T^rms^  and 

oiferve  wbert  -H-.  is  found  ffreateft  ^r  Uaft^  4tnd  fie^fi 

1— m  ' 

=:  n»  then  may  Ay*  he  the  firfi  Term  of  a  conuerging 

Series.    For  fuppoling  that  FjKx*  ia  any  other  Term  of  the 

Equation,  if  -^-  (:^  n)  iigrcater  than  j^>  then   fiull 

nk — nh  be  greater  than  /-«-/«  and  niJ^egTpztpr  jbhaa  /-(-inb* 
But  nk^e  2xe.  the  Dimenfions  of  ^  in  i^Jir^when  jr=i^«, 
and  /  4*  M  ^  are  the  Dimenfions  of  jr  in  Ey»sfi ;  therefore 
Fyexk  is  of  more  Dlmenlions  of  y  than  Ey^jCy  and  there* 
fore  vaniihes  compared  to  it  when  y  is  fuppofed  infinitely 

little.    In  the  fame  Manner,  if  — -  is  lefs  than  -ZL^then 

s — h  ir^b 

will   Ey^x*  be  infinitely  greater  than  Ffs^^  when  y  is 

infinite. 

318.  fPhen  thefrft  Term  (A  y»)  of  ih  Series  is  found  if 
the  preceding  Method^  then  by  ^^ofing  x  =  A  y"  +  P*  ^^ 
fubjlituting  this  Binomial  and  its  Powers  for  x  and  its  Powers^ 
there  willarife  an  Equation  for  determining  p  the  fecond  7erm 
of  the  Series,  This  new  Equation  may  be  treated  in  thefami 
Manner  as  thft  Equation  ofx^  ^nd  by  the  Rule  of  313,  thf 
Tepms  that  are  to  be  compared  in^ordir  to  obtain  a  near  Valuo 

4  ¥ 
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ij^p,  mcy  he  difiovered\  by  Means  of  which  Terms  p  may  he 
found  \  which  fuppoTe  equal  to  By^-f  %  then  byfuppojing  p  = 
By»+'  +  q»  '*^  Equation  may  be  transformed  mto  one  for  d^ 
termining  q  the  third  Term  of  the  Series^  and  by  proceeding  ite 
the  fame  Manner  you  may  determine  as  many  Terms  of  the  Se- 
ries as  you  pleafe  ;  finding  x  =r  A  y"  -|-  By*-f'+  Cy"+*' 
-f-  D  yM-31*,  &c.  where  the  Dimenjions  of  y  afcend  or  de^ 
fcend  according  as  r  is  pfffitive  or  negative »  and  always  **  in 
arithmetical  ProgreJ/ton^  that  this  lvalue  ofx  being  fubjlituted 
for  it  in  the  propofed  Equation^  the  Terms  involving  y  and  its 
Powers  may  fall  in  with  one  another  y  fo  that  more  than  one 
may  ahvays  involve  the  fame  Dimenfion  ofyy  which  may  mu^ 
tually  defroy  each  other  and  make  the  whole  Equation  wanifi^ 
^  it  ought  to  do  J* 

It  is  obvious  that  as  the  Dimenfions  of/  in  Afn  + 
•fi/^  +  ^J'*+*'+"^>*+"3''>  &c.  are  in  an  arithmetical 
Progreffion  whofe  Difference. is  r«  the  Square,  Cube,  or 
any  Power  s  of  Ay  +  By-^r  ^.  Cy^-k-^r  4.  Dyg^%r  ^  &c. 
will  confift  of  Terms  wherein  the  Dimenfions  of  y  will 
conftitute  an  arithmetical  Progreffion  having  the  fame 
common  DiiFerence  r  ;  for  thefe  Dimenfions  will  be  sn^ 
sn^r^  iir^-ir,  jw  +  jr,  &c.  Therefore,  ^  in  amy 
Term  E  y*x»  youjubjlitute  for  x  the  Series  A  y*+  B  y*  +< 
+  C  y»  +  *»  +  D  yH-»%  &c.  the  Terms  of  the  Series  expref^ 
fng  Ey*x*  wiU  cmfijl  of  thefe  Dimenfions  of  y,  via;,  m  •+- 
an,  m  +  sn  +  r^m  +  5n  +  2r,  ro-|-sn4-3r,  Iceland 
ly  a  like  Subftitution  in  any  other  Term  as  Fy^x*,  the  Dimen^ 
fans  ofy  will  be  eH-nk,  e-f-nk-f-r,  e^nk  +  ar, 
e  4-  n  k-f-  3  r,^  &c.  The  farmer  Series  of  Indices  mii/lcoin^ 
iide  with  the  latter  Series^  that  the  Terms  in  which  they  are 
found  may  be  compared  together^  and  be  found  equal  with  oppofite 
Signs  fo  as  to  deftroy  one  another^  ana  make  the  whole  Ejut^ 
tion  vamjb. 

The  frfi  Series  cmfifls  of  Terms  arifing  by  adding  fime 
Multiple  ^r  /9  m  -(-  s n,  the  latter  by  adding  fome  Multiple 
aft  l#  e  -f-  nk ;  and  that  thefe  nun  coincide^  jome  Multiple  of 
r  added  tom  +  zn  mufi  be  equal  to  /me  other  Multiple  ofx 
aided te  c  4-  nk.    Frem  whieb  it  appimrs  that  the  Difference 
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^m  -4*  s  n  tftfi/  e  4-  "  k  //  always  a  Multiple  $ft  ;  and  cotk^ 
fequenify  that  r  i$  a  Divifiro/tbe  Di0^ince  tf  the  Dimenfioni 
§fy  in   the  Terms  E  y*x«  i?«</ F  y'xS  fi^fP^fiH  x=  A  y*. 
Itfilhws  therefore  "  that  r  is  a  cwmen  Divtfor  $/  the  Dif^ 
fereme  efDimenfwns  ofy  in  the  Terms  of  the  Equation^  wben 
yen  hAe  fuhJUtuted  Ay^fer^  x  in  all  the  Terms.**    And  sf  x  be 
affitmed  eqnal  te  the  greatefi  common  Divifir  [exeepiis^  fewsf 
Cafes  afterward  to  Je  meniioned)  you  will  have  the  true  form 
0f  a  Series  for  x.    Jnd  now  the  Dimenfsons  y*,  y"+ «', 
y*  +  *%  y*+''»  &c.    being  knewn^  there  fenmus  finfyj    hj 
Cakulation^  to  determine  the  general  Coefficients  A,  B»  C*  D^  &c. 
in    order   t0  find  the  Series  Ay»  +  By*+ '  +  Cy+*^ 
H-Dy*+"fcc*=:x. 

319.  This  leads  us  to  Sir  Ifaac  Kfewton*»  fecond  general 
Method  of  Series;  which  confijls  in  affuming  a  Series  wifh 
und^ermined  Coefficients  expr effing  x,  as  Ay**  +  By». +  '4* 
Cyn4-*'+,  &c.  a;A^#  A,  B,  C,  &c.  are  Jseppofid  as  yH 
wiinotMSj  hut  n  and  r  are  difcaveredhy  ^hat  we  have  ahreaif 
demenfirated\  and  fubjiituttng  Ais  every  whore  for  x,  you 
mseftfuppofe^  in  the  new  Equation  that,  arifes^  the  Sum  ofeUt 
the  Terms  that  involve  the  fame  Dimen/mipfy  to  vemijbj  hf 
which  Means  you  will  obtain  particular^  JSqteations^  ^^^  fi'fl  ^ 
which  will  give  A»  the  fecond  Bt  the  third  Qy  Scc\  andthefe 
Values  being  fubftituted  in  the  ajfurned  Series  fp-  A,  B,  C,  &c. 
^he  Series  for  x  will  be  obtained  as  far  as  you  pTeafe, 

Let  «^  »pply«  for  Example,  thU  Method  to  the  Equation 
(of  308)  sfi-^a^x  ^zai  +  ayx-^y^  3^  o.  Suppofe  it  is 
required  to  find  a  Series  converging  the  fooner  the  lefs  jr  is  s 
its  firft  Term  (by  310,  pr  312)  i$  found  to  be  a,  fo  that 
nz=z  o.  Subftitute  a  for  x  in  the  Equation^  and  the 
Terms  become  a'  +  « '  —  2  ^3  -f-  a'^y  — jf»,  and  the  DifFe^ 
rences  of  the  Indices  ar«  o,  i,  2,  3 ;  whcic  grcatcft  com- 
mon Meaftir^  is  i,/o  tb^t  r  =:  |.  AQume  diecefoie 
.^z=:J^By+Cy^  +  Dy^j  &c.  and  fubfiitute  this  Sc- 
lies  for  jr  io  tiiie  Egu^Mtion^  Th^M 
■'     ■  •      . 
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i4i#jr=:ir*4/4^    4''By+  a^Cy^  +  a^Dy^  +W. 

•—>•«= ^i  X /J* 

Now  fincc  *»  If^jr + fljj4f — a  tf«  —  )^  rr  o.  It  foSowi 
tbsLt  the  Sum  of  thefe  Series  involving  ;r  miift  vanifli.  But 
that  cannoti^e  if  the  CoefKcknt  of^vtrj  pariicalar  Term 
^knes  ii#t  v^iibu  Far  evcxy  Term  where  y  is  infinitely 
liittk^  U  infinitfl/  greater  than  the  foHowing  Terms,  Co 
that  ^^ery  Term  does  not  vanifh  of  itfelf,  the  AddiUoit 
or  Subftra^ionof  the  following  Terms  which  are  infinite- 
\j  lefs  than  it,  or  of  the  preceding  Terms  which  are  in- 
finitely greater,  cannot  deftroy  it  i  and  therefore  the  wholo 
cannot  vanifh.  It  appears  therefore  that  -^-f-tf*-^— • 
20^  =  0,   is  4a  Equation  for  determining  u/,  and  give» 

.    In^rfcrtp  jbteroiine  A,  yon  wmfk  fuppofe  the  Sum  of  th^ 
Coefficients  affcding j^  to  vanifh,  viz.  ^jPB-^a^B^aA 

Xj=o»  or,  fmctJsuiy  4fl*Bjr+fl^=:o,  aQdi?=— :^ 

4 

,  I  * 

To  determine  C,  in  the  fame  Manner  fuppofe  3  ^5*^» 
4. 3  ^  Cy»  +  *»  Cy» +aBy^zs:  o,   or,  fubftituting  fof 

-//and  B  their  Values  already  found,  IfL-f-i.^*  Cy»— . 

16  "^ 

^  sis  01,  lyod  C0iftfequefit]/  C=  7 — •    Aad,  by  proceed*» 
4  04« 

jUg  19  the  r^uxie  Manner,  J)  —  -iilr^  fo  that  a-  =tf-^ 
*y  +  Ti-J^  +  -^5'S  *c-   «  '•^  fownd  before    in 

^  64«*"        515UJ* 

N».  309. 

320.  -By  #iir  Method  jou  may  iranifgr  Ssriis  from  one  om* 
'  f  diiermined 
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iittrmmd  Quantity  to  amtbir^  (mi  obtain  Thiorms  fir  tif 
Keveriion  o/  Ser'us. 

Siippofethatx:ez^Y  +  hy*  +  cy* +  iy^+ ffeoHdiiu 
required  to  expre/s  v  vy  a  Series  cotifijitng  of  the  Powers  of  x. 
//  w  obvious  that  when  x  is  very  UttUy  y  is  alfo  very  Ettky  md 
that  in  order  to  determine  the  fbrji  Term  of  the  Series^  you  mood 

onlyaJumex=Lzy.     And  therefore  y^^\  fo  that  n=ai. 

By  fubjiituting  —for  y,  you  find  the  Dimnfunu  ofx  in  tbo 

Terms  will  be  i,  2,  3.  4>  &c-  f^  '*^'  rzzi  alfo.  rounu^ 
therefore  afftmu  7  ^  A  x +  B  x» +Cx«  +  D  x*+ &C. 
4nd  by  thi  Subjiitution  of  thts  Value  of  y  you  wtllfind     . 

ay=aAx  +  aBx*  +  aCx'+&c. 
by*=     b  A*x*  +  2  b  A  B  x'  +  &c. 

But  the  firjt  Term  being  abready  found  to  be  — ,  youbaoo  Aac 

a 

JLj    and  fmce  aB  +  bA*=sO,   it  follows  that  3=:-^ 

z 

K  2  b*  —  a  <f 

^.    After  the  fame  Manner  you  will  find  C  = — — 

a' 

'        a      a*  fl^ 

321.  Suppofe  flr^tf/«y««  A<«ar  ax'-f-l>**  +  cx'  +  dx4-|. 
&c.  =  gy  +  h  y*  +  iy»  +  ky*,  &c.  to  find  x  inTerms  ofj. 
You  will  eafilyfeey  by  313,  that  thefirfl  Term  of  the  Series  for 

xis^l,  that  nz=:if  r=:l.     Therefore  affiimoxzz  Ay  ^ 

a 
By*  -hCyS  &c.  and  by  fuhftituting  this  V^bufir  x  wot 
brtnging  all  the  Terms  to  one  Side,  you  will  have 
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ax  =aAy  +  aBy»+    aCy'  +&c. 
bx»=  b  A*y*+  2bA  By'+  &c. 

cxJ=s  cA3y=  +  &c. 

&c  &c. 

—  gy  =-gy 
•^■hy*:= — ny* 

—  iy«= —  iyl 

From  whtna   we  fet^  firft^  that  aA  =  g,   ondAzzS^. 

a'^.That  aB+bA»— h=:o,  and  8:=--.— -i!.3^arJa# 

a        a' 

*  C-4- AAB-f-cA3-i=6,  W  «i^rfT^KiJl^^^^zS^'. 

jfnd  thus  the  three  firft  Terms  of  the  Series  A  y + B  y  *-+•  C  y », 
ice.  are  known,  f  Dec  Mr.  De  Moivre  in  Phil.  Tranf.  240.] 

322.  Before  we  conclude  it  remains  to  clear  a  Diffi- 
-cufty  in  this  Method,  that  has  embarrafled  fome  late  inge- 
nious Writers,  concerning  ^^4be  Value  of  r  to  be  ajfumed 
tvben  two  or  more  of  the  Fakes  of  the  firji  Term  of  a  •  Series 
,for  expreffm^  x  are  found  equal  \  a  Correction  of  the  precede 
ing  Rule  being  necejffary  in  that  Cafe,  And  the  Author  of 
that  Corre£don  having  only  colleded  it  from  Experience, 
and  given  it  us  without  Proof,  it  is  the  more  neceiFary  to 
demonftrate  it  here. 

It  is  tobe  ohferved  tbenj  that  in  order  that  the  Series  A  y*^  •}- 
B  y»  4-'  4.  CyM-»''+  D  y»+  ^\  +  &c.  may  exprefs  x,  it  is 
snot  onh  necejptry  that  when  it  is  fubjiituted  for  x  in  the  pra- 
.pofed  Equation  D  y*+  E  y"x»+F  y*x^  =  O,  tig  Indices  m 
-|- n  a,  m -}-  ns-f  ^9  "*+  n  s+  2  r,  iiz, flmdd fall  injmtb 
the  Indices  e-|-nk,  c  +  nk  +  r,  e  +  nk4.2r,  &c.  in 
mrUr  that  the  Terms  may  be  centred  together  to  determine  the 
Coefficients  A«  B,  C,  (^c.  but  it  isalfo  necejfary^  that  in  the 
farticidar  Equations  for  determining  any  ofthofe  Coefficients^  as 
Bfor  Example  J  thofe  Terms  that  involve  B  fi>ould  not  dejiroy 
'each  other.  Thus  the  Equation  3  A^B —  3  ^B  -^  a  J:=io 
can  never  determine  J8,  becaufe  ^  J^B^^  3  A^B  =  o,  and 
thus  B  exterminates  itfelf  out  of  the  Equation ;  befides 
the  Contradidion  arifing  from— ««  Azn  o,  when  if  perhaps 
has  been  determined  already  to  be  equal  to  fome  r^ 
Qyiantity», 

Mm  In 
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In  order  to  know  how  to  avoid  this  Abfurdity,  ietiii 
fuppofe  that  the  firft  Order  of  Terms  in  the  propofed  Equa- 
tion are,  as  before,  D  Tf^  Ej^x'j  &c.  and  if  Ay  is  found 
to  be  the  ftrft  Term  of  a  Series  for  at,  then  the  Qimenfioas 
of  y  in  the  firft  order  of  Terms,  arifing  by  fubftttutiiig  in 
them  Ay  for  x^  will  be  m-f  «x,  and  the  Dimenfions  dt 
y  arifing  by  fubftituting  Af-^-By^^Cy^^+^^  &c.  for 
X  will  ^  OT+«j,  i«-f«j+r,  i»-|*«i^-  2rj  &€•  Sup- 
plbfe  that  Ffx^  is  the  next  Order  of  Terms  ;  and,  by  the 
fame  Subftitution,  the  Dimenfions  of  >  arifing  from  it 

Will  be  _^ 

(bccaufc  Ff*  ^Ffx  Ay'+By"^r+C/»+<^+  &c.[*= 

i'\^ni-{-2r^  &c.  Now  it  is  plain  that  e  -f-n i  muft  eoiii- 
•ide  with  fome  one  of  the  Dimenfions  m^nsjm+xs  -f-r, 
m+ns'^2ry  &c.  that  the  Terms  involving  them  may 
be  compared  together.  And  therefore,  as  we  obfervedin 
318,  r  mu^  he  the  Difference  £/'c-|-nk  ^i»<f  m+ns,  #r 
fmte  Divifor  of  that  Difference.  In  general,  r  muji  he  ^f- 
funudfuch  a  Vivifor  of  that  Difference  as  may  allow  not  oify 
e-f-  nk  to  coincide  witB/ome  one  of  the  Series  m+n  Sy  m+n  s 
4.r,  m-4-n8-f-2r,  &c.  hut  as  may  make  all  the  /Mds 
of  the  other  Orders  hejides  e-(-n  k  Hkewife  to  coincide  vntb  one 
of  that  Series  :  that  ts^  if  Gyfx^  is  another  Term  in  theBfua" 
tiony  T  muft  hefo  affumed  that  the  Series  f-^  nh,  f +0  h+ff 
f  4-nh  -f-  ar  &c.  ariftng  hy  fubflituting  in  it  Ay"+By'+y 
+Cy*+*%  tic.  for  Xj  may  coincide  fomewherewidi  the  fafi 
Series  m+n  s,m  -f-  n  s  +  r,m4-n  s+a  r,  Vc.  And  there- 
fore we  faid  in  3189  that  r  muft  he  affumed  fo  as  to  he  efm 
to  fome  common  Divifor  of  the  Differences  of  the  Inmces 
m+n  s,  e+n k,  f+nhy &c.  which  arife inthe propofed EfU^' 
tion  hy  fubftituting  in  it  for  x  the  firft  Term  abready  how^ 
A  y".  For  hyaffuming  r  equal  to  a  common  Divifor  of  theft 
Differences^  the  three  Series 

m+ns,  m  +  ns  +  r,  m  +  ns  +  ar,  m+ns+sr,  &c. 
c+nk,  e  +  nk+r,  e  +  nk+2r,  c  +  n)c+3^?^ 
f+nh,  f+nh  +  r,  f+nh+2r,  *f+nh+3r,  &c. 
will  coincide  with  one  another y  ftncefome  Multiples  of  r  added 
to  m+n  s  will  give  e+n  k  and  all  thatfoUow  it  in  ^fi' 
cond  Seriesy  and  fome  Multiples  of  r  added  to  m  +  n«  ««* 
alfo  give  f+nh  and  all  thatfoUow  it  in  the  third  Series.  * 
is  alfo  obvious^  thaty  if  no  particular  Reafon  hinder  it  ft 
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mnght  to  he  ajjumed  equal  te  the  greateft  common  Meafure  of 
tbsfe  Differences^  For  Example,  if  the  indices  m-^-ns^ 
^^niy  /+  n  A,  happen  to  be  in  arithnjetical  ProgrefEoq, 
then  r  ought  to  be  aflumed  equal  to  the  common  Diffe- 
rence of  theTerips,  and  thefirft  of  the  fecond  Series  wiil 
coincidf  with  the  fecond  of  the  firft,  and  the  hrft  of  the 
third  Series  will  coincide  with  the  fecond  of  the  fecond  Se- 
ries, and  with  the  third  of  the  firft,  and  fo  on. 

323.  Thefc  things  being  well  underitood,  we  are  next 

tp  obferye  that  after  you  have  fubftituted  -//j^"-}- 5/»+'' + 

Cf^^^j  &p.  for  X  in  the  firft  Order  of  Terms  in  the 

Equation,  the  Terms  that  involve  m  +  ns  Dimenfions 

of /will  deftroy  one  another;  for  x — /fy  muft  be  a  Di- 

vifor  of  the  Aggregate  of  thgfe   Terms,  fincc  they  give 

^y*  as  one  V;>lue  of  x  :  Jet  x  —  Jy^x  P  reprefent  that 

Aggregate,  ^nd,  fubftiiuting  for  x  its  Value  Ay'+Byn-^r 

4-CjP-Hs  &c.  that  Aggregate  becomes    ^y  -^- By«±rl^ 

''Pr+^r^  icc.—  JynXPzz  Br-rr^  C^  -r^^  6cc/ X  j>, 

Now  the  loweft  Dimenfion  in  x—/^y^xP  was  fuppofed 

Ntobc  m+ns^  whence  the  Dimenfion  of /*,  in  the  fame 

Terms,  will  hem^ns—ny  and  the  loweft  Dimenlion  in 

£j^'^'  +  Cy"ir^+  Uc.  xP  will  be  n  +  r+m  +  ns  —  n 

z=i'm  +  ns  +  r.     Suppofe  again  that  two  Values  of  x^  de- 

^crmined  from  the  firft  Order  of  Terms,  are  cquccl,  and 

then  X — jiy^^  will  be  a  Divifor  of  that  Aggregate  of  the 

£rft  Order  of    Terms,     Suppofe  that  Aggregate   now 

jr— y/j*j*XP,  which  by  Subftitution  of  jfy»  +  By+r^ 

Cf-^ir^  ice.  for  jf  will  become  By + -  -f  Cy + i^+  icc\  * 

X  Py  in  which  the  loweft  Term  will  now  beof  m+'ns 

Cimcnfions,  fince  in  x—Jy^^xP  the  loweft  Term  is 

fuppofed  of  m+»i  Dimenfions  ;  and  confcquentiy   in 

thefc  Termj,  the  Dimenfion  of  Pitfelf,  ism+ns—in 

In  general^  if  the  Number  of  Values  of  x  fuppofed  equal  to 

A  y"  h  p,  then mufl  x— Ay^P  be  a  Divifor  of  the  J^gre^ 

gate  of  the  Terms  of  the  firft  Order.     Jind  that  Aggregate  be^ 

ing  expreffed  by  x— Aynp  x  P,   in  the  Joweft  Terms, 

the Dmenfions  of  y  tn  ^  will  be  m  +  ns— pn,  that  in 

%:^Ay^\^  they  may  */  m+  n s,  tf j  ive always  fuppofe,  Sub^ 

Jlitsaein  X  — Ay'^\^X  P  for  x^Ay^  its  Value  By"+r 

Mma  +Cy» 
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4-  C  y«  f  *'  +  &c.  and  in  the  Rifuk  By«+'+Cy»+*'-|-&c  J' 
X  P  the  loweji  Dinunftons  of  y  will  be  pn  -)*pr4'in4-n8-* 

pn=:;m-j-  ns-fpr- 

3Z4.  From  what  has  been  faid  we  conclude»  that  when 
you  have  fubfiituced  for  x  in  the  firft  Order  of  Terms  of 
the  Equation  propofed  the  Series  Jy'^+By^'^'-i^f-^»^^ 
&c.  the  firft  Term  of  which  Jy»  is  known,  and  the  Valuea 
of  X  whofe  Nun^ber  is  p  are  found  equal»  then  the  Texma 
arifingthat  involve /b-}*"^*  w+«j+ ^»  m-^ns+ZTj  &c. 
till  you  come  to  m -f- ii  x-j-^  r,  will  deftroy  each  other 
and  vanifh;  fo  that  the  £rft  Term,  with  which  the  Terms 
of  the  fecond  Order  eJ^ni  can  be  compared»  muft  be 
that  which  involves  m-^-  ns^^^  pr  -,  and  therefore  fiippof- 

ing  e-\-nk:^m'\'ns^pr^  or  r=     ^  » tbt 

P 
higheft  Valtu  you  cangwi  r  mufi  be  the  Difference  ^  e  4»  n  k 
'  4ind  m  -f-  n  s  divided  by  p  the  Number  of  equal  Values  of  the 
firjl  Term  of  the  Series.  If  this  Value  of  r  is  a  common 
Meafure  of  all  the  Differences  of  the  Indices^  then  is  it  aju/l 
Value  ofri  but  if  it  is  not^fuch  a  Value  ofx  muft  be  afjumed^ 
as  may  meafure  this  and  all  the  Differences  :  that  is^  fuch  a 
Value  as  may  be  the  greateft  common  Meafure. of  the  leyt  Dif* 

ference  divided  by  p  (viz.    "^*  >  1         \<ww/  qfthecom* 

ffion  Meafure  of  all  the  Differences.  For  thus  the  Indices 
m-^-ns^  /n-f-vj-l-r»  m-^^ns^^r^  &c.  will  coincide  with 
<4-«/f,  e^nk^r^  e^nk^zr^  &c.  and  with/+«A,/4- 
ff^4-r,  f-^-nh-^-zry  &c.  and  you  {hall  always  have 
Terms  to  be  compared  together  fufficient  to  determine 
B^  C,  D,  &c.  the  general  Coefficients  of  the  Series  af- 
fumed  for  x. 

325.  To  all  this, it  may  be  added,  that  if  x^^Af  be  a 
Divifor  of  the  Aggregate  of  the  Terms  of  the  fecond  Or-^ 
der  Ffx^^  &c.  then,  by  fubftituting  for  x  the  Scries  i/^»+ 
By-^''\-  Cy+^f  -f-  &c.  there  vanifb  not  only  as  many 
Terms  of  the  Series  involving  m-^ns^  «r+ff5-(-r,  m-|- 
ns^  2  r,  &c.  as  there  are  equal  Values  of  the  firft  Term 
Jyn  J  but  the  Terms  involving  ^  -f- »  >  Dimenfions  of  jp 
vanifti  alfo  ;  and  therefore  it  is  then  only  neceflary  that 
eJ^ni-^-r  coincide  with  m^ns+pr-,  (0  that,  in  that 

Cafe,  you  need  only  take  r  =:  ^.iL^JZlUlZl' .      And   if 

jr  — 
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X Af^^  be  a  Divifor  of  the  Aggregate  of  the  ftconci 

Order  of  Terms,  then  the  Terms  (after  fttbflita(ln^for  x 
the  Scries  Jj^  +  Bjr+r^Cy*^r  &c.)  iYhi9h  involve 
t+ni^  e+nk+Ty  t+njJ^  a^»  &c.  will  vaniBi  to  the 
Term  /+«  k+p^i  x  r  j  fo  that,  fuppofing  e+nk+p^j^ 
Xr=/«+«f4-gr,  you  have  r  =  ^+«^ — m—nsy  thayt  is» 
to  the  leaft  Difference  of  the  Indices  m-^oiSy  «+i;i«/-|*«  k^^ 
&c.  provided  that  Difference  be  ^  Meafure  of  the  o.^qp 
Differences  j  although  there  ^lay  be  as,  many  Values  o( 
the  firft  Term  of  the  Series  cqpal,  as  there  are  Units  in  ^; 
Or,  if  that  does  not  happen,  r  muft  be  ^en,  as  for- 
merly, equal  to  the  greateft  common  Meafure  of  the  Dif-* 
ferences. 

326.  Suppofe  that  the  Orders  of  Terms  of  the  Equation 
can  be  expreffed  the  firft  by  j>-^^^xP,  the  fecond  by 
jc^AyV  X  ^  the  thifd  by  x^JyV  X/;,  i(c.  and  f up- 
pofe  that  ^y»*'  is  one  of  the  firft,  Fyi^^  one  ef  tbf  (ecoiui, 
Gyfx^  one  of  the  third,  and  fo  on ;  then  it  is  plain  that, 
fubftituting  for  4r  the  Series  ^jf»+5y«+»'+'CjH-»''+^ 
&c.  the  lowed  Term  that  will  remain  in  the  firft  will  be 
m+ns+fr  Dimenfions  of  y^  jche  loweft  T^rm  |hat  adll 
remain  in  the  fecond  will  be  of  e^n  i-f  y  r,  and  theloweft 
Term  remaining  in  the  third  Q^f^nk^-^K  Dimenfions  of 
y.  For  by  the  fame  Reafoning  as  we  ufed  in  ga/,'  to 
4pmonftrate  that,  in  thip  firft  Order  of  Terms  x^tSj^X 
P,  the  loweft  Dimenfions  pf  v  ^re  lo-f-»  jr|->^r,  ^ye  (jb^ 
find  that,  in  the  fubfequent  Orders^  the  loyreft  Qimei>r 
fions  of y  in  the  Terms  x-JyV  X-^=:^y«+''+QK«+*''&c.l^ 
X^  muft  be  e  +n  k — q  «+y  «+g  r=:$+n  J+^  r,  and  fo 
of  the  other  Terms  jr — Ay"*^^  X  L  the  loweft  Dimenfions 
muft  be/f  I»  A+/r,  The  Indices  therefore  of  the  Terms 
that  do  not  vaniih  being 

#  #  m^ns  +  pVy 

»  •  #  #    e^nk  +  qry 

#•###•  /+nh  +  lrj 

if  r  be  taken  equal  to  flL^-ZIi^Ifi,  then  will  mJ^n  i-^ 

tr  and  e-^nk-^qr  coincide  :  and  if  at  the  fame  Time  r 
B  a   Divifor  of /+11A  — wi — «x,  and  be  found  in  it 
#  J^umber  of  Times  greater  than  ^---/^  or  if  r  be  lefs  than 


J36       T  H  E    R  O  O  T  S    O  F,    &c, 

•ttl ^Hflf ,  then  r  will  be  rightly  aflume^.  Ip  genfr 

nJ,  />.i.  ^n  .A.  <p^..W.  ^'^-"  l^-'n-.n  s^  f+n  h-tn-n  > 
^  p— q  jH-1  •      ; 

tf»i  iitber  tbi  Uaft  of  tbefe^  or  a  Number  wbofe  Denminator 
ixceeding  p— q  by  an  Integer^  meafures  it  and  all  the  Diffe^ 
rmces  f+nh— m— n  s,  gives  r  ;  juppofmg  p,  q;  and  I  tku- 
ger4.    But  if^y  q,  and\  are  Fra£fiwsy  you  are  to  take  rfa 

p  — q+K  p_l  +  M     •  ^ 

fo  tbat  K  fwrfM  may  be  Integers.    Suppofe,  for  Example, 

and  IssJ- 1  then  puttiog  -  _  _  _ _  (r r:)  '+''^-"'-»f 
?  .  '  p   .» I K 

I        f+nb-^m-^        «J      ,^     i*^    '^  ^ 

whence  it  is  eafily  feen,  that  5  and  ii  are  the  leaft  Inte- 
gers tl»t  cjui  |>e  affumed  for  K  3^0^  M    And  dwt  r = 

£^=i-j  ^nd  therefore  »,^9,+^;^ 33^  f  +  «i  + 

f '^  £?  ««J/f»  *  +  'r=-  gr    Tbat  is,  the  Terms  of 

the  firft  Series  whofe  Dimenfions  are  m-\-n$J^pf^xrt 
^+nsr1rp-hMxr  biU  in  with  the  firft  Terms  of  the 
Mcoad  and  third  Series  refpedively.     ' 
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Tranflated  from  the  Latvi  of 

The   late   JAMES    MACUIRE^    A.M^ 
of  the  Univcrfitjr  of  Dublin. 

A    POSTHUMOUS    WORK. 

TUfAGiflTUDES  are  [aid  U  hi  tqualy  which  hiing 
•*^  placed  one  upon  the  otl)er^  are,  cr/cem  to  he,  congruous.^ 
as  Lines,  Angles,  Surfaces,  which  being  compared  by 
menial  Appofuion,  are  feen  upon  Account  of  fome  given 
Circumftaoces  to  coincide ;  and  SoliJt,  which  penetrate  each 
other,  and  coaieftre  into  one.  fiut  Magnitudes,  fo  named 
in  a  leofer  Senfe  becaufe  they  can  be  increafed  or  dimi- 
tiifhed,  are  fa^dtd  be  equal,  whi^h  confidfred  as  Caufes,pr4* 
duce  the  fime  Effeils;  as  the  Times,  in  which  a  Body 
moved  uniformly  is  carried  over  equal  Spaces ;  the  yeloei" 
ties,  with  which  Bodies  moved  forward  are  carried  oveif 
equal  Spaces  in  a  given  Time  i  and  Ferees,  which  when 
they  are  oppofed^eftroy  each  other. 

And  fince  it  is  manifeft,  that  the  Form  of  any  given 
Magnitude  whatfbever  may  be  varied  to  Inanity,  the 
Qiiantity  beingftHl  preferved»  by  changing  the  Situation 
of  the  Parts :  Therefore^  wbenibeColtgrmty  ofMagmtudet 
cannot  be  immediately  perceived  upon  Account  of  the  Variety 
of  Forms  and  Portions,  it  is  neverthelefs  to  he  inveftigated 
by  the  Mind  many  Ways  y   by  adding  to  Congruen^s,  or  ^ 
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fubdu^ing  from  th^m,  fotne  ether  CangrutntSy  that  an  Equa- 
lity may  appear  between  the  refulting  Magniiudes  ;  cr  ty 
dividing  them  into  PartSy  whofe  Equality  can  be  mor^  eajily 
made  kntywn  y  \vh.  Lines  into  fmaller  Lines,  Surfaces»  into 
Triangles,  and  Solids,  into  Pyramids  j  or  by  afucccffive 
Jppojiiion  ,  or  by  a  mental  Transformation.  Thus  is  made 
known,  the  Equality  between  Parallelograms,  which  have 
the  fame  Bafe  and  an  equal  Altitude ;  between  a  Circle, 
and'  a  Triangle  under  the  Radius  and  Periphery  ;  betyeeen 
the  Periphery  of  a  Circle,  and  a  Line,  which  it  always 
touches  while  it  perfeds  a  Revolution  by  going  forvi^rd  in 
the  Manner  of  a  Wheel ;  between  the  curve  Surface  of 
a  right  Cylinder,  and  a  Rectangle  under  its  Side  and  the 
■J^criphery  of  iis  Bafe. 

But,  becaufe  Magnitudes  of  the  fame  Kind^  whatever 
may  be  their  Form,  can  be  equal:  It  follows,  that  ^  any 
two  Magnitudes  whatfoever  A,'  BJ  either  the  one  A  meafurei 
the  other  B  ;  or  that  the  one  A  confifls  of  the  other  B  frecifely^ 
along  vjithjome  Part  of  it ;  *r,  JalHy,  that  the  ont  A  con- 
fijh  of  a  multiple  of  B,  with  fame  Part  of  it  \  and,  con- 
fequentlyy  that  thofe  Magniiudes  will  have  fome  Ratio  t9 
each  other.  Now  a  Ratio  is  a  certain  Habitude  of  two 
Magnitudes  with  Regard  to  Quantity,  And  becaufe  this 
Habitude  regards  the  Relation  of  ^antity  alone  exclufive  of 
all  Circumftances  of  Forms  and  Species,  it  comes  to  pa&> 
that  it  can  be  expre£ed  by  no  Method^  but  by  Numbers  ;  to 
wit,  by  the  moil  general  Ideas  of  the  Magnitudes  them- 
felves. 

.  The  Ratio  therefore  of  the  incommenfurables  A,  B,  h 
ineffable :  For,  if  they  were  to  eac^  other,  as  Number  to 
Number;  'tis  plain,  that  they  wou'd  be  Multiples  of  fome 
fame  Meafure,  which  is  contrary  to  Hypothcfis.  But  this 
Jnsffability  qrifes  from  the  Incommenfurability :  For,  fince  all 
Magnitude  U  efHmated  fo  great,  as  the  Aggregate  ariCirg 
from  the  Repetition  of  fpme  other  Magnitude  of  the  fame 
Kind  (or  at  leaft,  from  the  Repetition  of  fome  aliquot 
Part  of  it)  may  be,  (which  is  jtfelf  look'd  upon  as  the 
primary  Meafure^  becaufe  that  the  Mind  acquiefces  in  the 

*  Contemplation 
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Contemplation  of  it  as  being  intuitively  known  ;  and 
which  is  therefore  nacned  by  an  abfolute  and  mod  general 
I^Xanie,  Unity)  :  It  is  manifeft,  that  roery  Magnitudey 
lUfbicb  is  incommenfurabU  with  this  Meafure  Unity^  is  ineffa^ 
bU,  And  the  Incommenfurability  arifcs  from  the  Divijibility 
of  the  Magnitudes :  to  wit,  If  of  the  Magnitude  A,  there 
is  taken  any  aliquot  Part  py  ever  fo  fmall,  and  it  be 
fubduiSled  fo  often  as  it  can  be,  from  the  Magnitude  B, 
there  can  always  remain  fome  Part  lefs  than  the  divifible^ 
Magnitude  p. 

And  hence  alfo  one  or  other  A,  &f  the  Incommenfurahles 
is  commenjurahle  with  fome  other  Magnitude  C,  wbich  ap^ 
proaches  nearer  to  B,  than  by  any  given  Difference. 

And  therefore  the  ineffable  Ratios  of  Incommenfurahles 
enre  the  Limits  towards  which  the  effabU  Ratios  of  Commen- 
furables  approach  to  Infinity^  and  to^  which  they  can  attain 
nearer  than  by  any  definite  Difference^  but  yet  never  accurately^ 
by  Reafon  of  the  Divifibility  of  Magnitudes, 

*Tis  the  Province  of  Arithmeticians,  to  exprefs  any 
^iven  Magnitudes  related  in  any  Manner  to  any  given 
Alagnitudes.  But  becaufe  the  Nature  of  Numbers  and 
of  Magnitudes  can  not  admit  this  to  be  done  perfe£Uy, 
they  arc  under  a  NeceiEty  of  flying  to  the  Affiftance  of 
Approximations  \  that,  although  they  are  unable  to  attain 
to  the  accurate  Values  of  Magnitudes,  they  yet  may  ex* 
hibit  other  Magnitudes,  which  may  approach  nearer  to 
thofc,  which  were  to  be  exprelled,  than  by  any  definite 
Difference.     When  therefore,  in  what  follows.  Ratios  are 

eonfidered  as  compounded  of  fome  fame  Ratio  — ,  we    would 

h 
have  underfiood,  not  the  Ratio  of  the  determinate  Magni- 
tudes  a,  b  \  but  indefinitely^  a  Ratio^  of  which  thofe  Ratios 
may  be  compounded^  which  approach  nearer  to  any  given  Ra- 
tios^ than  by  any  definite  Difference. 

Now  a  Ratio  is  compounded  of' Ratios y  by  expreffmg  thofe 

Ratios ;   viz.  by  changing  the  Terms  into  Numerals,  and 

then  by  multiplying  Antecedents  into  Antecedent?,  and 

B  2  Confc- 
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&)infeqtients  into  Confequents ;  and  a  Rath  is  fM  to  be 
einnpomded  tff  any  RattOy  tc/hm  it  is  the  dupGcate^  or  trrpli- 
idtey  er  guaJrupHcate,  &c.  ef  it.  And  that,  tohicb  is  cm" 
pdwukd  df  two  equal  Ratios^  is  catted  the  Dirplicate  of  either 
of  them;  "viz.  the  Duplicate  of  that  Ratio,  winch  is  cm- 
iouuded  of  wu  of  than  and  of  the  Ratio  rf  EquaUtjy  vrbiA 
jn  Cornp<yritfon  makes  no  Change.  That  whicb  is  cm^ 
founded  of  three  equal  Ratios  is  called  the  trif^cateef^ 
which  is  compounded  tf  one\  ^at -vMch  of  four^  quadht- 
plicate ;  &€.  and  that,  which  is  compounded  of  three^  is  ^M 
the  fefquiplicate  of  that^  which  is  compounded  of  two:  And 
aniverially,  the  Relations  tf  Ratios  iire  dertved  fromik 
Ratios  between  the  Numbers  of  the  equal  cdmpomnt  RatitSy 
but  relative  Nam^s  are  wanting.  And  the  Ratio Mamn 
itny  Extremes  whatftever  hta  geometrical  Series  a,  b,  c,  d,  c, 
8k:.  is  faid  to  be  xMpaanded  of  the  intermediate  Ratio^  fe 

the  Ratio  -*  is  con^KHifid^d  of  all  ^he  intermediate  Ra- 
tios ^9  — 9  .^,   — >   which  are  equal  the  one  to  the 
if      c      d      t 

other». 

P  R  O  P.    I. 

All  Ratios  df  the  fame  Inequality  are  analogous  Sne  to  Ae 

tfther:    diat  is,   The  Ratio  —  is  duplicate,  or  triplicate» 

•n 

or  fefqufplfc^e,  or  fubduplicate,  &c.  of  Ac  Rario  -g,   or 

of  the  Reoiprooal  5..  viz.  T*c  Ratio  f  isowapo»»- 
ded  of  foine  Ritio,  ^of  which  alio  is  oompoanded  ^ 
Ratio  ^,  or  the  Reciprocal  ^. 


♦  Eucl.  v..  Definitions.  ,    „ 

I  call 
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I  call  Ratios  of  the  fame  Inequality  thofe  whole  Antecei- 
dents  are  all  greater,  or  wlK>fe  Anlecedents  are  all  lefs, 
than  their  Con^quents, 

J,  r,  x>  /w»  tf,  *^  <»  4  ^  /,  f,  A^ 

without  changing  the  Ratio  — ,  let  the  Magnitudes  m,  n^ 

become  homogeneous  with  the  Magnitudes  A,  B,  and  be- 
tween m^  and  »,  let  there  be  a  Number  of  mean  Pro- 
portionals tf,  hy  r,   &c.   indefmttety  great,  viz.  that  the 

Ratio     '^ "  majr  be  taken  lefs  than  any  given  Ratio,  or 
en 

(whtcb  is  the  fame  Thing)  that  tbe  intermediate  Ratio 

—  may  approach  nearer  to  the  Ratio  of  Equality,  than 
vn 

any  predefinite  Ratio  of  Inequality,  and  let  the  Series  be 
infinitely  continued  each  Way :  And  (becaufe  m,  «,  i,  &c, 
afcending  increafe  to  a  Magnitude  greater  than  any  given 
one,  and /n,  x>  r,  j,  &c.  defcending  decreafe  to  a  Mag- 
nitude left  than  any  given  one)  if  either  one  or  the  other 
A,  of  the  Terms  A,  B,  is  not  in  the  Series,  let  it  be 
between  g  and  b^  viz.    let  it  be  greater  than  f ,  and  lefs 

than  A,  and  the  Ratio  —  will  be  lefs  than  the  Ratio  —  i 
i  g 

that  is,  than  the  Ratio  ^  ;  and  therefore  the  Ratio  -^ 
«  g. 

will  be  lefs  than  the  Ratio,  ,  which  could  have  been 

m 

aflumed  left  than  any  given  Ratio.  Therefore  a  Series 
can  be  exhibited  in  which  the  Terms  /n,  n,  are  placed, 
and  of  which  fome  Term  will  have  to  the  Term  A  a  Ra- 
tio which  18  lefs  (hort  of  the  Ratio  of  Equality,  than  any 
given  Ratb  of  Inequality ;  that  is,  the  Terms  m,  »,  A,  P, 
are  placed  in  a  geometric  Series.     And  thence  it  appears, 

fB        A. 

that  the  Ratios  — ,    -=t,   are  compounded  of  the  fame 

Ratio  — ,  or  of  the  leciprocals,  — ,^  — . 
a  am 

B  3  PROP. 
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PROP.    IT. 

Ths  Analogy  which  is  between  Ratios  of  the  fame  Imqtia-' 
lity  is  immutable  i    viz.    the  Numbers  of  the  componrnt  Ra- 

tios  are  in  a  given  Ratio.     For  let  —  be  the  ultimate  Ra- 
tio of  which  the  Ratios  — ,   ^,    of  the  fame  Inequality 
n     o       ' 

can  be  compounded,  (for  we  fuppofe  that  they  cannot  be 
compounded  of  any  Ratio,  which  is  much  fliort  of  the 
Ratio  of  Equality,  and  thence  that  they  cannot  be  com- 
pounded of  any  other  Ratio,  befide  the  fubduplicate,   or 

fubtriplicate,  &c.  of  the  Ratio  ^,    viz.   fome  Ratio,    of 

which  i-  is  alfo  compounded)  now  if  the  Numbers  of 
z  • 

equal  Ratios  of  which  the  Ratios  — ,  '  <g,     are    com- 

n      B 

pounded  be    always   called    indefinitely  n  and  N,     and 

that  they  be  fuppofed  to  be  afterwards  compounded  of 

the  fubduplicate,  or  fubtriplicate  &c.  of  the  Ratio    -» 

'tis  evident,  that  n  and  N  are  both  increafed  in  a  double, 
or  triple,  &c.  Ratio ;  that  is,  the  Numbers  of  the  com- 
ponent Ratios  are  always  in  a  given  Ratio. 

All  Magnitudes  which  are  in  that  Ratio  are  caUed  the 
Meafures  of  the  compound  Ratios^ 

Cor.  I.  If  any  Magnitude  M  be  put  for  the  Meafure 
of  any  Ratio  whatfoever^  the  Meafures  of  all  other  Ratios 
of  the  fame  Inequality  will  be  thence  determined;  becaufe 
of  the  invariable  Ratios  which  they  have  to  the  Meafure 
M  :  F'or  the  Meafure  of  the  duplicate  Ratio,  will  be 
double;  of  the  triplicate,  triple;  of  the  fefqui plicate, 
fefquialterate ;  of  the  fubduplicate,  fubduple ;  of  the  fub- 
triplicate, fubtriple  ;  &c.  &c.  therefore  the  Meafures  of 
thofe  Ratios  which  verge  to  the  Ratio  of  Equality  arc 

infinitely 
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infinitely  diminifbed.  And  becaufe  the  Meafure  of  a  Ra- 
tio is  defined  a  Magnitude  proportional  to  the  Number  of 
equal  Ratios^  which  are  componnded  "juith  the  Ratio  of 
Equality*:  the  Meafure  of  the  Ratio  of  Equality  iifclf 
will  vanifi).  But  the  Syftcms  of  Meafures  are  varied  by 
increafmg  or  diminijlnng  in  any  given  Ratio  the  afjUmed 
Magnitude  M,  and  thence  alfo  the  Meafures  which  are  de- 
termined by  it  of  all  the  other  Ratios ;  Or  alfo,  by  af 
fuming  for  Meafures  other  Magnitudes  heterogeneous  to  the 
Magnitude  M* 

Cor.  2.     In  a  given  Syflem  the  Meafure  of  the  compound 

AC 

Ratio  ^^    is   the  Sum   of  the  Meafures    of  the    compo- 

A      C 

nent  Ratios  -^,    r=r.      For  let  three  Ratios  be  com- 

pounded  of  fome  fame  Ratio  -f->  of  which  let  z  be  the 

b 

Meafure,    and  let  a  and  N  be  the  Numbers  of  the  Ra- 

s  AC 

tios  -J-  of  which  the  Ratios  of  the  fame  Inequality  -=,  --^ 

are  compounded,  and  (becaufe  a  Ratio  compounded  of 
Ratios  is  compounded  alfo  of  all  the  Ratios  of  which 
they  them felves   are  compounded)    «  +  N  will   be  the 

£  AC 

Number  of  the  Ratios  4-»    o^  which  the  Ratio  •--=-    is 

compounded;    therefore  (Cor.  i.)  «  x  z,   N  x  :r,    and 

^  A   C 

M  -f  N  X  z,    are    the   Meafures   of  the  Ratios  -5,  -^, 

B   D 

AC 
and  vryr.  But  becaufe  from  the  Compofition  of  the  Recipro- 

A     B 
cals,  -=,    — ,  the  Ratio  of  Equality  is  made,  of  which  there 

is  no  Meafure,  and  becaufe  thefe  are  compounded  of  the 

reciprocals  —,    — ,    equal    in   Numbers,    therefore    that 
d       c 

their 
•  Preceding  Definition, 
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fhilr  Miofkres  may  he  £ftinpii/hidi  and  thai  the  Mutjufv 
(^  the  cempotmd  Rfitio  may  jtiU  aifo  renurni  eauai  to  tia 
Sum  of  the  Meajkres  of  the  eovifonmt  Ratios ;  whatever  may 
he  the  Meediires  of  the  Ratios  of  either  ItuquaSty^  the  Mia- 
fores  of  aU  their  Reciprocah  osqht  to  he  tbefame^  wtb  their 
SigHS  ehaagoL 

Cor*  3.  if-^2z,»— sff,»,  ^+g:,  «  +  2Z,  «+3S5»«+4K, 
**  *>     ff    ^        e^         /,         g% 

If  the  Magnitudes  n^r^lz^  n^-^Zy  «,  dff r.  in  an  ariih^ 
pietical  Series^  be  adjoined  to  the  Magnitudes  a^  by  f,  tffc. 
in  a  geometrical  Series^  one  to  om  reffe£tively^  the  Meafwre 
of  the  Ratio  between  any  Terms,  v^haijover  in  the  ge- 
ometritaf  Series^  will  he  the  Diffirence  of  the  Terms  ad^ 
joined.  For  if  the  Number  of  Terms  in  the  Series, 
v^hok  Btghrtiing  and  End  are  a  and  d^  be  called  N ;  ^md 
if  the  common  Difierence  z  be  put  for  the  Meafure  of 

{he  intermediate  Ratio  -y-i   the  Number  of  tlie  Ratios 
if 

^y  of  wUch  the  Ratio  -^iscompounded,  will  beN^^i, 

whofc  Meafure  therefore  (Gor.  j.)  is  N  «^  i  x  jsj  which, 
from  the  Nature  of  the  arithmiecical  Scries,  is  the  Diffe* 
rence  of  ^  adjoined  Terms. 

S  c  H  6  L  1  tr  nr. 
^be  numeral  Meafures   of  Ratios  are  called  Logarithms. 

the  *" 


rithrti 

Unitv.  For  aU  Numbers  are  in  a  geometrical  Series^  H 
which  {as  they  continually  in^reafe)  Numbers  continAaUy  in-t 
freafmg  in  an  arithmetical  Series  are  underjlaod  to  be  etd- 
joined  \  whence  the  Meafure  of  the  Ratio  between  any 
Tertos  whatfaever  in  the  geodietrical  Series  is  the  Differ 
rence  of  the  Tenns  adu)ined  [a),  viz.  the  Logarithm  of 
i:bfc  Ratio  between  the  Numerator  and  Denominator  of 

any 

(a)  Cor.  3. 
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»y  Fra^on  whatfoever  (b),  will  be  tht  Term  affixed  (o 
the  Nnrtierator  diminifiied  by  the  Term  tfeffixed  to  die 
Denominator.  And  bccauft  in  the  Vtrlgar  Tables  the 
Term  affixed  to  Unity  is  a  Cypher,  the  Logarithm  of  the 
Ratio  of  any  Number  whatfoever  to  Unity,  wHl  Be  the 
Term  itfelf,  which  is  adjoined.  And  hence  19  had  a  mofi 
ufeful  Compendium  for  arithmetical  Qperatiom.    For 

328.  If  a  Number  is  to  be  multiplied  by  d  Number^  be- 
caufe  the  Ratio  of  the  Produd  to  Unity  is  compouitded 
of  the  Ratios,  which  the  Faf^ors  have  to  Unity  ;  if  the 
l^arithms  of  the  Ratios  which  the  Favors  have  t^VniN 
he  added  together ^  the  Sum  will  be  the  Logarithm  of  tvi 
Ratio  of  the  Product  to  Unity  (e)j  and  the  correfponding 
dumber  wiB  be  the  Produit  itfelf 

329.  And  ^f  a  Number  is  to  be  divided  by  a  Number^ 
the  Difference  of  the  Logarithms  of  the  Ratios  of  the  Di^ 
vidend  and  the  Divijor  to  Unity  is  the  Logarithm  of  the 
Ratio  of  the  Suote  to  Unity  [d)^  and  the  cerrefponding 
Number  is  the  ^uote  itfelf. 

Let  r,  1,  be  intego-  Numbers.  It  is  plain,  that  the 
Number  of  Ratios,  of  which  is  compounded  the  Ratio 

X 

which  the  Power  n    has  to  Unity,  is  to  the  Number  of 
Ratios  of  which  is  compounded  the  Ratio  which  n  has  to 

Unity,  as  i  to  x;   or  as  —  to  i  (^);   and  therefore  that 

the  Number  of  Ratios  of  which  is  compounded  the  Ratio 

r 

which    the  Power  «*    has  to  Unity,  is  to  the  Num- 
ber  of  Ratios    of   which    is    compounded    the    Ratio 

.1  r 

which  H  has  to  Unity,  as  r  x—  to  i ;    viz«  as  —   to   f. 

And  hence,  if  any  Power  of  any  Number  whatfottfer  ts 
feugbt^  the  Logdrithm  of  the  Ratio  of  that  NunAer  to  Umty^ 

multiplied 

(h)  Nvihb^r  14J.  .76.  (e)  NuitAer  79,  C^f*  2. 
(d)  Number  81.  Cor,  ju      (e)  Hiwnkbct  62r 
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multiplied  into  the  Index  of  the  Powers  whether  Integer  or 
Fraction  {f)y  is  the  Logarithm  of  the  Ratio  of  the  Power  to 
Unity ;   and  the  Number  correfponding  is  the  Pawer  itfelf. 

33  r.    Hence,  ;/  the  Logarithms  of  the  Ratios,  whieh  the 
Numbers  A,  B,  haue  to  Unity,  be  called  L,  and  R ;   then 

R  L 

A  =  B  :  For  the  Logarithm  of  the  Ratio  which  cither 
Power  has  to  Unity  is  the  Produd  of  the  Logarithms 

.  332.  And  hence  Equations,  in  which  Indices  are  fought ^ 
can  be  reduced  to  thofg,  in  which  Roots  are  fought.  As  if 
u»  -f  ^n  —  r;  and  a,  b,  c,  being  given,  the  Index  k  be 
fought :    Let  q  and  p  be  the  Logarithms  of  the  Ratios 

of  a  to  r,  and  of  ^  to  i  ;    and  let  -^  be  the  Ratio  whofe 

Logarithm  is  n :  Therefore  a^  =:  ^i,  and  b^  zz.  g^  {h)  ; 
whence  g}  -{■  g^  :=•  c,  where  the  reft  being  given,  g  is 
fought,  whole  corrcrponding  Logarithm  is  »,  the  Index 
fought. 

,       PROP.     III. 

T        V 

Z   .     R         I 

n  p  q         y 

m  t  k  I  0 

r         s  t  u        w        X 

a         b  ^  d  e         f  g 

ABCDEFGH 

In  the  Series  of  Magnitudes  A,  B,  C,  tfr.  the  Differences^ 
refulting  from  the  continual  SubduSlion  of  the  preceding  Terms 
from  thofe  which  immedlatsly  follow,  conjlitute  the  Series 
a,  b,  c,  ^c.  whofe  Terms  ^  fuh  dueled  from  thofe  immediately 
following,    give  the  Series  r,  s,   t,    i^c.  ^c.     The  Excejs 

B  — A, 


(/;  Numbef83.  85.  145.    Cor.  3.    .(f)   Eucl.  V.  9. 
Number  83.    (*)  Number  331. 
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B  —  A,    multiplied  into  the  Number  of  Terms  lefs  one,  in 

the  Series  whofe  Beginning  and  End  are  A,  H,  is  deficient  cf 

the  Excefs  H  —  A,  ^  the  Sum  jr+2w-f3u  +  4t,  tic. 

cr  {if  the  Number  of  Terms  of  the  Series  A,  B,  C,  i^c.  be 

N  ;  and  thefirjl  of  the  third  Differences,  be  m  ;    thefirft  of 

^  ""*  I 
the  fourth,   n ;    and  fo  of  the  reft)  by  the  Sum x 

N  — 2         N— r       N  — 2      N  — 3  N_i 

r  + X  X  2  m  + 

2123  I 

X  — ^^^  X  — —2  X  — — ^  n  +  &c.  &c. 
21  3  4 

Part  ift.  Becaule  (by  Hypothefis)  B  —  A  =  a,  C— B 
z=  h,  and  fo  on  ;  it  is  manifeft  that  the  Difference  of  the 
Extremes  H  —  A  is  equal  to  «  +  i  +  r  &c.  the  Sum  of 
the  Differences  :  But  (by  Hypothefis)  i=tf  +  r,  c -rzb 
4-  s  and  fo  on  ;  therefore  ^  1=  a  -{-  r  +  j,  and  d=:a  + 
r  +  s  ^  t,  and  fo  on  continually ;  whence  the  Difibrence 
H  —  A  is  equal  to  the  Series  following 
a 

fl  +  r  +  i 

tf-f-r+i  +  /4-«+w+Ar;  and  it  is  plain,  that  the 
Sum  of  this  Series  is  equal  to  the  Sum  N — l  Xa  + 
N  —  a  xr  +N  —  3  xj'+N  —  4  x/,  &c.  whence 
N  —  I  X  ais  deficient  of  the  Excefs  H  —  A  by  the  Sum 
N  —  2  xr  +  N  —  3XX+N — 4X/,  &c.  or  (com- 
puting backward)  by  the  Sum  Ar  +  2tt;  +  3«+4/  &a 

Part  2d.  Betaufe  5  =  r  -f  «,  and  t  -=zr  +  m  +  i^ 
and  fo  on ;  and  after  the  fame  Manner,  i  z=:m  +  n,  and 
^  z=  »1  +  «  +  />,  and  fo  on  cohtinually ;  the  former  Sc- 
ries will  be  changed  into  the  following  one. 

a 

a+r 

i7+2r+     m 

iT-f  4r+   6m+  4»+     Z 

tf  +  5r+iow-f  ic^i+  5Z+  T 

tf+6r-f  15^  +  20«+ X5Z4-6T  +  Q,5    Where  'tis  ob- 


IX  HfKASUKES    OF    RATIOS: 

v^v»  that  theCbefScients  of  the  Term  a  via.  UniCk,  are 
Figurate»  of  the  firft  Order,,  wbofe  Number  is  N  —  i^  ia 
Pajihsf^  arithmetical  Triangle  $  and  the  CoefficioQts  of 
ttK  Ten»  fy  vi%.  i,  Xr  3)  ^c*  ^^  Figuratea  of  the  fecond 
tkier^  whofe  Number  is  N  ^^  a  ;  the  CoefficioDt  o(  the 
Ternrm,  are  Figurates  of  the  third  Order,  whofe  Num- 
ber is  N — 3  ;  and  fo  on  continually  [a)  :  Whence  by 
the  coifimon  Methods  of  fumtning  the  Series  of  thefe 
Figprratcs  (^),    the  Scmi  of  the^  Series  is*  eqval   to  the 

Smn a  + X r  + x 

I  12  »2 

N*-j        N— I      N  — 2      N  — 

X  — ■ — ^m  + —  X  -  X ■• 

5  I  a  3  . 

+ X X  2  X ~  X 2  2 

I  »  3  4  5 

K  — f      N— 2       N— 3       N  — 4       N  — 5 


rf,      *,     r,      4      r,     /^      ^, 
A,     B,     C,      D,     E,      F,     G,      H, 
J^  A^  B|  C,  &tf.  ii^  cQBUUutd  Propirtiofuils^  and  N  r^nMtir 

unchanged^  the  nearer  tie  iuterrHediaie  Ratio  ^  approaches  t9 

^e  RaiU  ^  Equality^  i.  e.  the  Ufi    the  Rati»  —  of  the 

Difference  of  the  Terms  is  to  the  kfs  Term^  the  nearer  dways 

mU  the  Ratio    "ju'     ■■■■■  approach  to  the  Ratio  of  £^edky^ 

For  Magnitudes  continually  proportional  are  proportional 
to  their  Differences  [c) :  Therefore,  becaufe  B  :  A  : :  ^  :  tf, 

by 


[a)  Number  23.     (i)  Number  27.      {c)  Each  V.  19. 
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byDivifion  B  —  B  :  A  ::  *  — ^ :«,  Aatis^  a^Aiiriay 
therefore  the  Ratio  ^  being  diminiOied^  ^  Ratio  —  is 
aHb  diRiinSQied  \  -snd  thence  alib  die  Ratio,  which  aeiv 
Mdtipleof  the  Magnitude  r  has  to  ir ;   the  Ratio  .rife  -^ 

=:  i.   (for  S  :  A  : :  i  :  r)   is  xlinnnifhed,    therefore  the 

Ratios  — ,  and  — ,    are  diminifhed,    whence  the  Ratio 
r  ii 

•»  willi>e  diminifhed ;   and  thence  the  Ratio*  which  any 

Multiple  of  the  Magnitude  s  has  to  a^  will  be  diminifhed ; 

linA'the  Ratio  —  lieiiig  Jiminiihed,  it's  Diqiiicate  -<^  >(for 

r,  if  /9  are<:ontinually  jproportional)  is  diminifhed ;  there^ 

/  r 

fore  the  Ratios  —  and  r—   are  diminifhed,    and  thence 

r  a 

the  Ratio,  ^hich  any  Multiple  of  the  Magnitude  /  has  to 
tf^  is  diminifhed.  After  the  fame  Manner  the  Ratio, 
which  any  Mukipie  of  the -Magmttide  •&,  iias  to  a  is  dl^ 
minifhed;   and  fo  on  continually.    Now  all  thefe  Ratios 

'Br 

will  .be  confiderably  diminifhed,  becaufe  die  Rados  -^ 

and  —  are  confiderably  diminifhed ;    and  therefore  the 

Rado  wbrch  the  Sum  ;t  4-  2  u;  H-  3  ^  &c«  has  to  a  will  be 
confiderably  diminifhed,  and  thence  alfo  the  Ratio  which 
•thtsSt»n;r  ^.2:w  ^3«,  &c.  rbas  toN"*^  1x0  willh^ 

tfonfiderahly  -dkninifhed  ;    ^nd  the  Ratio  ^-^ — r —  will 

ifcfgt  to  the  Rado  of  Equality. 

Cor.  2- 
A,  B,  C,  D,  E,  F,  G,  H, I,  K,  L,  M,  N,  O,  P,  Q. 

The  Extremes  verging  to  an  Equality j  and  N  remaining 
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unchanged^  the  Ratio     J7^    —  verges   to    the  Ratio  of 

Equality  ;  and  thence  the  Excejfes^  by  which  the  Terms  B,  C, 
D,  fsff .  exceed  the  Term  A,  divided,  by  that  Terntj  vix. 
B_A     C  — A     D  — A     ,^  L    ,^  r 

— T — »   — S — *    — A — >    ^^'  ^^^i^  '*  '^  Auafares 

.  .  /i,  A  A 

BCD 

^  /A^  Ratios  — ,    -^,    — -,  ^c.    For  if  the  Number 

of  Terms  in  a  Series  whofe  Beginning  and  End  are  any 

B  — —  A 

Extremes  whatfoever  A  and  E  be  called  N,  and        ^     ■ 

A 

B 

be  put  for  the  Meafure  of  the  intermediate  Ratio  —  j  then 

A. 

N  —  I  wiJI  be  the  Number  of  the  Ratios  -r  of  Which  the 

A 

E  . 
Ratio  -^  is  compounded,  whofe  Meafure  therefore  (Cor.  i. 

P,  2.)  will  be  N  —  I  X  — -T —  which    verges  to  the 

E /^   - 

Quantity  — r^ — .     But  Quantities  continually  proporti- 
A 

B  —  A 

onal  are  proportional  to  their  Differences,  viz,  — - — ^ 

C_B    D  — C     ,  A     ,  1 

— 5 — >    — P — >    &C'    are  conltantly  equal    to   each 

other,  and  the  Meafures  of  equal  Ratios  are  equal ;  and 
therefore  if  the  Terms  I,  K,  L,  &c.  be  placed  in  a  con- 

tinued  Order  any  where  in  the  Series  continued,    — -^ — * 

Cx 

will  be  the  Meafure  of  the  Ratio  7^;  and  — ^^,   — t--> 

K     L 

will  verge  to  the  Meafures  of  the  Ratios  -j-,    -y-,  &c.  10 

the  iamc  Syftem. 

Cor. 
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Cor.  3.  r,     J,      /,      Uy    Wj     x, 

«>     *>     ^9      ^»      ^     /,     g> 
A,    B,    C,    D,    E,    F,    G,    H, 

The  fame  Things  being  fuppofed.^  the  Aleafure  of  the  Ratio 

between  any  determinate  Extremes  whatjoever^  H,  and  A* 

fj ^ 

will  be  always  lefs  than  — - — ,   for  the  Sum  ;ir  +  2  w  + 

3  ff,  &c.  will  not  vani(b* 

Cor.  4.     The  Extremes  verging    to    an  Equality^    and 
th   intermediate    Ratio    remaining    unchanged^    the   Rath 

— p- -—  verges  to  the  Ratio  of  Equality.     For  the  Dif- 

H  — —  A 

fcrcncc  of  the  Extremes  H  and  A  is  equal  to  the  Sum  of 
the  Differences  g  -\-f  +  r,  &c.  and  in  like  Manner  the 
Difference  of  the  Extremes  F  and  A  is  equal  to  the  Sum 
of  the  Differences  ^  +  ^/  +  r,  &cj  but  (becaufc  the  Dif- 
ferences ay  by  Cy  &c.  increafe  perpetually)  the  Ratio  of  the 
greater  Sum  of  the  Differences  ^  +/+  ^,  &c.'to  the 
lefs  Sum  of  the  Differences  e  -\-  d  +  Cy  &c.  is  greater, 
than  the  Ratio  which  the  greater  Number  of  them  has  to 
the  lefs  Number  of  them ;  that  is,  (if  the  Number  of 
Terms  in  the  Series  whofe  Beginning  and  End  are  A  and 
F  be  called  n)  the  Ratio  of  H  —  A  to  F  —  A  is  greater 
than  the  Ratio  of  N  —  i  to  « —  i,  or  than  the  Ratio  of 
N  —  I  X  tf  to  71  —  I  X  a(d)\  and  by  Alternation,  the 
Ratio  ofH  —  AtoN  —  i  x  a  is  greater  than  the  Ra- 
tio of  F  —  A  to  «  —  I  X  tf ;   viz.  the  Ratio       . 

n —  I  xa 

is  lefs  fliort  of  the  Ratio  of  Equality. 

Cor.  5.    A,  B,  C,  H,    firf!  Series 

Ay  Dy  Ey  Fy  //,    fecondStries 

€y         by         Cy         dy         ey       fy         gy  ky  /,         ky         /,         W, 

A,  gy  py  Dy  B,  J,  Ey  my  C,  Fy  yy  z,  Hy  third  Series 
The  Extremes  remaining  unchangedy  and  N  being  increafedy 

B  — A 


{d)  Eucl.  viii.  18. 


j6,    measures  of  ratios. 

B — A  X  N  —  I  is  dminijhid.    For  let  there  be  two  Series, 
having  their  Segioiiing  and  End  the  fame.  A,  and   H ; 
and  let  the  Niimber  of  Terms  be  N,  and  n :  And  if  a 
third  Series  foe  made  whofe  Beginning  and  End  arc  alfo 
-the  fame  A  and  H,  and  in  which  the  Number  of  Terms 
lefs  one  is  .a  Number  P,  which  N  —  i  and  nx —  j  will 
meafure;   the  Terms  of  either  of  the  former  will  be  the 
fame  widi  thofe  Terms  of  the  thirxl  Series,  .which  ihall  ^ 
taken  at  Intervals,  by  omitting  a  Number  of  the  Terms  in- 
itbesveniiig,  equal  to  the  Quote  of  the  Number  P  divided 
hy  N-s-i,  or» —  i,  rcfpeaively.     Let  the  Diffeiences 
of  the  Terms  in  this  third  Series  be  ^,  ^,  r,  &c ;  the 
'Number  of  Differences  tf,  i,  r,  &c.  of  which  either  Dif- 
ference E-^^A,  or  D  —  A^  coniifts,  is  P  divided  by  Uie 
re/pedlive  N  «^  i,  or ;?  — *- 1,  ^nd  therefore  the  Numl^fs 
4>f  the  Diilbrences  «,  by  r,  iic.  of  which  the  Dificrenc^ 
B-*- A  and  D^^A^  confift,  are  as  n-r- 1  toN —  i  (<j, 
ihat  ]$,  inverfely  ^s  the  Numbers  of  the  Terms  in  the 
Series,  A,  B,  C,  &c.  and  A,  Z>,  J?,  &c.  diminiibed  by 
Unity.    But  (upon  Account  of  the  perpetual  Increafe  of 
the  JDiffercnces)    the  Ratio  which  d  ^  c  +  i^  ff  ^  the 
«greater  Sum  of  Differences  has  to  the  lefs  Sum  of  Differ* 
rences  r  +  (  ^  a  is  greater,   than  the  Ratio  which  their 
;greater  Number  has  to  thejr  lefs  Number  ^   viz.N«^x 
being  increafed  in  any  Ratio,  B  —  A  is  djminifbed  in  ^ 
greater  Ration   and  confequendy  JB-^AxN< — i   is 
.diminiibed. 

Cor. -6%       «,     ^,      ^,     ^,      ey    f^      g, 

A,    B,    C,    D,    E,    F,    G,    H, 

Tbi Ratio  e/H^AtoN  —  i  x.  z  is  kfs  than  tbe Ratio 

of  thi  Extremis  .--.  For  (upon  Account  of  tiie  Differ- 
ences tf,  i,  r,  .&c.  always  increafiog)  the  R^tio  of  the 
5um  of  aU  the.  Differences  ^  + /•+  /,  &c.  to  the  Icaft 
Difference  multiplied  into  their  Number,  viz.  to  N  -•—  i 

X  a 


(0  60. 
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X  a^  is  Icfs  than  the  Ratio  of  the  grcatcft  Difference  to 

if         G 
the  Icaft,  viz.  than  the  Ratio  of  — ,  or  —j-  ;  and  thcrc- 

fl  A 

H 
fore  Icls  than  the  Ratio  -^. 

Cor.  7.  ^he  Extreme^  remaining  unchanged^  and  N 
hfing  fufficiently  great^  N  —  I  x  a  wiU  approach  nearer  to 
an  invariable  ^antity^  than  by  any  definite  Difference  :  to 
wit,  N  may  be  ajfitmed  of  a  Afagnitude  fo  great^  that 
though  it  Jhould  he  again  and  ever  fo  much  increafed^  yet  the 
Ratio  between  N  —  I  X  a  firjl  ajfumed^  and  N  —  i  x  a 
again  affamed^  Jball  differ  from  the  Ratio  of  Equality  lefs 
than  by  any  afftgned' Difference.  For  N  may  be  indefinitely 
increafed,  while  (Cor.  5.)  N  —  1  x  ^  is  in  the  mean 
Time  perpetually  diminimed ;  but  the  Ratio  of  the  given 
Quantity  H  —  AtoN —  i  x/i  is  always  lefs  than  the 

given  Ratio  —  (Cor.  6.) ;    therefore  if  N  fhould  be 

perpetually  increafcd,  N  —  x  i  fl  will  verge  to  an  invari* 
able  Quantity. 

Cor.  8.    The  finite  Number  of  Terms  N  remaining  un^ 

a 

changed^  let  the  Ratio  -7-  be  indefinitely  dimini/bed ;  the  £a-- 

tremes  A  and  H  zvill  come  nearer  to  an  Equality  than  by  any 
predefimte  Difference  \  and  VI  —  i  X  a  (Cor,  i.)  will  be 
equal  to  the  Difference  of  the  Extremes  H  —  A  j  (to  witj 
their  Ratio  will  approach  merer  to  the  Ratio  of  Equality 
than  any  tredefinite  Ratio  of  Inequality  will)  and  thence  it 
appears^  that  the  Terms  A,  fi,  C,  Vc,  will  be  equidifferent  ; 

R  —  A 
and  that^  if  — ^ —  be  put  for  the  Meafure  of  the  Ratio 
A 

B  H  — A 

_-,    then  — - —   will  be    the  Meafure   of  the   Ratio 
A  A 

•J- :  ^nd  the  contrary.    Now  if  the  Extremes  remaining  un-^ 

changed,  N  be  any  how  changed^  the  Ratio  between  H  -^  A 

C  and 
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and  N —  l  X  a  will  (Cor.  6.)    remain  nearer  ahuaji    U 

the  Rath  of  Equality  ^  tlntn  the  Ratio  —  j    and  therefore    if 

— -- —  he  always  put  for  the  Meafure  of  the  irttermeeBatf 

B  H 

Ratio  — ,  the  Meafure  of  the  Ratio  —   will  remain   tm^ 
A  A 

varied  \  to  wit,  it  will  differ  lefs  from  a  given  Quantityt 
than  by  any  predefiiute  Difference ;  and  therefore^  if  N  be 
underjlood  to  he  indefinitely  increafedy  fo  thai  every  Magni- 
tude of  the  fame  Kind^  which  is  neither  lefs  than  A  nor 
greater  than  H,  may  be  placed  in  this  Series^  tis  evident^ 
that  the  Meafure  of  the  Ratio  between  any  fuch  Adagnitude 
whatfocver^  and  the  Term  A,  will  be  the  Difference  of  tkc 
Terms  divided  by  the  lefs  Term, 

Car.  9. 
A,  B,  C,  D,  E,  F,  G,  H,  .  -  -  I,  K,  L,  M,  N,  O,  P,  Q, 
Let  the  Series  now  be  continued  on^  untill  the  Exceffes  by 
which  the  Terms  I,  K,  L,  ^c.  excud  the  Term  A,  wmyi 
have  fome  confiderable  Ratios  to  the  Term  A ;  (but  you  arc 
to  conceive  a  Number  of  Terms  indefinitely  great  to  be 
placed  between  H  and  I,)  and  (becaufe  that  in  approach- 

Q  —  A     P  — »  A 
ing  to  the  Tenn  H,  -S=- — ,   — - — ,    &c.    perpetually 

A  A 

decreafe  and  verge  (Cor.  4.)    to  the  Meafurcs  of  the 

Q     P 

Ratios  -^   — ,    &c.    and    becaufe  every  Magnitude  of 
A      A 

the  fame  Kind  is  placed  in  this  Series  continued  each 

way)  tis  evident,  that  the  lefs  the  ^ote  is  ef  the  Diffiernue 

§f  any  two  Magnitudes  whatfoever  divided  by  thefmaliery  tb§ 

nearer  always  will  this  ^uote  approach  to  the  Meafure  of 

the  Ratio  of  the  Magnitudes 'y    and  therefore  the  nearer 

alfo  will  the  double,  or  triple,  &c.  of  this  Quote,  approach 

to  the  Meafure  of  the  du[dicate,  or  triplicate,  &c.  JRatio ; 

wherefore  the  Extremes  remaining  unaltered^  and  the  Num^ 

her  ^  mean  Terms  being  in  any  Mamser  varied^  kt  the 

Difference  between  tbe  twofrji  Terms  divided  by  tbefmaller 

be 
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ie  ahvays  tndefiniuly  called  x,  and  let  the  Numher  of  Terms 
he  always  N  j  by  how  much  lefs  x  /V,  by  fo  much  always  will 
N  —  I  X  X  approach  nearer  to  an  invariable  Meafure  of 

the  Ratio  ~:    And  it  will  approach  nearer  than  by  any 
A 

a^ghed  Difference,  if  the  fecond  Term  afcends  not  beyond  the 

jTerm  H,  (f) 

Cor.  10.    X,  y,  %y  A,  B,  C,  D,  E,  F,  G,  H, 

Aid  if  the  Terms^  A,  z,  y,  ^c.  be  placed  in  the  Series 
ifontinuid  the  contrary  fVay^  and  if  the  intermediate  Raii^ 

A  —  B     A  —  C 

verges  to  the  Ratio  of  Equality ;    — -r — ,    — ^ — ,&c. 

A  A 

vill  verge  (Cor.  2.  P.  2.}  to  the  Meabre^  of  ibfi  Ratios 

— ,  ^,    &c.   which  are  the  Reciprocals  of  the  Ratios 

A  A 

B  C 

T>  T^    ^^     2"^  ^^  ^'^   ^^^6^  ^^  ^^  Quantities 

A  A 

^~-       ^-X^>    ^^'    •^^"f^  ^®  S^"es  y^  «,  A,  B, 


continued  each  Way,   and  finite,  yerges  tp  an  arithme- 
tical Series;   therefore  ^"Y  ■»  "^/T    >  fe:.  wiU  verge  to 
A  A 

the  Meafuresofthe  Ratios -J-,    -i,  &c;    and   all  Things 

A     A 
fM&/fi  were  before  denm/irqted  in  the  Series  A,  B3  C, 
fif^.    have  Place  alfo  (with  the  proper  Chmgfi  (g)  )  W  the 
Seriesj  A,  »,  y,  i^£* 

Cqr.  II, 
A,  B,  C,D,  E,  F,  G,  H,  -  .-I,  K,  L,  M,  N^  O,  P,  Q, 
Let  all  the  Terms j  A,  B,  C,  &f^.  be  now  changed  into  Nu^ 
meralj  a^d  the  Series  be  conceived  to  be  fqntinufd  each  ff^ay  to 

C  2  Infinity^ 


(f)  Cor. «.  [g)  Cor.  2.  P.  2. 
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hfinlty^   all  Numbers  will  be  placed  in  this  Series  \  and  If 

B  —  A  B 

— -r —  be  put  for  the  Logarithm  of  the  Ratio  --^      then 
A  A 

— ^^^^-  will  be  the  Logarithm  of  the  Ratio  y ;  and     " 

xN  —  I  will  be  the  Logarithm  of  the  Ratio  between  anf 
Extremes  whatfoever^  Qjsnd  A  5  and  will  remain  invariable^ 
however  the  Number  of  mean  Terms  be  varied^  fo  that  the 
fecond  Term  afcends  not  beyond  H  (h). 

Logarithms  of  this  Kind  the  nufl  nolle  Lord  Napier  Barem 
of  Merchifton  in  Scotland  invented^  and  they  are  called 
Hyperbolic  (i). 

Cor.  12.    Hence f  if  — ^^ —  be  given^  the  Logarithm  of 
A 
n 

ary  Ratio  whatfoever  — »  will  be  asN  —  i ;  and  ifNbe 
A 

given^  the  Logarithm  wiUbi  tf*  — r — »   that  is^  if  A  alfr 

A 

be  given^  «x  B  — -  A ;  that  tSy  if  A  he  Unity ^  as  the  Excefi 
above  Unity  of  the  Root  of  the  Term  Qjvbofe  Index  is  N — i. 
For  if  Unity  begins  the  Scries,  every  fubfcqucnt  Term  is 
a  Power  of  the  fecond  Term,  whofc  Index  is  the  Num- 
ber of  Terms  reckon^  to  that  Term  exdufive  (i),  viz* 
if  from  two  Numbers^  which  are  both  greater  or  both  lefs 
than  Unity  y  be  extracted  the  Roots  of  the  fame  Rower  wbofe 
Index  is  indefinitely  great  ^  the  Excejjes  of  thefe  Roots  above 
Unity y  will  be  as  the  Logarithms  of  the  Ratios  which  thofi 
Numbers  have  to  Unity  ^  that  is^  the  greater  thelndox  of  the- 
Power  isy  ^  nearer  will  the  Ratio  ^  the  Excejfes  approach 
to  the  Ratio  of  the  Logarithms.  Thefe  Things  are  all 
evident  in  the  hyperbolic  Syftem,  and  by  (Prop.  2.)  the 
fame  have  Place  in  every  other  Syllem. 

Cor.  13.    And  if  for  the  Logarithm  of  am  Ratio  wbat^ 
foever  be  put  it's  cyperboUc  Logarithm  multiplied  into  any 

numoral 


{b)  Cor.  8.  (i)  Cor.  3.  (i)  76. 
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numeral  ^antity  M,  the  Logarithms  of  all  other  Ratios 
(Prop.  2.)  will  he  their  hyperbolic  Logarithms  multiplied  into 
the  fame  ^antip  ;  but  the  hyperbolic  Logarithm  of  any  given 
Ratio  is  invariable  (/),  that  is,  there  is  but  one  Syfiem  of 
hyperbolic  Logarithms ;  therefore  the  Logarithm  of  any  given 
Ratio  is  as  that  affumed  ^antity  M,  which  is  called  the 
Module  of  the  Syfiem. 

Cor.  14.    A,  B,  C,  D,  E,  F,  G,  H, 

Becaufe  the  Logarithm  of  the  Ratio  H  is  — ZZL.  x  M : 

A  A 

H  — A 

If  that  Logarithm  be  called  L  ;  then  — - —  x  M  =:L, 

and  H  —  A  x  M  =  L  x  A ;  whence  H  —  A  :  L  : :  A 
:  M  (ot),  that  is,  the  Excefs  by  which  any  Number  whatfo- 
ever  exceeds  the  Subtrahend  A,  is  to  the  Logarithm  of  the 
Ratio,  which  it  has  to  the  Subtrahend,  as  the  Subtrahend  is 
to  the  Module  of  the  Syftem ;  provided  that  this  Ratio  ap- 
proaches very  nearly  to  the  Ratio  of  Equality.  And 
hence  the  Excejfes  by  which  any  two  Numbers  whatfoever 
exceed  a  given  Subtrahend  A  are  as  the  Logarithms  of  the 
Ratios  whith  .they  have  to  the  Subtrahend  (n),  provided  that 
they  are  placed  in  the  Series  on  the  fame  Side  of  the  Number 
A,  and  that  the  three  Numbers  are  very  nearly  equal  \  viz, 
the  nearer  they  approach  to  an  Equality,  the  nearer  the 
Ratio  of  the  ExcelTes  approaches  to  the  Ratio  of  the  Lo^ 
garithms. 

The  Ratio  whofe  Lo&;arithm  is  the  Module  of  the 
Syflem  is  called  the  modular  Ratio. 

Cor.  I C.  The  modular  Ratio  is  the  fame  in  all  Syfiems^ 
Tor  the  Modules  of  two  Svftems  are  as  (Cor.  13.)  the 
Logarithms  of  any  given  Katio  in  thofe  oyftems ;    and 
thence  'tis  evident,    that  the  Modules  themfelves  are  the 
Logarithms  of  fome  fame  Ratio,  to  wit,  If  the  Modules 

C  3  he 


(/)  Cor.  7.  9.    («)  Eucl.  vij.  19,      («)  Eucl.  v.  ii. 
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be  called  L,  and  M^  and  ^  be  the  modular  Ratio  in  the 

i 
Syflem  Mehofe  Module  is  L,  L  will  be  to  M,  as  L  to  the 

Logarithm  of  the  Ratio  —  in  the  Syftem,  whofe  Mo- 
dule is  M,  therefore  that  Logarithm  is  M :  v\t.  ^  is  allb 

the  modular  Ratio  In  the  S'yffcm  whofe  Module  is  M*. 

Cor.  1 6.  Every  Number  is  a  Power  of  the  Number^ 
whofe  Ratio  to  Urtity^  is  the  Modular  5  the  Index  of  which 
Power  is  the  hyperbolic  Logarithm  of  the  Ratio  of  that 
Number  to  Unity,  For  t\it  Logarithm  of  the  ^atio  of 
the  Number  to  Unity  multiplied  into  the  Index  o(  the 
Power  gives  the  Logarithm  of  the  Ratio  of  the  Power  to 
Unity  (o)y  and  the  hyperbolic  Logarithm  of  the  modular 
Ratioy  is  Unity^  which  in  Multiplication  ma£es  no  Change. 

By  Number  I  eVery  where  tinderftand,  every  numeral 
Quantity,  whether  Integer,  or  Fradlion, 

SCHOLIUM. 

333«  9^f^  Logarithms  of  all  Ratios  cannot  be  accurately 
exhibited.  For  if  they  could  be  perfeftly  expreflcd,  and 
integer  Numbers  (hou'd  be  t^ken  in  the  Ratio  of  the  Lo- 
garithms, it  wouM  follow,  that  all  Ratios  cou'd  be  com- 
pounded of  feme  fame  Ratio,  and  that  the  Numbers  of 
the  component  Ratios  were  thofe  aforefaid  Integers  re- 
fpeSively  J  that  is,  all  Numbers  cou'd  be  accurately  placed 
in  a  gfeometrical  Scries,  whofe  int'errtiediate  Ratio  fhou'd 
be  that  of  determinate  Magnitudes :  And  thence  alfo 
there  cou'd  no  Ratio  exift,  which  fhou'd  approach  nearer 

ta 

*  This  modular  Ratio  is  that  of  2,7182812,  &c.  td 
Unity,  that  is,  of  fome  Number  between  2  and  3  (but 
nearer  to  3  than  2)  becaufe  2,718,  &c,  is  greater  than 
^5 =2  J  to  Unity.  Sec  Cote's  Harmon ia  Menfurarum^ 
ffop.  I.  Schol.  2.  and  the  next  Prop,  of  this. 
{0)  Number  330* 
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to  the  Ratio  of  Equality,  than  that  intermediate  Ratio ; 
VIZ.  the  Ratio  of  the  Difference  of  two  Terms  any 
'%vhcre  adjacent  in  a  Series  to  either  Term  cou'd  not  l>e 
any  further  diminiftied,  and  that  Difference  wou'd  be  in- 
vifible.     Which  is  abfurd  {a). 

334.  J5«/  bccaufe  a  Series  can  be  exhibited,  in  which  are 

^       '      m 
placed  the  Terms  >»,  »,  of  any  given  Ratio  — ,  and  alfo- 

fame  Terms,   whofe  Raties  to  the  Terms  of  any  other 

given  Ratio  -^,  fhall   approach  nearer  to  the  Ratios  of 

Kqu.ility,    than  by  any  definite  Difference ;    it  follows» 
that  if  any  given  Number  whatfoever  be  put  for  the  Loga^ 

fitbm  of  the  Ratio   — ,    the  Logarithm  of  a  Ratio^  which 

A 
^11  come  nearer  to  the  Ratio  -r-  than  by  any  givth  Dtf- 

ference  can  he  exhibited  (b)» 

335.  Bat  the  Logarithms  of  all  Ratios^  whofe  Analogy 

t$  the  Ratio  —  can  he  accurately  exprejfody  may  be  accu- 

rately  found  \  viz.  whofe  Terms  are  placed  in  the  fame 
Series  with  the  Terms  m,  and  n,  the  intermediate  Katio 
^f  which  is  that  of  determinate  Magnitudes.  Thus  if  7, 
DC  put  for  the  Logarithm  of  the  Ratio  of  5  t6  3,  that  is, 

of  the  Ratio  of  the  Fraction  -^  to  i ;  the  Logarithms 

3 

of  ail  Ratios,  whofe  Terms  are  placed  in  the  fame  Series 

with  the  Terms  ~  and   i,   will  be  effable,  viz.  the  Lo- 

3.  . 

garithms  of  all  the  Ratios,   which  the  Powers  of  the 

Number  — ,  whofe  Indices  are  rational,  have  to  Unity : 

C  4  Becaule 


{a)  Definitions.  {b)  P.  i. 
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Becaufe,  every  one  of  thofc  Powers  is  placed  in  the  iame 
Series,  with  the  Terms  —   and   i,   whofe  intermediate 
Ratio  is  that  of  determinate  Magnitudes.    As  for  £x- 


-tV 


•     ample  i,  — ,  and  ~,   arc  placed  in  a  Series,  whofe  in- 
termediate Ratio,  is  that  of  the  determinate  Magnitudes 


~  and    I,  viz.  the  Ratio,  which  the  Root  of  the  Num- 
3 

ber,    — ,   of  the  eleventh  Power,  has  to  Unity  :    Now 

1? 


tV 


becaufe  the  Number  of    the  Ratios   -^  to  i,  of  which 

3 

the  Ratio—   to  i,   is  compounded,     is   ir;    and    the 

«5 


_9 


Number  of  the  fame  Ratios,  of  which  the  Ratio  —  to 

3 
i8 
I,   is  compounded,    is  9  }   and  becaufe  11 :  9  : :  2  :  —  ; 

and  becaufe  (by  Hypothefis)  2  is  the  Logarithm  of  the 

Ratio  of  -5-   to  I J    therefore  —  will  be  the  Logarithm 

9 

of  the  Ratio  of  -^  to  i.     And  after  the  fame  Manner 

3 
the  Logarithms  of  the  Ratios  which  the  other  Powers 
have  to  Unity  will  come  out,   by  multiplying  their  re- 
ipe&ive  Indices  by  the  Logarithm  of  the  Ratio  which 

^  has  to  I. 
3 

336.   Thus  alfo,  if  Unity  be  put  for  the  Logarithm  of 


^jv.      ..rx*#     Miv,     y     w»#.»/    .^»    ^...    J»,      »*/»*. 

the  Ratios  of  lO  to   i,  the  Logarithms  of  all 
Vfbicb  the  Powers  of  the  Number  jo  wboje  Indi 


all  the  Ratios^ 

fices  are  rati-- 

cnal 
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t9tal  have  to  i,  ojiUbe  effable.     As  for  Example,  the  Lo- 

X 

garitbms,  will  be  effable  of  the  Ratios  — -,  — ,   — » 

lO^      10^^.        r   u    T>     •       ^^^      '0^      ^^^       ^iO 

,   — -J,  VIZ,  of  the  Ratios ,  ,  ,    , 

I       r  I  '     I  I         I 


y  'QQQQQ,  and  thefe  Logarithms  will  be  2,  3,  i,  i,  1. 
I  2     3   ii* 

rcfpe£HveIy;  becaufe  i,  10,  and  all  thofe  Powers  are 
placed  in  a  Series,  whofe  intermediate  Ratio  is  that  of 

66 

the  determinate  Magnitudes  v^io  and  i;  viz.  the  Ra- 
tio, which  the  Root  of  the  Number  10  of  the  lixty-fixth 
Power,  has  to  Unity :  And  the  natural  Numbers^  i,  2,  3, 
C^r.  will  be  the  Logarithms  of  all  Ratios^  which  are  com" 

founded  in  the  Ratio  —  ;     viz.   of  the  Ratios    — ,  ^ 

1000     . 
,   &c. 

337.  But  the  Logarithms  of  all  the  other  effahle  Ratios 
will  be  ineffable.  ,  Example,  the  fx)garithm  of  the  Ratio 
of  6  to  I  will  be  ineflfable,  becaufe  no  Series  can  be  ex- 
hibited, in  which  i,  10,  and  6,  are  placed ;  but  6  is  a 
Power  of  10,  whofe  Index  is  the  ineffable  Logarithm  of 

the  Ratio  — :  that  is,  Becaufe  r  and  10  are  placed  in  the 

iame  Series  with  (bme  Number  »,  whofe  Ratio  to  6  can 
come  nearer  to  the  Ratio  of  Equality  than  by  any  afligned 
Difference,  and  thence,  becaufe  the  Logarithm  of  the  Ratio 

—  tan  always  be  accurately  exhibited^  if  there  be  taken  a 

Power  of  10 J  whofe  Index  is  that  Logarithm^  the  Number  n 
*will  come  out  [c)  :    And  if  again  there  be  taken  the  Logarithm 

(f)  Number  331. 
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cf  a  Rath  which  comes  Jiill  nearer  to  the  Ratio  of  — ,    t;/z. 

if  (as  it  is  ufually  es^prefled,  the  Logarithm  of  the  Ratio 

of  —,   be  to  be  found  more  accurately)  there  he  taken  a 

Pow&  of  the  Nufnher  lo,  whofe  Index  is  the  la/l  found  L*- 
garithniy  there  will  come  out  a  Number  n  hearer  to  the 
Number  6  than  before^  and  fo  on  to  Infinity. 

338.  But  in  the  hyperbolic  Syflem  the  Logarithm  of  no 
given  Ratio  is  ajfumed:  But  they  are  all  to  be  determined 
from  their  Ratios  to  the  infinitely  fmall  Logarithm  of 
that  Ratio,  of  which  all  Ratios  are  fuppofed  to  be  com- 
pounded (J). 

339.  In  Ms  Syflem  therefore  the  Logarithm  of  m  given 

Ratio  can  be  accurately  found.    Let  the  Ratio  ^  be  given, 

and  bbtween  i  and  Q^let  there  be  taken  ever  fo  many  mean 
Proportionals :  And  if  the  firft  of  thofe  mean  Proportionals 
be  s  and  the  Number  of  the  Terms  of  the  Series  be  N,  viz. 
.if  J  be  the  Root  of  the  Power  of  the  Number  Q^whofe 
Index  is  N  —  i,  and  if  s  —  i  be  put  for  the  Logarithm 

oT  flic  Ratio  — ,  then  $  —  i  x  N  —  i  will  be  the  Lo- 
1 

garithm  of  the  Ratio  —  (^). 

340.  After  thfe  fame  Manner  the  Logarithms  rf  anygivm 
'Ratios  whatfoever  may  he  accurately  determined^  bat  in  dif^ 

ferent  Syjlems :  jfnd  the  Indices  rf  the  Powers  being  indefi^ 
nitcfy  increafedf  all  thofe  Syjiems  will  verge  to  Iderttity^  and 
at  laji  coalefce  into  one^  viz.  the  Hyperbolic  (f). 

34t- 


(J)  Cor.  II.        {e)  Cor.  11.        (f)  Cor.  7. 
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341.  Therefore jr^  there  he  taken  the  Root  of  any  Nt^er 
^hHtfdiVer^  \tf  a  Power  whofi  Index  is  fufficiently  great ; 
iind  ihe  Excefs  by  which  the  Root  exceeds  unity  (g)y  he  miil^ 
tipHM  by  the  Index  of  the  Power  (A) ;  the  fyperboKc  Logih- 
irtihhi  of  the  Ratio  of  that  Number  to  Unity  will  come  ottt 
ifAy  nearly  (1).  jfnd  the  Logarithm  found  after  this  Mokher 
ef  the  decuple  Ratio^  rV  a. 302585,  faff. 

TT)is  Hyperbolic  Syjfem  was  the  frjiy  which  Lord  Napier 
the  moft  fagacioas  Inventor  oF  Logarithms  hit  upon. 
He  afterwards  foiind  out  others  more  commodious  for 
praf^ical  Ufes :  btrt,  whilft  he  was  intent  upon  bringing 
them  to  Pcrfe<3iotT,  he  changed  this  Life  for  a  better. 
Mr.  Henry  Briggs  the  firft  of  the  SavHian  Profeflbrs  of 
Geometry  at  Oxford  perfeSled  and  pMiJbed  bis  Logarithms 
lefs  than  the  hyperbolic  by  more  than  Half 

For  he  put  Unity  for  the  Logarithm  of  the  decuple  RatsTf 
f^  ihe  Ertd  that  the  Logarithms  correfponding  to  the  Niimberi 
contfkued  in  the  decuple  Ratioy  viz.  i,  10, 100,  1060,  Sec. 
might  be  Oy  I,  2,  3,  ^c  which  are  called  Gbara£hrijiia\ 
becaufe  they  fhcw  how.  many  Places  the  Numbers  corre- 
!p6nSA^  go  beyond  the  Place  of  Urrity. 

Therefore^  -the  Logarithm  eorrejhondir^  to  every  Numhn% 
greater  than  Unity  and  lefs  than  Ten^  will  be  lefs  than  Uhify  j 
vte.  a  Fraftion ;  and  the  Logarithm  correfponding  to  every 
Number^  tlaced  between  10  and  loo,  will  be  between  t  itnS 
2 ;  viz.  Urtity  Wth  a  Fraftion  adjoined,  and  Jb  ^  con^ 
tinually. 

342.  Artd  bccatife  the  Divifion  of  ^riy  Nombcr  Wfiatfb- 
ever  (♦«rli^thcr  integer,  decimal,  or  nntixed)  by  any  Power  of 
Tcir,  iriay  be  done  by  moving  tlie  feparating  Line  fo  xnkhi^ 
Places  toward  the  left  Hand,  as  there  are  Units  fh  the 
Index  of  the  Power  (1) ;  and  becaufe  the  Logarithm  df 

th6 


(g)  Cor.  12.       (A)  33^.      (0  340.      (*)  133, 
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the  Ratio  of  a  Quote  to  Unity,  is.  the  Difference  of  the 
Logarithms  of  the  Ratios  of  the  Dividend  and  Dlvifor  to 
Unity  (1) ;  therefore  the  Logarithms^  which  ctarrefpond  U 
Decimals^  or  mixed  Numbers^  are  found  from  the  gmm 
Logarithms  of  Integers  hy  fubdufiing  fo  many  Units  fir^m 
the  Chttra&erijlicy  as  there  are  decimal  Places  cut  off.  As 
may  be  feen  in  the  following  Scries. 


Numbers  83749 
837419 
837*49 
83*749 
8.3749 
»83749 
»083749 


4.  9Z2979  Logarithmt 

3.  922979 

2.  922979 

I.  922979 

o.  922979 
—I.  922979 
—2.  922979 


343.  The  Logarithms  of  Decimals  thus  emerging  unB 
have  their  integral  PartSy  viz.  their  Chara^erijiics  negative  ; 
snd  the  other  Parts  affirmative.  And  if  the  laft  Figure  ta 
the  left  be  a  Decimal,  or  a  Centefimal,  &c.  the  Cha* 
laderiftic  will  be  — i^  or  — 2,  &c.  [m] 

344.  Whence  if  the  Number  is  fought  which  agrees  U  m 
given  Logarithm^  having  reje^ed  the  Chara£feriftic^  let  the 
given  Logarithm^  or  the  Logarithm  next  to  the  given  one^  he 
fought  in  the  Table^  (and  it  will  be  moft  certainly  found 
at  the  laft  Charaderillic  in  the  Table,  for  if  it  be  at  the 
h(s  Charaderiftic,  it  will  without  Doubt  be  atthe  greater; 
but  not  converfcly,  becaufe  that  in  every  fubfequeot  Cla6 
are  placed  all  the  Numbers  which  are  produced  by  rouiti* 
plying  the  Numbers  of  the  next  preceding  Clafs  by  lO, 
and  moreover,  the  other  intermediate  Numbers»)  and  the 
Number  which  is  fit  over  ngainfl  it  will  be  either  accurate^ 
$r  very  nearly^  that  which  is  fought^  whofe  loft  Figure  to  the 
left  will  proceed  fo  many  Places  beyond  that  of  Unity^  as  the 
given  Charadierifsic  indicates.  Thus  if  the  Number  is  fought 

whofe 


(/)  329.  (m)  XXVIII. 
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Wl^ofe  Logarithm  is  2.922979.  To  the  Part  of  it  922979 
there  (lands  oppofite  in  the  Table  the  Number  83749, 
whofe  lafl  Figure  is  in  the  Place  of  Hundreds,  viz.  two 
Places  beyond  the  "Place  of  Units,  becaufe  of  the  Cha- 
rz&cntiic  2  ;  and  fo  the  Number  is  837,49.  But  had  the 
Charaderiflic  been  —  2,  the  laft  Figure  muft  have  been 
ift  the  Place  of  hundredth  Parts ;  viz.  two  Places  (hort  of 
the  Place  of  Unity,  becaufe  of  the  negative  Charafteriftic 

—  2  ;  and  the  Number  fought  wou'd  have  been  ,o8;j749- 
Whcncc  the  following  Rule  is  given,  to  wit.  J/  the 
CbaraHeriJlic  of  the  given  Logarithm  is  —  I,  the  Number 
emrrefponding  will  be  wholly  decimal;   if  the  Chara^eriflic  be 

—  2,  it  will  be  wholly  decimal^  and  alfo  one  Cypher  ss  to  be 
prefixed  \  if  it  he  —  3,  two  Cyphers  are  to  be  prefixed^  and 
Jo  on  continually. 

345.  But  if  the  given  Logarithm  which  correfponds  to  the 
Fraiiion  which  is  fought  be  wholcly  negative^  let  the  given 
Logarithm  changed  into  ajtrmative  be  fought  in  the  Table ^  and 
a  FraHion^  whofe  Denominator  is  the  Number  correfponding 
fo  it^  and  whofe  Numerator  is  Unity^  will  be  thai  whieh  is 
fought.  For  Example  let  the  Logarithm  —  2  +  922979 
be  rtfumed,  which  is  equal  to  the  totally  negative  Loga- 
rithm —  1.077021  («).  I  feek  at  the  laft  Chara<5leriftic 
in  the  Table  the  Part  ,077021  of  1,077021,  and  I  find 
the  next  to  it  to  be  077040,  to  which  correfponds  the 
Number  11941,  whofe  laft  Figure  to  the  left  will  be  in 
the  Place  of  Tens,  becaufe  of  i  the  Charaftcriftic  of  the 
Logarithm  1.05^7021;  and  therefore  the  Number  corre- 
fponding to  the  Logarithm  1.07 7021  will  be  11,941  very 

nearly,  whofe  Reciprocal (  zz  ,083749)   will  be 

nearly  that  which  is  fought ;  to  wit,  which  correfponds 
(Cor.  2.  P.  2.)  to  the  negative  Logarithm  — 1.077021  (^). 

346.  But 


(«)  For.  I  —  922979  =  —  1,077021  (XXVI)  &— • 
fuMuficd  from  —  2  leaves  —  i.     {0)  Cor.  lo. 
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346.    But  if  a  Decimal  equal  to.  the  fought  Fraction  is  U 
he  founds  let  the  given  Logarithm  changed  intQ  afprmQUv^  h< 
fubdu^ed  from  the  next  greater  Cbara^enjflicj  9r  (u^hicb  is 
the  fame)   let  the  fractional  Part  of  it  be  fulfiuked  from 
Unity  ^  and  the  Number^  which  in  the  T^He  cqrrefp^ffds  t9 
the  Refulue  will  be  the  Decimal  which  was  to  kt  found, 
having  fo  many  Cyphers  prefixed  to  ity  ai  there  are  Units 
in  the  Charaiierijiic  of  the  given  Logarithm.     For  Exaix^e^ 
Let  the  negative  Logariihai  —  1.07702 1  be  refmned,  if 
this  be  added    to  the  Charafteriftic  2  (^),  viz.  the  Lo- 
garithm, which  correfponds  to  the  Power  pf  the  Number 
10,  or  (which  is  the  fame)  if  with  the  Sign  changed  it 
be  fubdu£led  from  2  ;   there  will  rcfult  0,9:^2979  the  La- 

Sirithm  correfponding  TCor.  2.  p.  2.)  to  the  rroduft  of 
e  Decimal  to  be  founa  into  the  Power  of  the  Nuiober 
10  :  Therefore  the  fignificant  Figures  of  the  Decimal  to 
be  found  will  corrcfpond  in  the  Table  to  tl^e  Ps^rt  922979, 
but  the  Number  correfponding  i§  83749,  to  which  one 
Cypher  is  to  be  prefixed  upon  Account  of  the  Cha» 
ra(2eriftic  —  i,  of  the  Logarithm  — 1.077021.    For  the 

Logarithms  of  the  Ratios  -^,    — ,    ^    &c.    bein^ 

(uppofed  to  be   i,  2,  3,  &c.    the  Logarithms  of  tbeir 

Reciprocals  — ,    — ,    ,  &c.  will  be  —  i,  —  2» 

'^  10     100     1000 

•?—  3  &€•  And  as  the  Logarithm  correipondiog  to  cverjr 
Number,  which  is  greater  than  10  and  left  than  106, 
is  Unit}'  widi  a  Fradion  adjoined ;  fo  the  nsgatice  Lo- 
garithm correfponding  to  eveiy  Fradion^   wUch  is  leia 

than  —  and  greater  than  ,   will  be  Unity  with  a 

ID         ^  100  ' 

Fra£Uon  adjoined;    and  ttve  negative  Logarithm  coire* 

ipQnding  tp  every  Fr^uSUos»  which  \%  lp&  than  ----  and 
*         **         '    "  •  100 

greater 
ip)  XXIV. 
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greater  than *,  wOl  be  2  with  a  Fraction  adjoined ; 

sind  fo  on  continually.     But  every  Fraction»  which  13 

placed  between  —  and when  changed  into  a  Deci- 

nial)  will  have  one  Cypher  prefixed  to  it's  fignificant  Figures; 

and  which  is  placed  between  and will  have 

100  1000 

two  Cyphers  prefixed ;  and  fo  on  continually  :  Therefore, 
fo  many  Cyphers  are  to  be  prefixed  to  the  Number  found, 
as  there  arc  Units  in  the  Charaderiflic  of  the  given  Lo- 
garithm. And  (hould  the  given  Logarithm  confifl  entirely 
of  a.Chara3erii(l]c,  tis  manifeft,  that  the  Decimal  (busht 
will  be  Unity  with  fo  many  Cyphers  prefixed,  as  is  m* 
dicated  by  the  Charafleriitic  diminiflied  by  Unity. 

From  what  has  bjcen  faid  it  appears,  that  the  MethoJt 
firft  mentlomd  is  far  the  befty  to  wit,  that  which  Juppofes  the 
Logarithm  correfponding  to  a  Fra^ion  to  be  partly  affirmative^ 
and  partly  negative :  becaufe  it  at  once  exhibits  a  decimal 
Fradion  equivalent  to  the  fought  Fra£Uon.  Wherefore 
that  this  Form  may  always  be  followed. 

347.  If  a  greater  Logarithm  is  to  be  fuhiuEled  from  m 
lefsy  let  the  Operation  be  performed  in  the  fame  Manner^  as 
if  the  Subtrahend  was  greater  than  the  Minuend  (q) :  And 
if  any  Thing  is  to  be  transferred  to  the  Charafferijiic  of  the 
greater  Logarithm^  the  Difference  between  it*s  CharaSleri/lic 
thus  increafed  and  the  CharaSferiJiic  of  the  lefs  Logarithm 
will  be  negative ;  and  the  reji  of  the  Rejidue  affirmative^^ 
Example,  let  the  Logarithm  2.09265  be  fubduded  front 
the  Logarithm  1. 3222 1 

1.  32221 

2.  09265 

the  Refidue  will  be  —  2. +42956 :  for  the  Part  89265» 

fubduaed 


(?)  XXV. 
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fubduflcd  from  the  Part  32221  augmented  by  Unity,  leaves 
the  affirmative  Refidue  42956,  and  the  Charade/iih'c  2 
augmented  by  Unity  and  fubduded  from  the  Charadie*» 
riflic  I,  gives  the  negative  Refidue  —  2. 

348.  In  jfMtiortj  SubduSIiony  or  MultipEaaiMy  if  any 
thing  is  to  bt  transferred  to  a  negative  Chara£ierijiicy  that 
which  is  transferred  (being  affirmative)  dimnijhes  the  nega* 
tive  Value  of  the  Ckaraiierijiic  (r).  Thus,  if  the  Logarithm 
-—2.42956  is  fubduded  from  the  Logarithm  i.  32221 

—  2. 42956 

the  Remainder  is  2.  89265 
becaufe  Unity  transferred  to  —  2  makes  —  i,  which  fub- 
dudled  from  i»  leaves  the  Chara£leri(lic  2.  or,  if  the 
Logarithm  —  1.66847118  be  multiplied  by  5,  the  Pro- 
du5  will  be  —  2.  3423559 ;  for  3  transferred  to  the 
negative  Produd  5  x  —  I  from  the  next  preceding  Pro* 
AmQ,  5x6,  makes  the  negative  Charaderiflic  —  2. 

349.  In  Dlvijiony  if  the  Divifor  cannot  meafure  a  ne- 
gative  CharaSfertJlicy  let  the  Chara£ferijlic  be  increafed  until 
the  Divifor  can  meafure  ity  and  the  Number  by 'which  it 
mtafures  it  will  be  the  negative  Chara3erijUc  of  the  ^w>te  ; 
ana  the  Augment  together  with  the  next  Figure  of  theVivi^ 
dendy  adjoined  to  it  on  the  right  Hand^  will  conjlitute  the 
next  Dividual.  For  thus  the  Logarithm  to  be  divided  will 
be  diminiflbed,  and  again  augmented,  which  will  make 
no   Change.    Example,    let    the   furfolid  Root  of   the 

Fraflion  i^,  be  required, 

the  Logarithm  of  the  Numerator  is      !•  1^394335 
the  Log.  adjoin'd  to  the  Denominator  is     2.771 58748 

the  Difference  of  ihefe  Logarithms  is  —  2.  34235587  the 
Logarithm  corrcfponding  to  the  Fraction  —A :  Let  the  Lo- 
garithm —  2.  34235587  be  divided  by  5,  and  the  Quote 
will  be  — I.  668471 17:  for  the  Charadcf iflic  —  2  in- 
creafed 
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tfeafed  by  the  Negative  —  3  and  divided  by  5  gives  —  i 
the  Quote ;  and  the  othef  Part  3423  &c.  augmented  by 
the  Affirmative  3  prefixed  and  divUed  by  5,  gives  the 
Quote  66847 1 17;  therefore  the  Logarithm  correfpond- 
ing  to  the  Root  fought  is  —  i.  66847 117  •  I  '^o'^  ^^r  the 
Part  668471 17  at  the  laft  Charafteriftic  of  the  Table, 
and  find  the  next  lefs  66846978,  to  which  the  Number 
46609  correfponds,  which  will  be  wholly  decimal,  becaiufe 
of  the  Chara<Sleriftic  —  i  of  the  given  Logarithm  i  and 
therefore  the  Root  required  is  0,46609. 

350.  If  having  rejeSied  the  Chara£ieri/lk  the  given  Loga^ 
rithm  cannot  be  accurately  found  in  the  Table^  let  the  next 
greater^   and  the  next  lejs  be  taken^  and  their  Difference 


found:  This  Difference  will  be  to  the  Difference  of  their 
correfponding  Number Sy  viz.  Unity ,  as  the  Excefs  of  the  given 
JLogaritbm  above  the  next  lefs  Logarithm^  to  a  fourth  Number  j 
xuhich  is  ufually  called  the  proportional  Part :  And  which  being 
added  to  the  lefs  Number  will  very  nearly  give  the  Number 
fought y  if  the  Table  be  fufficiently  extenjiuey  viz.  that  the  Dif- 
ercnce  of  contiguous  Logarithms  may  be  fmall  enough,  or 
(which  comes  to  the  fame)  that  the  correfponding  Numbers 
be  to  great  that  they  come  very  nearly  to  an  Equality :  For 
great  Numbers,  whofe  DifFercnce  is  not  greater  than  Unity, 
approach  to  an  Equality,  and  (Cor.  14«  P.  3*)  the  Ex- 
cefles  by  which  two  exceed  a  third,  are  as  the  Logarithms 
of  their  Ratios  to  the  third ;  that  is,  as  the  ExcefTes,  by 
which  their  correfponding  Logarithms  exceed  the  Loga- 
rithm correfponding  to  the  third  :    Thus,    if  the  furfolid 

Root  of  the  Fradion   -^  be  to  be  found  more  accuratclv» 

.  59 
the  Logarithm  correfponding  to  the  Root  Is  —  i .  66847 '  '7> 
the  one  next  lefs,  rejecting  their  CharacStcriftics,  is 
66846978,  and  next  greater  66847910,  their  DifFerencc 
COC00932  is  to  Unity,  as  00CO0139  (to  wit  the  Excefs 
of  668471 17  above  66846978)  is  to  the  decimal  Fradion 


^^ 


34 
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149  (f), .  therefore  149  is  the  proportional  Part,  to  be  an* 
nexed  to  46609 ;  and  therefore  the  fignificant  Figures, 
which  correfpond  to^  the  Part  66847117  of  the  givea 
Logarithm,  are  460C9149  ;  whence,  bcc^ufc  of  the 
Charafteriftic  —  1%  the  Root  required  is  0,46609149. 

251.  ^  the  Logarithm  correfponding  to  a  given  NtimUr  is 
fiughty  and  the  Number  is  not  contained  within  the  Limits  of 
a  pretty  extenfive  Table  ;  let  the  given  Number  be  changed 
into  a  mixedy  by  cutting  off  the  redundant  Figures  for  Ded- 
tnals  \  and  let  thert  be  taken  the  Logarithm  correJponSng  t$ 
the  Figures  remaining  to  the  lefiy  qnd  aifo  the  Logarithm  next 
greater :  Then  Unity  will  be  to  the  Difference  of  thefe^  om 
the  Decimal  to  a  fourth  Number^  which  is  called  alfo  the 
proportional  Part ;  arul  which  added  to  the  lefs  Logarithm^ 
makes  the  required  Logarithm  very  nearly*  Lxample,  Let 
the  Logarithm  be  required  correlponding  to  the  Number 
46609149*  the  Logarithm,  rejeding  the  CharaAeriftic, 
correfjwnding  to  the  Number  contained  in  the  Tabic 
46609,  is  6684697852,  and  that  which  is  the  next  grea- 
ter, is  6684791029,  and  their  DifFercncc  is  0000093177  ; 
and  Unity  is  to  0000093177,  as  149  (/)  to  0000013883, 

which 

■  I       ■■         ■  ■!  '  I  ■        ■■     ■■  ■IN  ■■-.,— 

(»)  for  (139)   932)  1390  (,  149 

458 

37» 

81 

(0  (55)  0000093177 
941 

9317 
3727 

839 


CCOOOI3883 
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which  added  to  6684607852  makes  6684711735;  which 
correfponds  to  the  Figures,  of  the  given  Number. 
Whence,  becaufe  that  given  Number  is  an  Integer  con- 
lifting  of  eight  Figures,  the  Logarithm  required  will  be 
^.6684711735  («). 

35a.    The  Logarithm  thus  found  ought  to  be  /omethtng 
lefs  than  the  true  one.     But  it  will  come  out  accurate  enough 
fm-  PraSfiee^   efpecially  if  the  hji  Figure  to  the  left  of  tbn 
correfpowUng  Number  be  i  or  g  (w). 

353.  And  it  will  be  found  more  accurately  by  the 
following  Method.  Let  double  the  aforefaid  Fraction  be  di'- 
mded  by  the  Sum  of  the  Fraction  and  of  the  Integer  fquared^ 
and  the  ^ote  multiplied  into  the  Module  of  the  vulgar 
Sjftem^  to  wity  into  the  decimal  FraSf ion  0,4342944819  &f, 
and  the  fractional  Product  added  to  the  lejfs  Logarithm  s  and 
the  Logarithm  required  will  come  forth. 

Becaufe  all  Logarithms,  and  confeqiienfly  alfo  thd 
correfpondtng  Numbers  cannot  be  accurately  found 
in  the  Table,  and  becaufe,  an  intermediate  Number 
cortefponding  to  a  given  Logarithm  may  be  to  be 
fonnd,  'tis  neceflary  to  make  a  Corredion  by  a  pro- 
portional Part :  Dodor  JVallis  obferved,  that  as  a  Re- 
thedy  to  this  Inconvenience ;  there  was  wanting  an 
emtibgarithmie  Canon,  in  which  the  Logarithms  being  wrote 
in  Ordety  from  i  to  100000,  the  Numbers  correfpondtng  to 
themy  Jhould  be  wrote  oppofue ;  fo  that  by  the  Afftfiance  of  this 
Canon  the  Number  correjponding  to  a  given  Logarithm  might 
be  found  with  the  fame  Eafgy  as  We  are  ufcd  to  find  by  the 
Jjfiftance  of  the  vulgar  Tables  the  Logarithm  correfponding 
to  a  given  Number.  But  in  the  vulgar  Syftem  the  Num- 
bers correfponding  to  thofe  Logarithms  are  10,  10O9 
1000,  &c.  which  h  wou'd  be  both  ufelefs  and  trnpodible 
to  annex :  therefore  this  mojl  learned  Perfon  mearCd  with- 
out DoUbty  that  to  the  Logarithms  from  ,00001  to  Unity ^ 

D  2  there 


(»)  Number  341.         (w)  Number  344^ 
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there  Jhould  he  annexed  the  correjponding  Numbers^  to  wk^ 
that  {here  Jhould  he  exhibited  ^(^^^(j^  niean  Proportiotuds  be- 
tween Unity  and  lO. 

354.  He  has  told  us  fnoreover^  that  fuch  a  Canon  waf 
many  Years  fince  made^  and  was  either  begun  by  Harriot^ 
or  was  both  begun  and  finifhed  by  Walter  Warrur^  who  had 
Harriot's  Papers,  andy  publiflied  his  Algebra.  That  he 
had  thefe  Accounts  from  Dodlor  John  Pellj  who  wa» 
.  Warner\  Friend  and  Afliftant  in  that  Calculus ;  and  that 
he  had  only  a  View  ,of  this  Work  among  Harriotts 
Papers ;  but  that  afterwards  this  Canon  was  in  the 
ftands  of  Richard  Bujbey  ,the  Schoolmafler,  who  gave 
Hopes  of  publifliing  it  under  the  Care  of  Doftor  i^elly 
provided  that  JVullis  wou'd,  if  Pell  (hou'd  die,  fucceed 
him  in  the  Care  of  it,  hut  that  he  feared  leaft  the  JVork 
Jhould  be  entirely  lojl^  efpecially  as  no  Per/on  wou'd  take  upo^ 
himfelf  the  Expence  of  an  Edition.  And  in  Truth  tho*  fucb 
a  Canon  had  been  made  publiciy  yet  it  wou*d  have  been  neg" 
U£led\  for  1  cannot  fee  to  what  Ufe  it  wou'd  fervc.  For 
the  Logarithms  which  ufually  occur  in  arithmetical  Ope« 
i:ations  are  irrational,  (to  wit,  rdfuhing  from  the  AddU 
tion,  Subdu<5lioD,  Multiplication,  and  DIvifion,  of  the 
Logarithms  correfponding  to  the  Numbers  which  are  ia 
the  Table,)  agreeing  with  thofe  rational  ones  to  five 
Places  of  Figures  :  Therefore  the  Numbers  in  fuch  a 
Canony  allho^  exhibited  to  an  infinite  Number  of  Places  of 
Figures y  (for  they  wou*d  be  irrational)  wou^d  be  always  ieji 
than  the  required  Numbers  j  and  tuoud  agree  with  themy  often 
not  to  five  Places  of  Figures^  very  feldom  to  fix ^  but  never ^ 
if  the  firji  redundant  Figures  of  the  given  Logarithm  fi>oiid 
make  a  Number^  not  lefs  than  the  Number  43429,  confiftif^ 
of  the  firfl  five  Figures  in  the  Modtde  of  the  vulgar  Syflem. 
Example,  'tis  certain  that  the  Numbers  correfponding  to 
the  Logarithms  01246  and  01 2464343  will  not  agree  to 
fix  Places  of  Figures,    bccaufe  43430   is  not  le(s  than 

43429- 

355*  P^^  ^^^  Numk^r  correfponding  to  any  given  Loga^ 
rithm  may  he  found  to  five  Places  of  Figures  in  the  vulgar 
Tables,     And  afo  the  Logarithm  it f elf  may  be  found  moft 
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cfrntnonfy  iofiui  Places  of  Figures  s  and  to  four  always. 
Yqx  the  Difrerchce  .of  any  two  Logarithms  whatfoever  is 
the  Logarichtn  of  the  Ratio,  of  their  correfponding 
Numbers,  and  the  Difference  of  two  contiguous  Num- 
,bcrs  in  the  fecond  Clafi  (Cor.  3.  5.  P.  3.)  viz.  of  thofe 
iwhich  proceed  from  10  to  100»  divided  by  the  lefs 
Number,  is  greater  than  the  hyperbolic  Logarithm  of  the 
Ratio  of  thofe  Numbers,  and  therefore  much  greater 
than  the  vulgar  Logarithm  of  the  fame  Ratio.    Example^ 

T->  is  greater  than  the  hyperbolic  Logarithm,  and  there- 
fore greater  alfo,  than  the  vulgar  Logarithm,  of  the 
Ratio  — .  But  every  Fra£Hon,  whofe  Numerator  is 
Uoity,  and  whofe  Denominajtor  is  placed  betvireen  xo  and 
100,  is  lefsthan — ;  therefore  the  Difference  of  any 
contiguous  Logarithms  whatfoever,  which  are  annexed 
to  the  Charafferlfiic  i,  is  lefs  than  — .    But  in  afcending 

thcfe  Logarithms  come  to  the  Logarithm  2 ;  Yfor  i,  and 
2,  are  the  Logarithms  correfponding  to  10  and  100]  and 
therefore  'tis  plain,  that  in  the  Initials  of  thefe  Logarithms^ 
(neglecting  their  CharaSeriftics)  there  will  be  Jingle  Figi^res 
of  every  Kind^  0,  I,  2,  &c.  Alfo  the  Difference  of  two 
contiguous  Numbers  in  the  third  Clafe  divided  by  the 
lefs,  IS  greater  than  the  hyperbolic  Logarithm  of  the  Ra- 
tio between  the  Number^  ^d  therefore  greater  alfo  than 

the  vulgar  Logarithm  of  the  fame  Ratio.    Example,  — « 

is  greaiter  th^in  the  hyperbolic  Logarithm,  and  therefore 

greater  than  the  vulgar  Logarithm,   of  the  Ratio  ^-^. 

But  every  Fra6lion,  whofe  Numerator  is  Unity,  and 
whofe  Denominator  is  placed  between  100  and  1000,  19 

lefs  than :    therefore  the  Difference  of  any  contir 

100 
guous  Logarithms  wbatfoever,  which  are  annexed  to  thft 

Chara^erijfiic 
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Cbara^cri/lU  ;i,    is  lefs.  than  — -•      But  in  incrcafing 

jthofc  LfOgarithms  attain  to  the  Logarithm  3 ;  and  there- 
fore it  appears,  that  in  the  Initials  of  tbefe  Logarithms^ 
therf  will  be  Binaries  of  Figures  of  all  Kinds ^  00,  01,  o2» 
&c.  10,  II,  12,  &c.  After  the  fame  Manner;  in  tht 
Initials  of  thofe  which  are  annexed  to  the  Chara^eriftic  3, 
there  will  he  Ternaries  of  Figures  of  all  Kinds^  and  Jo  on 
continually.  An4  therefore  every  Logarithm^  can  be  found  /a 
pm  Place  of  tiguresy  at  the  CharaSferiflic  1 5  to  two  Places^ 
at  the  CbaraSeriJiic  2  ;  to  three  Places^  at  the  Chara^erijiic 
3  ;    and  fo  on  to  Infinity, 

356.  Moreover^  in  the  Table  alfo  may  he  found  /« 
fii)e  Places  of  Figures  every  Logarithm^  which  is  not  lefs 
then  the  jLogarithm  which  correfponds  to  the  Number  43429 ; 
to  wity    the  firjl  five  Figures  in  the  Module  of  the  vulgar 

,  ^yftem.     For  looooo  is  to  43420,  as  to ; 

•^  ^^^  ^         43429       1 00000  * 

and  the  FraiElion exceeds  by  very  little  the  hyper- 

43429  '"^ 

bolic  Logarithm  of  the  Ratio  ■■    •  -  ;  (for  it  mud  nccef-r 

•  .  43429 

fcrily  differ  from  it,  by  a  Quantity,  which  is  more  than 
ftwice  lefs  than  a  FraSion,  whofe  Numerator  is  Unity,  to 
wit,  the  Square  pf  the  Difference  of  the  Terms  43430 
and  43429,  and  whofe  Denominator  is  the  Square  of 
the  Term  43429,  yet,  if  it  be  fuppofed  equal  to  it,  the 
Error  thence  ariifing  will  be  more  than  compenfated  by  a 
contrary  Error,  which  will  arife  by  fuppofing,  for  thp 
^atio  of  the  hyperbolic  Logarithm  to  the  vulgar,  a  Ratio, 
which  is  fometbing  greater ;    that  of  xooooo  to  43429 : 

60  that  the  vulgar  Logarithm  of  the  Ratio  IH^,  viz. 

.  43429 

the  Difference  of  the  Logarithnr>8  correfponding  to  the 

^ifmbers  43430,  and  43429,  wi)l  be  fometbing  lefs  tha/f 

the  Fi^aion  :    And  the  Differences  of  the  fubr 

I 00000 

f^quent  contiguous  Logarithms  are  perpetually  diofiiniflied. 


MEASURES    OF    RATIOS.       39 

But  thofe  Logarithms  in  aftrending  attain  to  the  Logarithm 
5  ;  and  therefore  in  their  Imtials  will  be  ^iiiaries  rf  Fi- 
£uris  s/  everf  Kindy  which  are  not  lefs  than  the  firfi  bi- 
nary of  Figuresy  in  the  Logarithm  which  correfponds  to 
.  43429.  But  the  Limit  alfo  imll  he  left  than  that  Logarithm  ; 
for  it  will  fooner  con^e  to  pafs,  that  the  Difference  be* 
twieen  any  contiguous  Quinaries  whatfoever  (hou*d  not  be 
^greater  thdki  Unity^  than  that  the  Differences  of  the  Lo- 
garithins  iti  decteafing  ihou'd  become  not  greater  than 

I 
I 00000* 

Mr.  Henry  Briggs  puUidied  Logarithms  computed  to 
fourteen  Places  of  Figures  for  all  Numbers  from  i  to 
20000»  and  from  90000  to  tooooo.  Thefe  diminifhed 
of  their  four  Figures  to  the  right  Hand,  together  with  the 
Logarithms  from  20000  to  9O000  computed  to  tea 
Places,  Adrian  Vlacqtu  had  printed,  and  pubh'Oied  the 
Table  compleated.  He  gave  his  Reafbn  for  omitting  the 
four  Figures,  that  befide  the  remaining  being  fufficient 
for  common  Ufe,  the  liable  might  not  require  more 
£pace,  and  therdiy  become  more  expendve,  which  wou'd 
be  an  Injury  to  him,  becaufe  the  Number  of  Buyers 
wouM  be  diminiflied.  But  he  wou'd  have  done  better,  if 
be  had  publiihed  the  Logarithms  for  all  Numbers  from 
1 0000  to  1 00000  computed  to  fourtten  Places,  and 
omitted  all  the  reft 9  becaufe  they  ate  fuperfluoud,  aiid 
increafe  the  Bulic  of  the  Table. 

But  Briggs  endeavoured  to  explain  ihe  two  Methods  bf 
computing  Logarithms^  which  were  found  out  by  Napier^ 
Reformer  is  after  this  Manner. 

257.  Let  the  Number  to  which  the  correfponding  Lo^ 
garitbm  is  required,  be  fuppofed  to  be  involved  to  the  Power^ 
tiAofe  Index  is  1 00  OOO  000  000  poo  ;  and  ihe  Number  of 
figures  in  this  Power  diminijhed  by  Unity  is  ihe  Logarithm 
required.  But  becaufe  it  wou'd  be  impoflible  to  arrive  at 
(o  great  a  Power,  by  a  continued  Multiplication  by  the 
Root  3  to  avoid  lliat  infuperable  Labour,  many  interme- 
3  P  4  djate 
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diate  Num^rs  being  omitted,  fuch  Powers  are  to  be  nud^ 
iiplied  into  each  other ^  whofe  IruUces  added  together  will  maiie 
the  Index  of  the  Power  required.  But  it  is  neither  poiEble, 
nor  mcejfaryy  to  exhibit  thefe  Powers  perfectly ^  hit  fo  manf 
Figures  only  to  the  left  Hand  in  eacb^  as  arefuffident  tojbetv 
the  Numbers  of  Places  in  the  Powers  following ;  to  the  End 
that  the  Number  of  Placts  in  the  loft  Power  may  be  C9mr 
futed.  For  there  will  be  as  many  Places  in  any  Produd, 
as  there  are  in  both  Favors  taken  together,  unlefe  it 
fhou'^  happen,  that  the  Produdl  of  the  laft  Figures  to  the 
left,  increafed  by  the  Increment  of  the  Figures  to  the 
right,  can  be  exprefled  by  a  iingle  Figure;  in  whict 
Cafe,  the  Number  of  Places  in  the  Produd  is  equal  to 
the  Number  of  PJaces  in  the  Fa^rs  lefs  by  Unity  {ay 
That  all  thofe  Things  might  more  eaflly  appear.  He  dif- 
tinguijhed  the  Powers  with  their  Indices  and  Numbers  oj 
Places  into  Tetrads^  in  the  Manner  following 
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61 
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Indices 

Rumbers  of  Places 

2  multiplied  into  itfelf  makes  4,  whole  Index  is  2 ;  4 
multiplied  into  itfelf  makes  16,  whofe  Index  is  4;'  16 
into  itfelf  makes  256,  whofe  Index  is  8  ;  and  256  multi-^ 
plied  into  4  makes  1024,  whofe  Index  10  is  equal  to  the 

Indices 


[a)  Number  54. 
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Indices  of  the  Faftors.  The  Number  of  Places  In  this 
•laft  Produd  is  4.  Now  thefe  four  Numbers  4,  16,  256» 
JO24,  conftitute  the  firft  Tetrad.  Another  Tetrad  is 
Chen  to  be  made,  whofe  firft  Number  is  produced,  by 
multiplying  the  laft  Number  of  the  preceding  Tetrad 
into  iifelf  J  the  fecond  is  the  Square  of  the  firft  ;  the  third 
the  Square  of  the  fecond;  but  the  fourth  is  the  Product 
of  the  third  joiultipliej  into  the  firft.  Anid  the  Indices  of 
jthcfe  four  are  20,  40,  80,  100;  and  the  Number  of 
Places  7,  13,  25,  3t.  After  the  fame  Mariner  the  re- 
maining Tetrads  are  finiihed.  So  that  the  Index  of  the 
Jaft  Member  of  every  Tetrad  may  be  1000,  or  loooo,  &c. 
untill  the  fourth  Member  of  the  laft  tetrad  Tnay  have  it's 
Index  100  COG  OOO  000  000 ;  but  the  Number  of  Places  ia 
this  fourth  Number  will  be  30 102999566399  5  andthere^ 
fore  the  Logarithm  agreeing  to  the  Number  2,  will  be 
30102999566398. 

In  Order  to  explain  this  Method,  he  premifed  the  three 
following  Lemmas. 

Firft,  In  a  Series  of  Numbers  continually  proportional 
from  Unity  y  any  two  Terms  involved  according  to  their  aU 
temate  Indices  give  equal  Powers*  Which  is  true,  becaufe 
pther  Power  is  equal  to  the  fecond  Term  of  the  Series 
raifed  to  a  Power  whofe  Index  is  the  Pfodud  of  the  In* 
dices  {b). 

Second,  If  any  Term  he  continually  divided  by  ifs  Side^ 
viz,  the  Second  Term  of  the  Series^  as  often  as  it  can  be^  viz* 
untill  the  ^ote  is  unity  j  the  Number  of  Divijftons  will  be 
the  Index  of  the  Term.  Which  is  alfo  true,  being  the  De- 
finition of  the  Index  of  iiny  Term  whatfoever  in  that  Series* 

Third,  If  any  Term  whatfoever  A  be  raifed  to  a  Power^ 
whofe  Index  is  the  fame  witb  the  Index  of  any  other  Term^ 
whatfoever  B,  and  the  Power  be  divided  as  long  as  it  can  be 


{b)  Number  83. 


42       MEASURES    OF    RATIOS. 

iyB,  the  Number  of  Diviftons  will  ht  the  Index  of  the  Term 
A  in  the  fame  Series  (c).  And  this  is  alfo  truc^  for  it  is 
contained  in  the  two  preceding;  By  the  Afliftapce  of 
tbefe  Lemmas  he  explained  the  Method,  as  follows. 

If  in  a  Series  whofe  Beginning  is  Unity,  the  Index  ap- 
pointed to  the  Number  lo  be  loo  ooo  ooo  coo  coo,  viz.  if 
}>etween  i  and  lo  there  are  99  999  999  999  999  mean 
n-oportionals ;  all  Numbers  will  very  nearly  be  placed  in 
this  Series.  And  any  two  Terms  invohed  according  to  their 
alternate  Jndices  give  equal  Powers  ;  whence  if  any  Number 
whatfoevery  for  Example^  2^  be  raifei  to  a  Power  wbefi 
Index  is  1 00  000  000  OOO  OOO,  tiere  wiU  come  out  that 
Power  of  the  Number  10  whofe  Index  is  the  fame  with  the 
Index  of  the  Number  2  in  that  Series  \  whence  tf  that  Power 
he  continually  divided  as  often  as  it  can  be  by  10,  the  Number 
of  Diviftons  will  be  the  Index  of  the  Number  2  ;    but  the 


Number  of  Divifons  by  lo  is  the  Number  of  Places  in  the 
Dividend  lefs  by  Unity  {d) ;  therefore  the  Number  of  Places 
dimiiiijhed  by  Unity  is  the  Index  of  the  Number  2  in  that 
Series ;  or^  is  the  Logarithm  correfponding  to  2 '^  if  the  In-^ 
dices  be  put  for  the  Logarithms.  'Tis  to  be  obfervcd  bow- 
ever,  that  the  Number  2  is  not  placed  in  that  Series,  but 
fome  Number  n,  whichy  tbo^  it  it  but  a  little  exceeded  by  the 
Number  2»  neverthelefi  n  and  2«  involved  according  to  ft 
freat  an  Index,  will  give  Powers  not  equaly  but  very  differ» 
ent :  But  n  and  10  involved  according  to  their  alternate 
Jndices,  give  equal  Powers ;  therefore  ihofe  Powers  of  the 
Numbers  2  and  XO  will  be  unequal.  And  dltho^  the  Index 
appointed  to  the  Number  \ojhotid  be  incrcafed indefinitely,  in 
arder  that  n  may  always  approach  nearer  to  2,  and  that  tberg 
Jhotid  be  always  taken  Powers  of  n  and  2  involved  according 
fo  the  increafed  Indices,  thefe  Powers  will  not  upon  Account  of 
the  Indices  thus  increafed  verge  to  an  Equality, 

But  if  n  and  2  verge  to  an  Equality,  their  Powers  alfr 
faifed  according  to  any  invariably  and  finite  Index  whatfoever 

will 


(r)  Number  .85.  {d)  Nuqaber  J33. 
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Jtvlll  verge  to  an  Equality.  JVherefore  if  in  the  Place  ef  the 
fttdex  of  the  Number  iq  there  is  always  fub/iituted  feme 
invariable  Number  r,  aTid  in  the  Place  of  the  Index  of  the 
Number  n  there  is  always  put  a  Number^  which  has  the. 
fame  Ratio  to  r,  which  the  Index  of  the  Number  n  has  to  the 
Index  of  the  Number  jo;  n  and  ic  involved  alternated 
according  to  tljcfe  Numbers  proportional  to  their  Indices  will 
give  eqtial  Powers  ;  and  the  fmiilar  Powers  of  2  and  10  will 
verge  to  an  Equality  \  that  is^  2  and  10  involved  according 
to  tbeir  alternate  Logarithms  give  equal  Produ£fs,  Example^ 
If  the  Index  of  the  Number  10  be  1000,  viz,  if  between 
I  and  10  there  be  099  mean  Proportionals,  the  Index  of 
the  Number  n  will  be  301 ;  now  for  the  Index  of  the 
Number  10,  let  10  be  fubftituted,  and  in  the  Place  of 
the  Index  of  the  Number  n  there  will  be  3^01 ;  for  loco 
is  to  301,  as  10  to  3,01.  Let  the  tenth  Power  of  the 
Number  2  be  taken,  viz.  1024,  and  if  Aat  Power  of  the 
Number  10  be  taken,  whofe  Index  is  3,01,  viz.  if  the 
Cube  of  10  be  multiplied  into  its  Root  of  the  hundredth 
Power  J  a  Number  will  come  out  fomething  lefs  than 
J024.  And  if  the  Index  of  the  Number  10  be  loooo, 
the  Index  of  the  Number  n  will  be  30102  5  let  10  be  pqt 
for  the  Index  of  the  Number  10,  and  in  the  Place  of  the 
Index  of  the  Number  w,  there  will  come  out  3,0102: 
And  if  there  be  taken  a  Power  of  the  Number  la 
whofe  Index  is  3,0102,  there  will  come  out  a  Number 
nearer  to  the  Number  X024  ^^^^  before;  and  fo  on  to 
Infinity.  Therefore  if  2  be  raifed  to  any  Power  what- 
soever whofe  Index  may  be  the  Logarithm  correfponding 
to  the  Number  10,  there  will  come  out  a  Power  of  10, 
ivhofe  Index  is  the  Logarithm  correfponding  to  the  Num- 
ber 2.  And  if  awf  Number  A  {greater  than  Unity)  Jhou'd 
be  conceived  (u  the  Power  of  any  other  Number  {greater  than 
Pnity)  B,  and  A  Jhoud  be  divided  continually  by  B  untill  the 
^uote  becomes  lefs  than  the  Divifor^  the  Number  of  Divifions 
tuill  be  the  integral  Part  of  the  Index,     JVhence  if  any  Inte^ 

ger  p  be  put  for  the  Logarithm  of  the  Ratio  — ,  a7ul  the 

Pfwer  of  the  Number  2  whofe  Index  is  p,  be  continual^  di- 
vided 


44      MEASURES    OF    RATIOS. 

vided  by  10  until  the  ^ote  is  lefs  than  the  Divifor^   tbf 

Number  of  Divifions  will  be  the  integral  Part  of  toe  Loga^ 

2 
fithm  of  the  Ratio  —  j    but  the  Number  of  Divifians  ^f 

finy  Integer  whatfoever  by  lo  is  the  fJumber  of  Places  in  the 
Dividend  lefs  one  \  therefore  the  Number  of  Places  in  the 
aforefaid  Power  lefs  one  will  be  the  integral  Part  of  the  Lor 
garitbm  correfponding  to  thf  Number  2«     £xamp)p^  if  looo 

be  put  for  the  Logarithm  of  the  Ratio  -^ ,  and  %  be  raifed 

to  the  thouiandth  Power,  the  Number  of  Places  in  that 
Power  lefs  by  Unity,  viz.  301  will  be  the  integral  Part 
/of  the  Logarithm  correfponding  to  2 :    And  if  for  tbe 

Logarithm  gf  the  Ratio  —  be  put  100  coo  poo  000  OpO| 

and  2  be  raifed  to  a  Power  whofe  Index  is  that  Logarithm, 
the  Number  of  Places  lefs  one  viz.  30102999566398 
will  be  the  integral  Part  of  the  Logarithm  correQK>ading 
to  the  Number  2« 

358.  But  th0  fame  mig/jt  have  been  more  briefy  prtfOid  ^ 
the  Affiflance  of  we  following  l,emma^  to  wit.  If  there  be  a 
Series  beginning  from  Unity  of  Numbers  increajing  in  con- 
tinued  Proportion^  and  any  Number  whatfoever  A  greater, 
than  Unity^  which  is  not  in  the  Series^  Jbou*4  ki  raifedfto  a 
Power  whofe  Index  is  the  fame  with  the  Index  of  any  *Term  ef 
that  Series  whatfoever  B,  and  that  Power  if  A  Jhoiid  be 
divided  by  B  untill  the  ^ote  Jhou'd  be  lefs  than  the  Divifor  ; 
the  Number  of  Divijions  will  be  the  Inde^  of  that  Term  of 
the  Series  which  is  next  lefs  than  A.     Example,  Let  the 

0123         4         s 

Series  be  i,  3,  9,  27,  81,  243;  and  let  25,  which  is 
not  in  the  Series,  be  raifed  to  a  Power  whofe  Index  is  the 
fame  with  the  Index  of  the  Term  243,  viz.  to  the  5th 
Power,  this  Power  will  be  9765625  ;  let  9765625  be 
divided  by  243  until  the  Qiiote  be  lefs  than  the  Divifor, 
^nd  the  Number  of  Divifions  will  be  2,  to  wit,  the  Indeip 
of  the  Term  9  in  the  Series,  which  is  next  lefs  than  the 
Number  25.  The  fame  alfo  appears  from  this^  that  if  any 
integer  Number  whatfovcr  he  raifed  to  any  integer  Porxm" 

whatsoever ^ 
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vAatf$evir^  the  Number  of  Figures  in  the  Power  dimimjbei 
by  Unity  ivill  be  the  integral  Part^  to  tvit^  the  Chara^eriflic 
of  the  vulgar  Logarithm  (orrefponding  to  the  Power  j  but  the 
fame  Logarithm  will  alfo  correfpond  to  the  Root^  if  the 
index  of  the  Power  be  fubjiituted  for  the  Logarithm  of  the 
decuple  Ratio ;  that  isy  if  the  Syjiem  be  changed  by  midtiply^ 
ing  all  the  vulgar  Logarithms  by  that  Index ;  which j  if  it  be 
10,  100,  or  1000,  t^c.  'vcill  not  change  the  Figures  of  the 
Logarithms  by  Multiplication*  If  it  be  10»  the  integral 
Part  of  the  ProduQ  will  conjift  of  the  CharaSlerifiic  of  the 
vulgar  Logarithm  correfponding  to  the  Rooty  and  of  one 
Figure  of  Decimals :  If  it  be  100,  the  integral  Part  of  the 
ProduQ  will  conjiji  of  the  Chara^eriflic^  and  two  Figures  of 
Decimals :  If  it  be  1  oco,  the  integral  Part  of  the  ProduQ  will 
xmfifl  of  the  Chara^erijVuy  and  three  Places  of  Decimals^  and 
Jo  on  continually.  And  therefore  if  any  integer  Number  whatfo^ 
ever  be  raifed  to  the  tenth  Power ^  the  Number  of  Places  in  the 
Power  diminijhed  by  Unity  will  exhibit  the  Figures  of  the  vul^ 
gar  Logarithm  correfponding  to  the  Number ^  to  one  Place  of 
Decimals  :  And  if  it  be  raifed  to  the  hundredth  Power y  the 
Number  of  Places  Ufs  one  will  exhibit  the  Figures  of  the  Lo^ 
garithm  to  two  Places  of  Decimals :  If  to  the  thoufandth^  the 
Number  of  Places  lefs  by  Unity  will  give  the  Figures  of  the  Lo- 
garithm to  three  Places  of  Decimals ;  andfo  on  to  Infinity, 

359.   How  troublefome  it  muft  be  to  exhibit  the  Lo- 

farithm  correfponding  to  a  given  Number  to  fourteen 
laces  of  Figures,  by  the  Method  above  treated  of,  every 
""Pcrfon  muft  fee:   And  as  this  Method  contains  the  Invo* 
lutioH^  fo  again  the  other ^  which  is  fear ce  eafeer^  requires  the 
Evolution  of  a  Power  fufficiently  high  \   This  Mr.  Briggs 
performed  by  the  continued  £xtra^ion  of  the  Square  Root» 

For  he  extra&ed  the  fquare  Root  of  the  Number  109 
and  the  fquare  Root  of  this  Root,  viz.  the  biquadratic 
Root  of  the  Number  10,  and  the  Root  of  this  Root,  viz. 
the  Root  of  the  Number  10  of  the  eighth  Power  i  and  io 
on  continually  ;  until  after  having  finijhed  fifty-four  Ex* 
ira^ionSf  he  attained  the  Root  of  the  Number  10  of  the 
Power f    whofe  Index   is    18014398509481984,    cxprejf- 

3  ^ 
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Methods:  of  Fluxions,  or  by  certain  geometrical  Lines. 
Wherefore  we  have  not  ft)  nicely  examined  their  Princi- 
ples, and  the  Validity  of  the  Cone! ufions.  But  Halley^ 
who  is  the  onty  Perf6n,  ds  far  as  I  know,  that  has  at- 
tempted to  deduce  arithmetically  thefe  Conftruftions  froin' 
the  Nature  of  Ix)garn;hms,  pubiilhed  (in  Philofoph.  TranC 
N.  2 1 6)  a  Method  of  Compuution  eminent  above  alt 
others,  ana  moftly  celebrated.  Wherefore  it  feemed 
proper  faithfully  to  tranfcribe  wbaC  he  has  faid  concerning 
the  Nature  of  Logarithms. 

The  old  one  (viz.  Definition  6f  Logsrrithftii)  Nume- 
rorum  proportionalium  aequidifiefentes  Coihites,  feems 
ftanty  to  define  them  fully.  They  may  more  properly  hejaid 
to  be  Numeri  Rationum  Exponentes:  fyherein  we  confider 
Ration;  a  Quantitaa  fui  Generis  beginnihg from  the  Ratio 
ef  Equality^  or  i  to  i  :z:  o;  being  affirmative  when  the 
Ratio  is  increafing^  as  of  Unity  to  a  greater  Number y  kit 
negative^  when  decreafing ;  and  thefe  Rationes  wefappefe  t9 
be  meafured  by  the  Number  of  Ratiunculae  contained  in  each. 
New  thefe  Ratiunculse  are  fo  to  be  underflood  as  in  a  can^ 
tinned  Scale  of  Proportionals  infinite  in  Number  between  the 
two  Terms  of  the  Ratio,  which  infinite  Number  of  mean 
Proportionals  is  to  that  infinite  Nunwer  of  the  like  and  equal 
Ratiunculse  between  any  other  two  Terms^  as  the  Logarithm 
ef  the  one  Ratio  is  to  the  Logarithm  of  the  other.  Tbusy  if 
there  be  fuppofed  between  i  and  lOan  infinite  Scale  of  mean 
Proporticnals^  whofe  Number  is  looooo,  fefr.  in  infinitum  ; 
between  i  and  2  there  fil>all  be  30102,  i^c.  offuch  Proper- 
ticnals^  and  between  i  and  3  there  will  be  47712»  faT^  of  them  i 
which  NiitKbas  therefore  are  the  Logarithms  of  the  Ratione's 
cf  I  to  10,  I  to  2,  and  i  /^  3 »  ^^^  ^^'  A  PT^P^b  ^^  *^ 
ceiled  the  Logarithms  of  lo^T.^  and  3. 

But  if  iTiflead  of  fuppofmg  the  Logarithms  ccmpofed  of  a 
Number  of  equal  KMMnQ\x\2d  propottional  to  each  Ratio,  we 
fi,(.II  take  the  Ratio  tf/"  Unity  to  any  Number  to  confifi  always 
cf  the  fiune  infinite  Number  ^'Ratiunculae,  their  Aiagnitadc^ 
iti  this  Ctife^  v;iU  be  as  their  Number  in  the  former  \  where- 
Jae  ij  bclii'ccu  Vhity  and  any  Number  prcpojcd^  there  be 

taken 
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i^lkn  a/^  Infimtjf  of  mean  Ifropi^ihnalSf  fhe  infinitely  Uttk 
^ugnufit  or  Decrement^  of  the  firjl  of  thefe  Means  from 
Unity ^  will  be  a  Ratiiincula,  that  is  the  Momentum  or  flux- 
ion  of  the  Ratio  of  Unity  to  the  fame  Number  :^  And  feeing 
that  in  thefe  continual.  Proportionals  i// /A>  RatiqnciilaB  dre 
iqual^  their  ^um  or  the  whole, Ratio  will  be  ms  ihefaid  Mo-, 
mentum  is  dire£lly\  that  isy  the  logarithm  ojedch  Ratio  wilt 
Hi  as  the  Fluxion  thereof.  fFberefore  if  the  Root  of  any 
(nfitttte  Power  ie  extra^ed  iui  of  any  Number^  the  Pim!ren-! 
tiola  ofthefaid  Root  from  Unity  ^JhaU  be  as  the  Logarithm  of 
that  Nufnbern  So  tlat  the  Logarithms  thus  produced  may  be 
ef  as  many  Forrns  as^jou  pleqfe  to  ajfume  ignite  Indices  y* 
the  Power  whofe  Root  you  Jeei:  di  if  the  Index  be  fuppojed 
iooooQ,  isfc*  infinitely^  the  Roots  Jhall  oe  the  Logarithms 
invented  by  tlie  Lord  Napier;  But  if  the  faid  Index  were 
^301585,  ^c^  Mr.  Briggs'j  Logarithms  would  immediately 
he  produced  J  (^c. 

Thus  wrote  Salley^  in  which  1  am  not  only  unable  to  . 
perceive  the  Force  of  the  Arguments»  but  I  cannot  evcri 
from  the  Language  extract  any  confifient  Meaning.  And 
that  I  may  begin  with  the  Definition :  The  ExprefSon 
Rationurii  feems  here  to  iignify  the  fame  as  Logarithmorum^ 
and  I  think  I  may  collea  this  from  his  faying  that  Ratio 
is  affirmative  and  iiegaiive^  and  that  Raiiones  are  meafured 
by  the  Numier  of  R^tiunculx' contained  in  each ;  where  by 
Ratiuncula  he  feems  to  me^n  the  Logarithm  of  the  inter- 
mediate Ratio  in  a  geometrical  Scries ;  although  the  Words 
ivbicb  infinite  Number  of  mean  Proportionals  is  to  that  in-» 
finite  Number  of  the  like  and  equal  KatiuncuTac  betioeen  any 
4tber  two  Trrms^  as  the  Logarithm  of  the  one  Ratio  is  ttf 
the  Logarithm  of  the  other  fcem  to  mean  the  fame,  as  \i  be 
fcsd  called  the  Ratiuncula  the  mean  PropbrtionaTs  them* 
/elves,  (at  le^ft  rf  the  Woid  equal  wou^i  permit  it)  anrf 
liad  (aid,  the  Ratiuncula  were  in  the  Scale  of  Proporti? 
onals  i  but  this  he  does  not  fey,  only  that  thes  are  to  be 
underjlood  as  in  a  continued  Scale  \  for  he  calls  the  infinitely 
little  Jugmcnt  or  Decrement  a  Ratiunculay  and  the  rluxio/f 
if  she  Ratio-,    and  the  Sum  of  tlje  Ratiuncula,  the  whole 

E  ^  Ratfp 
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Itatio^  and  ihi  Logarithm.  Bul^  ilT  It6fi$  inAlsgurSSi^ 
HgnVly  the  fame,  to  what  Erid  h  it  to  define  LogArbhmil 
lib  be  MriitafW  i^admm  E^oHtms  t  This  h  id  %,  tlneT 
Logarkbm  an  the  nwfian'alMkpim^HtstfLeptririfihj  or  h» 
admoniih  as  (whareva:  be  tht  Pohfe  of  the  WdMs)  thae 
Ibermmmjiikrliatha^  PoT 

^s  the  Sertfe  of  thoft  i^rho  write  bytS[Alers  it  uibd  to  hSr 
extorted,  by  feekfngy  in  ttriois  Tmls  upon  tlie  ttoV 
convenient  Fam  of  the  WrilMg»  Uttiit  Wdr&  ait  nc-' 
eefBriiy  iwjilied  hy  the  Charaiaen ;  mi  by  tn^ftmng. 
4iofe,  when  they  art  Ibundy  tt  thfe  ia6te€lfi(^ra£lfeir» mother 
Parts,  that  the  Wofnis  fignafed  by  tlie  hdnkBbOdrlilg  Cka^ 
raders  ma?  M&he  ihoit  teiily  detd9ed  ^  io  we,-  ^li>  ikMr 
explore  Thiiigs  Whkh  aire  hidden,  ait  oMijcd  to  diiUtt^ 
tuiih,  in^  dk  niic^  Whidi'  fcem  to  ^ve  ibttie  lAAtg 
#hat  Idea»  may  be  {inplyed  by  Ute  Wbrdv^  ditt  £oie 
being  fotmd  otfty  aad  traniferrcd^  lO'  the  fldtoe  Wofds  inr 
Places»  more  oBfcur^  we  nrar  trace,  if  it  may  br  done. 
At  Senfe  in  Aei^  knb|  Sitfd  fti  at  len^  uie  Seiife  of  the 
^tinued  Dffcoarlb.  Thfy  however  #e  can  by  no 
Means  accompli^,'  ^  |^ap^  we  are  onrifel^cr  ratliefr 
ibw,  and  there  is  fome  ObfeuritV  in  the  ExprdSonsi^ 
Nor  h  this  exivMihmy  r  ¥k^  ndcftmg  i^Mote  timal,  tliaii 
moft  faccefsfoHy  to  demice  Calbuiatioksi  from  Pk-ihe^lts,. 
as  if  they  were  midcrftctocr,  vnrir  proted;  (than  whlbh 
^ften  times  tiotffidg  ts  mdre  eafllyifenej  Wheh  nevetriie- 
Kefs  the  Print{t>(es  themfelves  are  dtMicd  to  ns  m  JIfach  i 
Manner,  that  the  MSnd  i»  blamed  ki  cOn&ferit^  and  e3r« 
imining  lltiettu 

But  the  fbttowmg  Words  hgihnit^/Mk  ti^  Kaih^^, 
S^u^illty^  ^  I  /9  I  rx  o  ;  1fii»g  affin^iatiifi  uAin^tti  iimm 
*k  incnafing^  in  of  Vkity  to  v  gfmtit  ihifnbir^  ifUPfUj^aikf^ 
when  Acreafing  feem  to  figrrify,  that  there  is  fomerbm'^  iiV 
the  Nature^  of  Logdritbms,  which  Ihou^  taufe  that  Lo^ 
garithms  of  Ratios  6f  lefler  Iiliequality  fii6u*d  be  affirm 
tnative,  and  of  ^reat^r  Itietjtialfty,  nq^atiVe ;  Hrhich  ft- 
tever^hddis  intireTy  atbitra^.- 


iitkAsvkES  6i^  tAtioSi     tt 

I  j^^  the  Wfirdii  tdikl  NMim  ^Onfi^^/int  ^nt  fk  I^a^ 

i  ¥itbms  of  the  RstkmeB  tf  lUto^  t  Ht^  dmtt  ti  3 ;  and 
i  kfft  jfi  propffrfy  to  HfcMMth  L^(ariiM$9F  io,  2«  md  34 
t  i^hat  can  they  iigmfyi  tf  hot^  ttktc  dloft  mimbere  are  not 
\  ^operly  caHi^d  the  'Logarjiti'ins  of  the  N«nibers  to»  t^ 
fcffid  3,  but  ibeitatm  If  ih  ibHith^  or^  ilk  JbogarHbm  if 
tki  i^Orifimu^  1 19  lo,  oft  un^  tfiio%? 

\        .... 

Or  is  fhe  Imjjort  oF  ^e  Woid  Jiotf»  vaj^  M  iSni 
TfeatHe  f  ndw  tfid*  ivfe  IhouM  lijgi^  to  this,  and  let  that 
Word  deiioce  otfe  Thing  nrm^  «tid-anoidier  tbeiH  to  the 
Sehfe  fbaN  ntqime,  yet  carb^Iy  hi  the  DeiSoitiOfiv  it  trttt 
Qtmote  the  itcwt  as  Logarithm,  Fftt  L^artAms  lAtn  Nu& 
faieri  Ratbifiim  EMonettes :  and  thcfe  ftme  Ratios  m^ 
fiipp^Jtd  n  hi  msaJHftd  if  HhtHiMAer  tf  Rvtiancnte  cot^ 
taimd  Ht  iocb :  ftRErefore  Atty  contfthi  Mothmaillty  and  mt 
tM  to  be  iheir  Amu  or  »M  Ratios  whtck  are  m  ibdr  Fbat^ 
im$^  that  ts^  M^  Logarithm  tf  ^  Ratio  iifiatfotver  is  as  in 
Fluxion.  Thus  vre  are  reconduded  br  one  unbroken  Thread 
\o  thtsi  Aat  tve  itfuft  «ohcKidt  tiie  Word  Soijiitr  iA  thd 
Odililtioli  to  rigfiff)r  the  imt  aa  Logai^ithm,. 

Ihn  irlny ohe  iMu^d  be  ^O)>mfoiij  that  hy IMoh 
^  Mmftarok  Of  Ratios  are  there  denoted,  fo  b»  that  thii 
fPeSlhhion  AmmW  import  the  ftme^  as  if  he  had  faid  tfasic 
liOglMthltft  «^  iijbi  mtOfhil  'E»pomnt$  tf  the  Meafilros  cf. 
iRalioss  ttttfi  iitfoii^i)e^  not  to<[^ne  the  Thing,  but  zhet 
a  MaAiAer  ^  Aschi^ethe  Signification  of  a  Name.  Add 
thdk  Wdfds,^  nUhertitS'  UMtm/ukr  Aauo  as  v  Qftantitas  fed 
©encrfs,  bigiMni'/hmtii Ratio  0/ EqMiiy^  &c.  wou*^ 
ffc  cqahpaleiit  to  the  following,  Ih  ivhid  the  Meafun  tf  ti 
iiMio  (that  is,  byc^hibitin^  theMeafurel)  thfLdganthnt 
is  c^Jmifi'd  as  a^^MMtitf-^f  its  ow^  SSnd,  bmwsingfrom 
^Ue  jaoafitft  of  the  Katio  itr  the  LogOritbm^  lo/M^lity^  ih, 
^  V^  t  ^O^  being  affimiatrUe  when  the  Ratio  is  incredftngi 
but  negative  when  ditreafing^  i^c,  whereas  it  ismantfeft,  that 
whatever  that  is,  which  in  thefe  Words  is  called  Rtitio^  js  . 
the  fhnife  with  that  Rftk^  whatever  it  may  be,  wfai^  ia:> 
«cUcd  Ratio  in  the  Definition* 
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But  what  that  Diverfity  of  infinite  Numbers  can  fie, 
in  what  it  may  confiftf  or  whence  it  can  arife»  when  b<9 
fays,  that  if  there  hejuppofed  between  i  and  lO  an  infittiu 
Scale  of  mean  Proporttonab  wbofe  Number  is  lOOOOO  &r. 
in  infinitum  ;  between  t  and  2  there  ft>aU  be  30 1 02  C^r.  ^f 
fuch  Proportionals^  and  between  i  and  3  there  will  be 
47712  &c.  I  am  intirely  at  a  LoTs  to  know.  I  know  in* 
deed  that  I  and  10  can  be  placed  in  the  Tame  Series  with 
»ny  Number,  which  (bait  difffer  Tiom  the  Number  srby 
any  Difference  ever  fo  fai9\V\^  if  that  Number  be  always 
called  indefinittly  n^  and  there  be  between  i  and  id 
taken  999  mean  Proportidnaby  there  wiH  be  300  n>ea» 
Proportionals  between  i  afkl*  ;>;  and  if  between  i  and 
K)  there  are  taken  99^  mean  Proportionals,  there  will 
be  3009  mean  Proportionals  between  i  and  »;  that  if 
between  i  and  10  there  are  taken  99999  mean  Proporiii- 
onals,  there  will  be  3010^  meaa  Pr^ortionals  between 
I- and' IT,  and  fooiv  to  Infinity, 

But  thefe  Words,  if  injiead  fff^ppefmg  the  Lagatitbm 
compofed  of  a  Number  of  equal  Ratiunculae,  proportional  to 
each  Ratio,  we  Jhall  take  the  Ratio  of  Unity  to  any  Number 
M  cofifij^  always  of  the  fame  inSnite  Number  of  RatiuBCube,^ 
their  Magmtude^  in  this  Cafe^  wilt  be  as  their  Number  in 
the  former ;  wherefore  if  between:  Unity  and  any-  Number 
propofed,  there'  be  taken  aH  Infinity  of  mean- Proportionals^ 
the  infinitely  little  Augment  or  Decrement  of  the  firfi  of  thefe 
Means,  from  Unity^  will  be  a  Ratiuncula,  thai^is^  the  Mo- 
mentum or  Fluxion  of  the  Ratio  of  Unity- to  the  fame  Num^ 
ber  ;•  and  fenng  that'  in  thefe  continued  Proportionals  all  tie 
Ratiunculse  are  equals  their  Sum,  or  the  whole  Ratio  will  be 
etc  the  faid  Mdme^um  is  dire6Uy  ;  that  iSf  the  Logarithm  of 
each  Ratio  will  he  as  the  Fluxion  thei^eof\  whffefore  if  tie 
Root  of  any  infinite  Power  be  exiraSied  out  of  any  Number 
the  Difterentiola  of  the  faid  Rjoot  froM  Unity^  Jhall  be  as  the 
Logarithm  of  that  Number» 

Let  him  who  pleafes  attempt  to  explain,.^  and  deduce 

ffom  the  Prcmifes*- 

Bur 
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^  ^ut  io  the  following,  fo  that  Legaritbms  ^us  produced 
may  be  t^f  as  many  Fortns  as  you  pUafe  to  aJJ'ume  injlmte  In- 
dices of  the  Power  whofe  Root  you  feeky  the  ExpreiSon,  thus 
froduady  is  fomcihing  obfcure»  for  the  Particle  thus  fcemy 
to  fignify  a  Relation  to  ibme  Method  heretofore  men* 
tioned  ;  but  it  has  J^iot  yet  been  tOi)d,  by  what  Mediod 
jLogarlthms  might  be  produced. 

But  if  Logarithms  may  be  underftoo^I  to  be  produced^ 
t>y  aflliming  for  the  Logarithms  of  the  Ratios  which  the 
Roots  have  to  Unity,  the  Differences^  by  which  they  exceed 
Unity:  It  appears  (Cor.  8.  r.  3.)  that  there  is  no  Diver» 
fity  between  thofe  Indices  to  diverlify  the  Species  of  Lo* 
garithms.  If  the  Indices  be  determinate,  there  will  ari(c 
JLogarithms  in  different  Syftems;  but  if  the  leaft  of  the 
Indices  be  fufficiently  great,  the  Ratio  between  the  Lo- 
garithms of  any  giyen  Ratio  whatfoev^r,  in  any  two 
Syftems  wha;tfoever,  wllj  come  nearer  to  tjie  Ratio  of 
Equality  than  any  predefiilite  Ratio  of  Inequality  fhaH 
come.  Whence  as  the  Indices^  to  wir.  Numbers^  differ 
from  each  other  by  ExceJJis  only,  a  Thought  moft  difEculjt 
to  me  occurs ;  Of  what  Kind  may  thztDiverfity  be  which 
;s  between  infinite  Indices  f  if  infinite  may  be  defined  that 
^han  which  there  is  no  g^ter. 

And  if  Logarithnrt^  mtfjr  be  tmdefftoQii  to  be  pro-^ 
duccd,  by  afibming  for  the  Logarithms  correfponding  tQ 
Powers  the  Differences  by  which  the  Roots  exceed  Unity 
n^Itiplied  into  any  giuen  numeral  ^uantity^  that  is,  by  put- 
ting for  the  Logarithms  which  correfpond  to  the  Koot^, 
not  the  Excef&s  themfelves^  but  thofe  Excefles  varioufly 
'multiplied  according  to  the  various  Syflems :  th^ie  is  no 
Doubt,  but  that  the  Logarithms  thus  produced,  may  be 
^f  fo  many  Forms  as  you  pleafe  to  aflume  Indices  indefi- 
iiitely  great  of  the  Power  whofe  Root  is  fought,  to  wit. 
If  the  Indices  be  afTumed  fuiScientiy  great,  the  Syflems 
wil)  be  various  according  to  the  various  Indices  :  Bu(  all 
fhe  Logarithms  which  will  come  out  by  ufins:  ^ny  one 
Jndex  in  one  Svflem,  (ball  remain  without  a  Deviation, 
yvhich  l^  nof.  le^  than  any  predefinite  one.    Thus,  if  the 

P  3  Indc;^ 
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|odtx  be  2  30:^5^5092  09494$»  and  ibe  £xcefl^$  bf 
Vrbicb  |be  &oou  exceed  Unity  be  always  q^ulriplied  incq 
l>  OOP  opp  000  Qpp 0jC9»  thjere.¥?ill  cpme  put  the  Lo- 
|;9fiil^i9,»t  very  nev^y»  vt^h  correlppnd  to  the  Powers 

frdflib  into  i^OQaopotoopcppopo^  i$  to  ofi^Hiply  l^ 
f  302  585092  994045  the  Predu^'  of  thofe  £xceft| 
jnto  the  Qkiotie  of  1000  opo  oco  opp  poo  divided  bf 
9  3P^  5§5P?*  99A<M^i.8.  WJ  »hJ8  Quote  i^  nesjrly  ih^  Mor 
4iMe  of  the  vukar  ^ySenp :  Fcyr  |  is  the  vulgar  tjog;arithii| 
ck'th^  doct^c  ^a^tio,  and  2  309  ^85092994045  is,  ?^ 
ns^^Iy,  the  hyperbolic  lx)^arithrn  of  the  fame  S^atio^ 
J^ujt  t}icC&  Excefl^s  by  wh;ch  the  Roots  e:^ceed  Vnitf 
JR9^It^lvsd  imp  the  Module  p£  the  vulgar  Syftem  dve  the 
YAiJgt^  LrQgariilijn&  corijcfponding  to  the  Root5 ;  and  thcroi' 

iore,  tbeib  j^O£f?xitl^s  iDuItipIied  into  the  Index  pf  thr 
^ower  givfi  thq  vulgar  Lq^aridims  correfgonding  to  the 
y>wers%;  B.Mt  U  i^.  eyjd^nt  io  th^  fanpie  Kianner,  that  (h^ 
KMie3^  mn^iniing  uo.cb^li&e4«  the  Logarithms  will  come 
,put  in  vxy  o4ier  pr^affign^d  Syfkgi  whatfocver  ;  if  inftead 
.of  XtQOp.pCpOCQPOOpOOi^  ^py.  other  prpper  MuUipliv 

But   the  (ollpwing  Wp!'<J«    if  'h  Index  *^  ^  ., 
|00Opp,    yc.  itifinluly^  thi  Roots  J^ll  be  the  Logarlt 
y^nU^d  ^  4&<  Lard  Ns^pier  5^   iiut,  if  ifn  fyU  bidix  y/aci 
230258,51  ifc.  Afr.  3ri^'i  LQ^ariibips  %'m^4  immu^aidi 
MtK-^iH^^  ^re  altpg^tl^er  erxopcojuis,  . 

^/4y  proceeds,  and  when  fhy  N^vton's  Theoretii  far 

t^,ipg  tji^  CoefficieiHs  0/  Powers.)  he  had  e;i(ira(@Led  ^ 
Qpt.of  ;^o  iojpflUe  P<>,wcr,  he  de^uq^s  froft^L  the  refuiting 
.  §criesu  logarij^tiniic  pncs^  by  K^j^ffifif  Numbccs  divided  fay 
^flNu^iffr  infink<h  *^^'i    ri^at  is^  by  ^  HmbfT  in^itnif 
griof^^.tl^  a  ^mpiper  ii^tejy  .'gre^f^.    ^eifiimng  howvever 
.  thoiie,  clJ[Yidcd  ^y  an  infifdk  Ni^bi^. 

But  we  4^.ajl  ende^yotfi  to,  dcriv<  the  fy^  Serie»  fro9^ 
,ano^yw^4ixi^ 
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Prop.  4* 

«»       /^         f^ 
Z,        I,        D,        Q, 

»»     . »» .      if       K        h 

ft         h     .    U         »>        w>  «ff 

*>        *t       tf»        ^       ^       /t        ft 

A,        B.       C,        D»       E.        F,        G,       H, 

T$  fiU  tbi  Logaritbm  of  any  ghm  Ratio  wbiafiever  in  a 

Let  A,  Bl  C«  &c*  be  continued  Piopoitionak  \  qj  i^  c^ 
ice  the  fir  A  Differences  ;  r,  i,  /,  &c.  the  lecond;  m,  i,  ^ 
lee»  the  third  Difitrtnees  |  and  lb  on  oontinuiiHy.  If  m 
be  ajprcnativey  then  A,  tf,  r,  &c.  will  be  continual  Pro- 
IMNtionals  (  if  n  be  negative,  vi^  if  B  be  left  than  A>  tl^p 
tft »,  Ji,  Sec»  viz.  intermittins  one  will  be  negative,  and 
l^ing  changed  into  a^rmativ^  A^  ^  r,  &c.  yiill  be  coq« 
dnu^l  Proportionak : 

Theceforr  in  both  Cafes  if  (A  =:  i)  A  be  Unity,  wefhaU 
have  r  =:  ^,  in  =  tf',  X  zze^\  and  fo  on  continuidly  % 
and  confequently  if  tbje  Nufpher  of  T^rqis  in  a  ^r|e% 
whofe  Beginning  and  End  are  A  and  H,  be  called  N,  tben 

(Prop,  3.)  1  +  —J—  X  <»  +  —J —  X  — J—  X  «• 

+  N^:::ix5L=l?xNzi3^^,&e.=H.    LetN 
,  •       I  a  3 

be  increafed  to  Infinity ;   and  the  Terms  of  die  Serifs 

N-— I»  N  —  2,  N  — 3,  &c»  being  continued  to  any 

finite  Number  wfaatfoever,  will  verge  to  an  Equality  among 

-one  another;  and  the  Scries  i  4    ■  x  ^  -f  ' 

N^a      .        N^i     N  — 2     N^3     ^. 

X  '»■     ■■  ■  X  <l*  +    ■  X r—  X 4  X  «■,  &C. 

2  I  23 

Will  be  infinite :  And  N  --^  i  x^  will  be  (Cor.  11.  P.  3.) 
ijfut   byperbolic  Logarithm  of  the  Ratio  of  H  to  iif 

£  4  and 


5^       MEASURES    OF    RATIOS. 

and    therefore   if  that  Logarithm    be   called  L»    thea 
*        L        L*  L*.         L*  '      „' 

I  1X2  • 1x2x3  1x2x3x4 
Which  Series  is  a  general  Expreifiqo  of  the  Number  H, 
whofe  Ratio  to  |  is  th^t»  of  ^hich  L  is  the  hyperbolic 
Logarithm,  yrhethei:  that  Number  be  greater,  or  lefs, 
^han  I.  If  it'  is  lefs,  vi^.  if  L  be  negative,  for  L  let  it^ 
negative  Value  be  particularly  exhibited,  and  it  will  be 
L   .    L*  L?      ^        L*       •  „ 

I       1X2-    1x2x3      1x2x3x4- 

And  if  L  be  put  ior  the  Logarithm  of  the  RatiQ 
H  f  ■      ' 

^  in  any  Sy&epfi  whsulbe^er,   whofe  Modnle  is  M,  it 

will    be  (Def.  of  Module)    M— i  xa  =^i   and 

hence  ^      +        ^'         +  L'  ^ 

rr-»  &c.  =:  ff.    And  if  L  ;=  M,  viz.  if 

1  X2X3X4xMt  • 

TJ 

the  Logariihrn  of  the  Ratio  i-  be  the  Module  of  th^ 
Sydem,  that  is,  if  that  Ratio  be  the  Modular,  it  will  be 

i+4  +  T  +  -r+i  +  -^,&c,  =:H=:2,7i828i, 
I         2         9        24   •  120  ' 

ire.  therefore*  the  modular  Ratio  is  that  of  2,7182812,  tor. 

to  Unity. 

But  to  return  to  what  was  projiofed,  Lc^  II  —  i  =:  i, 

and  if  the  Scries  L  + 1-  --.  +  X.,  kc.  :=:hhet^ 

2         Q        24     * 

vcrfed,  according  to  the  Method  of  the  moft  celebrated 

t)e  Moivre(tf},    there  will  be  found  a  Series  exbibicing 

th<* 

{a)  Number  321. 
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the  Quantity  L,  viz.  the  liyperbolic  Logarithm  of  the 
Katio  I  -I-  j&  to  I.    Therefore  let  diere  be  put  ■ 

L  =RA  +  SA*  +TA»     +  V^   +    Wi'&c. 

a  a  ^RT*  +ST*  *^ 

RS* 
a 

And    ?^=                                +f^A*   +^A'&c 
24  _*♦ °_ 

fherefote  RA+S+^xi»+T+RS+-g.xA» 

+  V+!!+RT+^S^^^^  &a  =A  =  « 
;f  o  X  A*  +  o  ^  A'  +  o  X  A*  &c.  And  thence,  by 
cauatjng  the  cprreiponding  Terms,    R  =:  i  $  S  +  ~ 

pS +^-Q,  thcrcfprcS=:~;    alfp  T  +  RS 

+  ^  =:T  — 1  +  -g-  =  Of  whence  T  =  i-  alfo  V 

+  -i-  :;=  0,  whence  11= r;    therefore   the 

24  4 

Law  of  the  Cqqtinuation  is  knpwn;   and  confequendy 

,    '      '      A*      h^       *♦      A5       A^   .         ....    . 

L  =:A  —  —  +  - + -r  &c.  which  is  the 

a  ^  3       4        5        ^ 
Series  which  Nicholas  Mercator  formerly  found  out  for  the 
Qus^drature  of  theHyperbda}  and  wbjch  indiicrinainately 

c^cprcffcs  the  Ldgafithi^i  pf  the  Ratio  i  +  A  to  i,  whe- 

'"'  •"•'_'•••     -  ■    •  .  ^^^ 
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fity  added  tq  V«^7  ip  ^bc  J^ioooaie  i  -(-  ^  b«  ^m^uvq 
or  m^^e^  tb^  bx  whftitipr  (I  br  grcdttr  pr  Icfs  than  r» 
ir  it  be  Ids,  lei  for  b  it's  negative  Value  be  Ipeo^y  fub« 

llHf  lA  ^  Sjtftep  wl^fo  Module  is  M,  the  lifcafithni  of 
ibe  Ra}i^  wbich  i  H-  ^  greater  than  UnHy  has  to  x,  will 

b*  A'  A*  A*  A** 
Vt  Mimo  — A« —  + '— +  —  — T  «€•  and  the 

>  3  4  S  o 
J,<^gaciiiMn  ^f  tihe  Rfaio,  which  i  ««-A  Ie&  thao  Untip 

luKS  to  I»  wjll  be  M  into  —A  rr  Y'^T' *^* 

Cor.  I-    Let  X  hi  ti^  Dijfir/sfce  ef  tm  J^nwrfi/iV^,  ^ 
^/fbkbzhibejmfl^oftdbpbegriutter:  BecaufeV-^^x  ^H 

AcHf^A^  vis,  tbi  mU9  rfh^x  fQ  b,  wiU  he  th 

fxm  mib  the  Rath  eft  -^-^towmdthe  Ratio  9/h  (h 

Hifiit  a   ^  x)  io  a^  tuilt  be  ibe  fame  tuiib  ikf  Ratie  tf 

t  :*:  —  ^^  I  5    Xka^^^ti  fir  b  in  ^tj^  Serin  H  i^9  —A 

^l!!_!ll-^!!!  5jc,  yt  1  be /uh/lhute4,  ^U  i^ 
^        3        4  b       •*  *  T  -  ip- 

^  IM0  i.     jK/o  if  im  $be  Series  M  /«to  h  ^  ^  -f  -! 
b  23 

_!l!  £^j.  i  befiibjituieilfirh,  tbenUintol   —  i^ 
4  ^        -^  ^  a  2** 

+  iS ^  Wi:.  w7/  ^^./i(»tf  Legarithm  of  (be  Ratie  -•: 

•   3  a*       4  a*  ^  ^  a 
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But  the  fame  Logarithm  (to  wit  that  cf  tie  Rath  which  is 
the  J^clprocal  rf  the  Ratio  -i-)  vnll  be  (Cofc  t.  Prop.  2.) 

b         2b?       3b'       4b* 

Cor.  2.  Pecaufe  the  Ratie  —  it  eomp^uttde4  of  the  RxAia^ 
a 

mhicb  b  has  to  the  arithmetical  Mean  h^t^vepi  b  and  a»  tf n^ 

tf  the  Ratio  of  that  Mean  to  the  left  Term  a,  tb^  is^  (jf 

.     b  'z 

z  ri-hbe  cafled  z)  compounded  of  the  Ratios  ^-  ^  ~  (i)  } 

i^  •      a     • 

ther^e  the  Sum  rf  Aeir  corre^ouSmg  Logarithm  tvillh 
ihe  Logarithm  of  the  Ratio  —  (r) ;  and  becaufe  ix  is  th$ 
Pifferenu  between  the  Term  of  either  Ratio  {d),  if  in  tbf 
Series  of  ihe  foregoing  Corollary  he  put  ^   :=  -^yjr  rr^ 

4m/ -r- ;   the  Logarithm  of  the  Ratio  —  ^iU  boi  Mint^ 

t^—^  +iL_^+i:L— ^&c.  thatof  thp 
9s        aa*        32^        4Z*       Sz^       6jr*  *  ^ 

JL^  ^  ^  &c.  the  Sum  of  whidi^  to  wit»  2  M  into 
52«         o;r** 

T  +  ^  +  p  +  ^*^-"'^^**'  ^^'^*^ 

t  . .    .J.'...   ■-'■■■.    .      ■  '    ■■■     '  •  -  i 

(i)  Number  40.    (0  Number  238. 
^7  the  ftaie. 
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^  tht  Rath  — ,  and  this  Series  converges  qioft  fwiftl/' 

«rhen  the  Ratio  —  is  not  much  diib^t  from  the  Ratio  of 
j^ualjty. 

S^H0LI,UM. 

The  Logarithms  of  compojite  Numbers  may  h  fotfndfra^ 
fhe  Addition  of  the  Logarithms  correfponding  to  the  frimi 
Numbers  which  compound  them. 

361.  And  the  Logarithm  eorrefponding  to  any  prime  Num^ 
fkr  wbatfoever  may  with  fufficimt  ExpeeUtion  be.fiundy  if 
the  Logarithms  be  given  which  coirrefpond  to  the  Numbers  next 
fidiuunt  on  each  Side.  For  let  tne  Produ^  of  the  adjacent 
Numbers  be  tqken^  and  the  Square  of  the  l^umber  itfelf 
^%vhtch<  w'M  exceed  the  Product  only  by  Unity  [e)^  and  to  the 
Logarithm  of  the  Ratio  of  the  Square  to  the  Produff^  found 
iy  the  Series  pf  the  td  Corollary^  let  there  bt  added  the  Sum 
if  the  Logarithms  eorrefponding  to  the  adjacent  Numbers^ 
io  wit^  the  Logarithm  -of  the  Rafio  of  the  Product  iir  Unity^ 
4ind  there  will  come  out  the  Logarithm  of  the  Ratio  of  the 
Square  to  Unih^  the  half  of  which  will  be  the  Logarithm 
required (f).  Thus,  if  the  Logarithms  arc  given,  which 
ccvrefpond  to  the  Numbers  2,  3,  5,  and  the  Logarithm 
porre^ndiog  to  the  Number  19,  be  required.  The 
Square  of  19  is  361,  and  the  Prcdii«St  of  18  and  20«  the 
^umbers  next  ^ii^jscent,  is  36a*,   but  the  Logatithms  of 

the  Ratios  —  and  —  are  given;  (for  a  x  3  X  3  =  18. 

jand-2  X  2  X  5  =:  20)  to  thcS;jm  of  wfcich  let  tjie  Loga- 

rlthrn  of  the  Ratio  ^  be  added,  and  ihe  half  Sum  will 

..360 
be  jhc  Logarithm  required. 

Th» 


(/)  Kumber  29.  (f)  N^umbcr  530. 
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The  Scries  in  thofe  Corollaries  verge  more  fwiftly  to 
^e  Logarithms  of  Ratios,  which  are  more  near  to  the 
Ratio  of  Equality  v  Wherefore  the  Logarithms  which' 
correfporid  to  the  lefs*  prime  Nambers  being  compleated, 
there  can  be  found  very  expeditioufly,  as  well  the  Loga-'* 
rithms  which  correfpond  to  the  greater  Nambers,  as  thofe 
alfo,  after  the  Table  is  compieated,  which  correfpond 
eiUier  to  intermediate  FraAions,  or  to  Nambers»  whicbr 
rnnr  out*beyond  the  Ltmhs  of  the  Table. 

362.  And  there  is  an  Artiflfce  given  by  CvUs  ♦,  which 
makes  the  Computation  of  the  Logarithms  correfponding 
€0   the  Primes  2,  3,  5,  7»  fomething  lighter:'   to  wit^ 

226     22  c      2AOI 

//  tbi  byperiolic  Logarithms  of  tbi  Ratm ,  — ^,  -^—# 

•^  "^^  ^  ^  125    224    2400 

2515,   hi  foundy  {which  may  hi  4one^  hecaufe  the  Soriis  of 
4374 

6V.  2.  will  convirge  mofl  fwiftly^  and  called  ^^  q,  r,  s^^ 
ihi  hyperbolic  Logarithm  of  the  decuple  Ratio  will  be  239  p 
4-  90  q  — '  63  r  +  103  s,  which  teing  founds  the  Mpd$d$ 
if  the  vulgar  Syfiem  will  be  given ;  which  let  be  called  M, 
^btn  M  into  72  p  +  27q  —  iQr  +  31  s  ;  lA  into  ir4p 
+  43  ^  —  30  r  +  49  5 ;  M  i«/tf  167  p  +  63  q  —  44  r 
+  72  s ;  M  into  202p  +  76  q  — 53  r  +  87  s  j  will  be  the 

.2         ^        C        7 
vulgar  Logarithms  of  the  Ratios  —y  — ,.  — ,   --•     Foe 

126   2  X3*  X7  225  _  3*  X  5*  2401  _   7^ 

125  —     5'    '  224  "^2*  K  7  *  2400  ""2*  X3X5** 

«n  J  i^^  =3  ^ '— ;  and  tliencc,  if  the  Logarithms  of 

'  4374      2x3^  ^ 

2r        2        C       "7 
the  Ratios      ,  .  -^ ,   ^,   ^,  be  called,  /ri  *,  r,  rf,  th^ 

Ibllowing  Equations  will  come  out. 


^  Harmonia  Mjinfurarum,  Prop.  i.  Schol.  3. 


^     Measure?  or  kATiofe 

fz=—     5«  -fat—      *+    ac 

bj  Anaiyfii 
*  r=        ^a^  4-  ^7  ?  -^  ^^*  +  3»  * 
i^  =       H4/>  +  43^  —  jor  +  49'. 
r=       r67;>  +  63^  — 44r  +2«J 
</  =       ioa>  +  76f  —  S3r  +«71   aifil  AcrtJ 

fore  ii  +  r  vit>.  the  Logarithm  of  the  decuple  Ratio  w2B 

Wc  239^  +  961  —  63  r  4.  103  J. 

^65.  Sf*r  Ninhter  forre^ndihg  ^9  U  ghm  vt^ar  L»ga^ 
¥ithnimc^  ktfoUnd^  if  the  Tabib  of  Logslrithitis  h  at  handl^ 
b\',the  proportional  Part }  but  more  atcuratdjin  ttefolbwh^ 
Alanfiir,  Let  the  Number  required  he  n,  and  InigUShig 
\be  CharaAeriftit)  khe  Number  enrrejpmdii^  to  thi  miH  kh 
Logarithm  (te  be  diJUnguified  by  tie  Chara^eri/lic  ^  i» 
pvek  LhgdtithiH)  be  d^  atd  ibe  hfperSdHc  LogcritBn  (wbuif 

^  Jitppfe  .gtvetTi)  rf  lh  Itath  -*•  {viz*  tbi  "D^ireme  if 

kvbkb  the  given  L&garithm  exceeds  the  Legantbfn  tf  tbf 

katio  ^}  divided'bj  the  Module  ^the  Sjftem  be  eaOedLi  thai 

1  ^  -^L 
\jOttt     ^V^  X  a  =c  h  veryfUarlf.     Per  «iiofc  tht-R* 

tio  —  dffffeft  little  frbm  the  Ratio  of  E^trality,  if  » <^i< 

^d  «  4^  0  be  called  y  %tA  a>  the  ^raaion  j  will  iNf 

a^c      an  "^^  24t 
fihall^  arid  then*  (Cor,  2.)  ^  ^^^^ —  3:  t*  ver* 

%  fi  "^    a  * 

ftearly ;   therefore  n  ±  '  j^T:  xj-  Btrtlfamorepct^fc^ 

Gomputaltion  is  rcquifite,  it  will  be  «  =:         «1   '  1  ^-^t « ^^ 

abundantly  accurate.   And  if  tou  ^ould  hare  the  Operation 

Sill 


MEASURES   OF   RATIOS.        63 
IHil  more  accurate,  taken  .^  i +tL— IrL^+TyrL»  ,  ^ 

364.  The  Number  correfponding  to  any  given  Logarithm 
tvhatforver  may   be  found  hy  the  Series  i  -[-  _  -|-  __ 

-K  7-r-y-i  ^c.  whith  will  converge  the  flower ^  if  -—  (viz.  the 

6M'  M 

hyperbolic  Logarithm  of  the  required  Ratio)  be  not  fmalL 
It  mufl  be  obferued  however y  that  if  the  given  Logarithm  be 
a  vulgar  one  (or  if  the  Module  0?  the  vulgar  Syftem  be 
At  hand,  fo  that  the  given  Logarithm  itiay  be  readily 
reduced  to  ^  vulgar  one)  the  Operation  will  generally  be», 
tome  fufficiently  eajy  \  to  wit,  always  eafier,  than  if  the 
feivcn  Logarithm  was  the  hyperbolic  one  of  the  decuple 
Katio.  For  if  the  Number  correfponding  to  the  Loga- 
rithm didiiniihed  of  its  Charadteriftic  be  found;  the 
Figures  of  the  Number  which  correfponds  to  the.  given 
Logarithm  will  come  out ;  whence  (becaufe  the  Cha- 
radteriftic  is  known)  the  Number  required  will  itfelf  be 
known* 


FINIS. 


II      'l.ll 


ERRATA. 

ity  A  G  E  5>  lifte  lO^fof'SumerSitorBread Dcnominatorr, 
J^  P.  8L  1.  II,  /.Numerators  r.  Denominators.  P.  lo, 
1;  36,/.  Binominal  r.  Binomial.  P.  12. 1.  20. /:  often  to  be 
taken  r.  often  taken.  P.  13,  K  7,/.  y — 20 Xy+b  r.  y-atf 
X  y +b.  P.  23, 1.  ult./  effeftcd  r.  afFeacd.  P.  28, 1.  3, 
/.  nearer  any  Part  r,  nearer  any  IcfiT^r  Part.  |.  I2t/-  »ny 
;Kijaccnt  r.  the  adjacent*  P.  40, 1 .  30,  /.  3»092S  r.  3,9025« 
h  33,  /.  25060  r,  25090.  P.  43»  '•  penult./  (48)  r.  (47} 

P.  52, 1.  14./-  i/x— 14,  r.  v^aL-i4-    P-  S7>  '•  ^f^f'~^ 

60,  1. 16,  /.  Unic*  f.  Urtcia;.  P.  71,  1.  8^  /.  x'lE  ^V 
r*  x'i  V**-  P-  77»  1-  Jf  i> /•  Nnmbcr  r.  Number.  P.  80j 
1.  25,  /.  particnlar  r.  particular.  P.  119»  !•  12,/  Mem-? 
bers  r.  Numbers.  P,  140,  1.  4  and  6,/.  xxy  — z«  r. 
xxy — z^  P.  143,  1.  22,  /.  c  is  even  r.  and  c  even. 
P.  146, 1.  5,  /.  8  r.  1%.    1. 18,/,  5  r.^.    P.  183,  1,  18, 

/.  10^  r,  10 J.  P.  190,  1.  antep^nu^,  /.  aec  r.  aec c. 
P.  191,  1.  laft,/  :  r.  .  P.197,  1.  7, /.  V^i  b— i  ssr. 
s  v^^  b— i  8  s.  P.  268,  1. 18,/.  reaion  r.  reafon.  P.  226, 
I.  ao,  /.  ^i/bb— XX  r.x^bbr->xx,    1,  21,/.  (EucU 

b  b 

V.  40)    r.    (Eucl.   V.   4.   Cor.)     P.  236,    I.   25,    /". 

B  C*— D  O  r.  BD*—  D  C*.    P.  247,  1.  22,  /.  ^  5  ""^ 
4 

/•Vs^l.  P.  268,  1.  12,  A/^  it.  P.  279,  1.  17,  /  G 
'  4 

r.E.    P.  322, 1.  20,/.-i.4br— 8aa  f.  J.4.br=8aa. 

P.  325»  1.  20,  /.  -143 1>  ''•  —  143  bS    P-  36i>  ••  M» 

/.  by 
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/  by  tW  Sdowe  f.  by  a  pofidvc  Qaantity  exdufiVe  of  the 
Sqi^re.  P.  364.  1-  »&»  /•  d«fcending  or  afcendlng  to  r. 
«kfcendingtool-afcciidingfrom.  P.  365,!.  i6,/.I'raaion8 
r.  FriStiba.  P.  375.  ^-  penult./:  y4er.  y±e.  P.  384, 
J.  10,/.  v'iSP^-fq    »••  ^»^  ^P  7"1;  P-,38S»J-  28,/. 

a!!!r.siiV  p.387.J-2i./p^qVrv^*p/pq  ^* 

b*         b* 
p/qVr»>,p/pq.    J- 25»/  PN'***A  r.    p*q'rVA 

l5./x'Xy»  r.  x'+y».  l,.?,/  ^^'XyR^^ ''r^^* 
r,  x^+y»  into  x<-iiy+.  P.  405»  ^-  »5./-  -^  ♦"'  —  • 
h  400,1.  j6i/r  Stiuare  r,  Squares.    P.  415.  '•  20, /. 

feign  r.  ^igti*.  ^  p,  423.  J-  3.  /•  TVq'  »••  v^q'-  P-  425^ 

p.  428,1.  4,/.jdsJ:P  J'^J:ay»*^'<=-  »■•  »=  V— iP^-ar» 
^.  1.  ao,  /.  II  k*  X  *^'  '••  n  lt*x  X «  ^-».  P.  4-29» 
1.  Uft  and  P.  430, 1.  i,  /•  e  =2  R-  i  p  n  k'4-2  n  k  1  r, 
^as2R+'pnfc<-ankl.  P.  43°»  1.  5»/ -H^-ff 
r.j^^fise  ir.    1,.  9  and   n,  /.  -^ p*  n k*-f-a  n  m  -p  n I 

— i'anxk  r.  ip-n-tanXk*  +  2rim— prtlXk.      1- 
"                -       ,.    ,          ,-2ank     -2ank, 
,6,  /.  4^tsrriV  r.  -^a  n  k*.   1- 1?»  /•— g"^  »" g"" 

JE^.  432.  »•  6,  /  ^^  *-•  ^-  f-  »»ft./  (»*-'+»  '••(*H^- 
P.  442,  i.  19,  /.  — os|  '•r  —  5o-|-  P-444-  '•  25» 
/.  i,pk  r.  ipk.    P,446,lr",/.  —  r.|-.    P.  506» 

].  12,  /.  x»6x  r.  x?-6x.  P.  507»  '•  laft,  V^/'  =  .V 
P.  509,  1.  laft,  /.  36  f»  r.  36 f.     P.  S'0>  ••  »'/•   "f' 

r.  ,2P  1.  ,7,/:3:r.i;.  P.  si.j- 8»/- f=-^ 


q»     q 


V_l+ Jl  r.f=J.+V-l+   «IV     P.  5'3.  /• 
p^4P»  2p^         p      4P* 

— Ak",  &c.        ,    A  — k",  &p.    p    ...    1    6    /• 
nk»-',  &c.         •  nk"-',  &c. 


ERRATA; 

i  — A«-k%  kc.       ^_A~k%  &c.    p  ,         ^ 

f^— —  r.  1=-— —    r.  524,  J.  7,  /j 

y*x5  r.  y*x''  ibid^/.  y  +  y*x'=ro  r.  y7+y*x*z=o. 
P.  526, 1.  9,  f.  —Df  r.  Dy».  P.  528,  1.  29,  /.  {bf 
3 10,  r;  (by  309. 

MfiAstJREs  0/  RaVi6s« 

P.  i3>  1.  T,  /.  B^B  r.  B  — A;  P.  20,  I.  26^ 
/.  by  (Prop.  2.)  r.  (by  Prop.  2.)  P.  22,  1.  antepenult^ 
f.  nearer  to  3  than  2)  becaufe  2^718^  &a  is  greater  than 
2,5=2^  to  Unity  r.  nearer  to  3  than  to  2,  becaufe  2,718, 
&t.  is  greater  than  2,5=2  t)  to  Unity.  P.  23,  1.  9,/; 
Ratios  r.  Ratio.  P.  29, 1.  penult,/.  -1,077021  (XXVI) 
&— V  r.  +0,077021  (XX  Vi)  &— i.  P.  32  at  botto.ii,r. 

(r)XXIV.  P.  33, 1.29,/ iir.il.  P.48J.  13,/fcciM 

L* 

fcanty  r. fecms too  fcanty./,  p.  59,  r.p.  56^!.  a,/. — ■• — ' 

1x2x3  "^  M  M 

P.  57,  1.  4»/^^^^'  r.^^h'.  P.58,1.8,/.Minto.li 

r.  M  intoh.    P.  62,  1.  penult,  /;  ""'^y  r.  "i^*  y]. 

P.  64,   MULTIPLICATION,  I.  2,  /. 

r.  r':r^r"^+  -x2±^x'""~V+ -rx^'>ri±^ 
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